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PKEFACE TO THE THIRD EDITION 


This book had its origin in a course of lectures given for a number 
of years in the Manchester University, hut has received various 
additions and developments. It is intended for students who have 
already some knowledge of elementary Mechanics, and who have 
arrived at the stage at which they may usefully begin to apply the 
methods of the Calculus. It deals mainly with two-dimensional 
problems, but occasionally, where the extension to three dimensions 
Is easy, theorems are stated and proved in their more general 
form. 

The present volume differs from many academical manuals in 
the prominence given to geometrical methods, and 'in particular 
to those of Graphical Statics. These methods, especially in rela- 
tion -to the theory of frames, have imported a new interest into 
a subject which was in danger of becoming fossilized. I have not 
attempted, however, to enter into details which are best learned 
from technical treatises, or in engineering practice. 

It seemed natural and convenient to treat of Hydrostatics, to 
a similar degree of development, and I have also, for reasons stated 
at the beginning of Chap, xv, included the rudiments of the theory 
of Elasticity. A number of important problems are here discussed 
by quite elementary methods. ^ 

The chapter on Mass-Systems has an interest in the present 
subject, but I have also had in vijw^^re and elsewhere, the 
requirements of the companion volume^ Dynamics. 

I am indebted for some valuable suggestions to Prof. A. Fdppl’s 
excellent Vorlesungen uher technische Mechanik. I have also de- 
rived some interesting references from the Encyclopddie der 
mathematischen Wissenschaften. 

The examples for practice have been selected (or devised) with 
some care, and it is hoped that most of them will serve as genuine 
illustrations of statical principles rather than as exercises in 
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Algebra or Trigonometry. Problems of a mainly mathematical 
character have been excluded, unless there appeared to he some 
special interest or elegance in the results. 

The present edition has been carefully revised; a few sections 
have been re-written, and some rather serious oversights have been 
corrected. I shall be much obliged to any readers who will call 
m'y attention to such errors or omissions as have still escaped 
detection. 


CAiiBEnJGE, 1928 


H.L. 
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INTHODUOTION ' 

THEORY OF VECTORS 


^ 1. Definition of a Vector. 

The statement and the proof of many theorems in Mechanics 
are so much simplified by the terminology of the Theory of Vectors 
that it is worth while to begin with a brief account of the more 
elementary notions of this subject. The student who is already 
conversant with it may at once pass on. 

The quantities with which we deal in mathematical physics 
may be classified into ' vectors ’ and ‘ scalars/ according as they do 
or do not involve the idea of direction. 


A quantity which is completely specified by a numerical 
symbol, positive or negative, and haS no intrinsic reference to 
direction in space, is called a 'scalar/ since it is defined by its 
position on the proper scale of measurement. Thus such quanti- 
ties as mass, length, time, energy, hydrostatic pressure-intensity, 
.belong to this category. 

A 'vector’ quantity, on the other hand, involves essentially 
the idea of direction as well as magnitude. To take a, simple 
geometrical example, the position of a point B relative to another 
point A is specified by means of a straight 
line drawn from A to B. It may equally 
well be specified by any equal and parallel 
straight line drawn in the same sense from 
(say) G to D, since the position of B 
relative to G is the same as that of B 
relative to A. A straight line regarded 
in this way as having a definite magnitude and direction, but no 
- definite location in space, is called a ‘vector’*. Occasionally, 

* Or ‘ carrier,’ eince (in the ahove instance) it indicates the operation by wliich 
a point is transrerred from A to S. The terms ‘ vector ’ and ‘ scalar ’ are due to 
Sir W. B. Hamilton (1853). 

U s. 


Fig. 1. 


I 
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when we wish to lay stress on the latter particular, it is called 
a ‘ free ’ vector. For example, if a rigid body be moved from one 
position to another without rotation, so that the lines joining the 
initial and final positions of the various points of the body are all 
equal and parallel, the displacement of the body as a whole is 
completely specified by a free vector, which may be any one of 
these lines. 

As regards notation, a vector may he specified by means of the 
letters denoting the terminal points of a representative line, written 
in the proper order*. It is sometimes convenient, however, to 
denote vectors by single symbols. For this purpose what is called 
'clarendon’ type (A, a, .,.) is often employed, whilst scalar 
quantities are denoted as usual by italic symbols. 

For reasons which have already been indicated, two vectois P 
and Q which, like AB and CD in Fig. 1, have the same magnitude 
and direction, are regarded as equal, or rather identical, and the 
equation 

P = Q 

is used to express this complete identity. We have here the defini- 
tion of the sign ‘ ’ as used in the present connection; and it is to 

he particularly noticed that there can be no question of equality 
between vectors whose directions are different. Since straight lines 
which are equal and parallel to the same straight line are equal and 
parallel to one another, it follows that if 

P = R and Q = R , 
then P = Q. 

In w'ords, vectors which are equal to the same vector are equal to 
one another. 

2. Addition of Vectors. 

There are certain modes of combination of vectors with one 
another, or with scalars, which have important geometrical and 
physical applications. As regards combinations of two or more 
vectors, the only kind which we need consider at present is that 
suggested b}^ composition of di.splacements of pure translation of a 

* Thus AB is to be distinguished from BA. In this book we shall use Boman 
letters when denoting a vector in this way, the italics AB or BA being used-when 
the length only of the line is refened to. In manuscript work a bar may be drawn 
over two letters which are meant to denote a vector* 
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rigid body. I'hus if such <a body receives in succession two transha- 
tions represented by AB^and BC, the final result is equivalent to a 
translation represented by AC. It is 
therefore natural to speak of AC as in 
a sense the ‘ geometric sum,’ -or simply 
the ‘sum/ of the vectors AB and BC, 
and to write 

AB + BC = AC. 

Hence to construct the sum of any two 
vectors P, Q, we draw a line AB to 
represent P, and then BC to represent Q; the sum P + Q is then 
represented by AO. This definition of vector addition is of course 
conventional and arbitrary, and it remains to be seen whether 
the process is subject to the same rules as those which govern 
ordinary algebraical addition. 

If we complete the parallelogram ABGD, as in Fig. 2, we have 
in virtue of our conventions, 

DC = AB = P, AD=:BC = Q, 
and therefore Q + P = AD + DC = AC, 

or " Q + P = P + Q (1) 

This is ' the ‘commutative law’ of addition; it is not self- 
evident, but depends, as we see, .on the Euclidean theory of 
parallels. 

When we wish to indicate that a particular vector which 
occurs in a formula arises as the sum of two vectors P and Q, we 
enclose the sum in brackets, as (P + Q). There is accordingly 
a distinction of meaning in the first instance between, say, 
(P -k Q) + R and P + (Q + R). Thus if (see Fig. 3) we make 
AB = P, BG = Q, CD = R, 

we have 

(P-kQ)+R = AC-kCD, P-k(Q + R) = AB + BD, 
but since each of these results is equal to AD, we have 

(P + Q)+R=P + (Q-kR) (2)' 

This is known as the ‘associative law’ of addition. It easily 
follows from this and from the commutative law that three or more 
vectors may be added in any order without affecting the result. 

' 1—2 
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For this reason the brackets, which are in strictness necessary 
to define the succession of the operations, are in practice oft.in 
omitted, either side of (2), for instance, being denoted by 

P + Q + R. 


It is to be noticed that the points A, B, 0, D need not be in . 
the same plane, and consequently that the vectors P, Q, R may 
have any directions whatever in space. 

The S}Tnbol ‘ — ’ prefixed to a vector is used to indicate that 
its direction is reversed, thus 

BA = - AB (3) 

It is also usual to wTite for shortness 

P — Q in place of P + (— Q), ^ 

Thus in Fig. 2 we have 

P-Q = AB-BC = AB + CB = DA + AB = DB. 

The difference of two vectors has a simple interpretation in 
the theory of displacement.s. Thus if P, Q denote' the absolute 
displacements (of pure translation) of two bodies, the vector P — Q 
represents the displacement of the first body xelalive to the 
second. 

A vector whose terminal points coincide is denoted by the 
.symbol ‘ 0,’ and it is plain that all such evanescent vectors may be 
regarded as equivalent. Thus in Fig. 2 we have 

AA = 0, AB + BA = 0, AB + B0 + CA = 0, ...(4) 
Moreover AB + BB = AB, 

P + 0 = P. 



or 


( 6 ) 
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Hence, also, 

(P-Q) + Q = P+(-Q + Q) = P + 0 = P (6) 


This will -be recognized as the fundamental property of the sign 
‘ ’ in formal algebra. 

3. Multiplication by Scalars. 

Finally, we have to consider the multiplication of a vector P 
by a scalar m. We define niP to mean a vector whose length is 
to that of P in the ratio denoted by the absolute value of m, and 
whose direction is that of P, or the reverse, according as m is 


positive or negative. It follows that 

if P = Q, then mP = mQ (1) 

It only remains to examine whether the distributive law 

m(P + Q)=:toP + mQ, (2) 


which is fundamental in ordinary algebra, holds on the .above 
definition. The proof depends on the properties of similar 
triangles. If we make 

OA = P, OiV = mP, AB=sQ, A'B>m<5, 

B’ B 



then in the triangles OAB, OA'F we have 

whilst the angles OA'B', OAB are equal. It follows that the 
points 0, B, B' are collinear, and that 

OB'-.OB'::OA':OA. 

Hence 

mP + mQ = 0 A' + A'B' = OB' = m . OB = ni (P + Q), 
and the theorem (2) is established, 

* TUo two diagrams relate to tho eases where m is positive and negative 
rcspcotively. 
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4. Geometrical Applications. 

We have been at some pains to shew that although the literal 
symbols P, Q, ... no longer denote mere magnitudes, and although 
the signs ‘ ‘ 4-,’ ‘ / ‘ 0 ’ have received meanings different from, 

or rather more general* than, those which they bear in ordinarj' 
quantitative algebra, yet they are subject to precisely the same 
laws of operation as in that science. The conclusions which follow 
from the application of these laws will therefore possess the same 
validity. The theoiy’ of vectors furnishes us in this way with 
a convenient shorthand by which many interesting, theorems of 
GeometTy Can be obtained in a concise manner. We shall see 
later that some of these theorems have important applications in 
Mechanics. 

For example, if C be a point in a straight line AB such that 

m,.CA + 7n,.CB = 0, (1) 

and 0 any point v.hatcver, we have 

tn , . OA + iru . OB = (7U, + nzj) 00. • . .(2) 

For 

TUi . OA + Td, . OB 

= Hi] (00 4" OA) + nij (00 + CB) Fig, s. 

= (m, + mA 00 + (m, . OA + . CB)- 

= (m, + OT-) 00, 

in virtue of the commutative, associative, and distributive laws 
proved in Art. 2, and of the assumption (1). 

In the particular case where m, = ttj,, G is the middle point 
of AB, and the theorem becomes 

OA + OB = 2.00 (3) 

This may be interpreted as expressing that the diagonal through 0 
of the parallelogram constructed n-ith OA, OB as adjacent sides 
has the same direction as 00 and double the length; in other 
w'ords, the diagonals of a parallelogram bisect one another. 

It is to be noticed that if m,, tu, have opposite signs G will lie 
in the prolongation of AB, beyond A or beyond B according as 

• The procA??es of ordinary algebra iiave their repTe«entation in the addition 
&c. of Tectora in tJie tame line (or of a system of parallel vectors). 
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or r/ij is the greater in absolute magnitude. The theorem fails 
when my since G is then at infinity ; but in this case we 

•have obviously - 

viy.OA •(- mj.OB = viy (OA — OB) = m,.BA. (4) 


* The formula (2) has many applications. Thus if ylil', DB’, GG' he the 
median lifles of a triangle ABO, and if in AA’ we take 
0 so that AQ = 2.GA', we have, by (3), 

BB' = 4 (BU + BA), 

and, by (2), 

BO + BA = 2. BA' + BA = 3. BO. 

Hence BG = jBB'. (6) 

This, being a vector equation, implies that (? lies in 
BB', and is a point of trisection on this line. In 
other words, we have proved that the three median lines of a triangle 
intersect in one point, which is a point of trisection on each. 

It is also easily proved that 

QA + GB + QC=:0, (6) 



and that if G'be any point whatever (not necessarily in the same plane 
with A, B, C), 

00 = 4 (OA + OB + OC) (7) 

The point (? which possesses these properties is called the ‘mean centre' of 

A, B, G. 

In a subsequent chapter these relations will be greatly extended. 


6. Parallel Projection of Vectors. 

The particular kind of projection here contemplated is by 
means of systems of parallel lines or planes. Taking first the 
case of two dimensions, where all the points and lines considered 
lie in one plane, the ‘ projection ’ of a point A on a given straight 
line OX is defined as the point A' in which a straight line drawn 
through A in'some prescribed direction meets OX. Again if AB 
represent any vector, and A', B' be the projections of the points 
A, B, the vector A'B' is called the projection of AB. 

A particular case of great importance is' that of ‘ orthogonal ’ 
projection, where the projecting lines are perpendicular to OX. 

The most important theorem in the present connection is that 
'the projection .of the sum of two or more vectors is equal to the 
sum of the projections of the several vectors. Thus, if AB, BC be 
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fJsawn to represent any two vectors, and A', J?, C be the. pro 
jections of A, IS, 0. respectively, we have obvioush' 

A'B' + B'(J = A'C'. 

Now A'C' is the projection of the vector AC, which is the geometric 
sum of AB and BO. 

G 

■N, 



O A’ C' B' X 

FiS- 7. 

These projections of vectors on OX may evidently be specified 
by a series of scalar quantities, provided we fix on one direction 
along OX, say that from 0 to A, as the standard or positive 
direction. Thus if we sjjecify the projection of AB by a, we 
mean that the length A'B' is equal to the absolute value of a, 
and that the direction from A' to B' agrees with, or is opposed 
to, that from 0 to X, according as a is positive or negative. On 
this convention, the algebra of vc-ctors in OX becomes identical in 
all respects with ordinarj- algebra. 

In the fiarticular case of orthogonal projection, the projection 
of a vector F is P cos 0, where P denotes the absolute value of F, 
without regard to sign, and 0 is the angle which the direction ' 



o ' ' X 

Fig. 8. 

of F makes with the direction OX. This hardly needs proof since 
the genera! definition of a cosine in Trigonometry is essentially 
that it is the pirojection of a unit vector on the initial lina 
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We here come in contact with the principles of Analytical 
Geometry. If we take two fixed lines of reference Ox, Oy, and 
project any point A on each of these 
by a line drawn parallel to the other, 
the projections of the vector OA are 
simply the ordinary Cartesian co- 
ordinates of A relative to the axes 
Ox, Oy. The vector 'OA, it may 
be added, is sometimes called the 
■ ‘position vector’ of A relative to the 
fixed origin 0. 

The preceding conventions are easily extended to the case of 
three dimensions. The only modification is that we project by a 
system of parallel planes. The points A', B', G',... in which the 
planes of the system which pass through A, B, G, ... meet OX are 
called the projections of A, B, G, ..., respectively; the vector A'B' 
is the projection of AB, and so on. Again, if we project on each 
of a system of three fixed axes Ox, Oy, Oz by planes parallel to 
the other two, the projections of a position vector OA are identical 
with the Cartesian coordinates of A. 



EXAMPLES. I. 

1. Illustrate geometrically the IbnnulEe 

A = i(A + B) + KA-B), - ■ 

B=i(A + B)--i(A-B). 

2. Find a point 0 in the plane of a quadrilateral A BCD such that 

■OA + OB + OC-1-OD = 0. 

3. If 0, O' be the middle points of any two straight lines AB, A'B', 
prove that 

AA' + BB' = 2.00'. 

4. If AB, A'B' be any two parallel straight lines, the line joining the 
middle points of AA', BB' is parallel to AB and A'B', and equal to 

i{AB + A’B'). 

"What is the corresponding result for the line joining the middle points of 
AB’,A'B1 



10 


STATICS 


5. If A, li, (7, Z) be any four {loints, prove that 

AB + AD + CIJ + CD = 4. 1'Q, 

where P, Q are the middle points of A <7 and BD, respectively. 

6. Tlie middle i>oints of the sides of any quadrilateral (plane or skew) 
are cornera of a parallelogram. 

7. A BCD is a parallelogram, and 27, K are the middle points of A B, 

CD. Prove that if Dlf, BK ho drawn, they trisect the diagonal AC. 

/ 

8. If (7 be the mean centre of A, B, C, and G’ that of A', 2?', C, 
prove that 

AA' + BB' + CC' = 3.GG’, 

9. If points P, Q, R be taken in the sides of a triangle A27C such that 

BP = m.BC, CQ = ot.CA, AEsm.AB, 
the mean centre of P, Q, R will coincide with that of A, P, C. 

10. If i)oints P, Q, R, S he taken in the sides AB, BC, CD, DA of a 
parallelogram, so that 

AP = n!.AB, EQ = «.BC, CIl = f;i.CD, DS = n.DA, 
then PQRS will be a parallelogram having the same centre as ABCD. 

11. If I bo the centi’e of the circle inscribed in the triangle ABC, 
pro\ e that 

o.IA’+6.IB + c.IC = 0, 

where a, b, c denote the lengllis of the sides. 

What is the corresponding statement when I is the centre of an 
escribed circle 1 

12. If OA, OB, OC be concxirrent edges of a parallepiped, and 

0A=P, OB = Q, 0C = R, 

interpret the vectors 

P + Q + R, Q + R-P, R + P-'q, P + Q-R 

13. Provo that the four diagonals of a parallelepiped meet in a point 
and bisect one another. 

14. If C.-l, OB, OC be three conenrrent edges of a parallelepiped, prove 
that the point O where the line joining 0 to the opposite comer D meets the 
plane ABC is the mean centre of A, B, C. Also that 

OGnJOD. 

15. Provo that the three straight lines which join the middle points of 
opposite edges of a tetrahedron all meet, and bisect one another. 
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16. If a.OP + 6 OQ + c.OR=:0 

and a + i + c = 0, 

the three points P, Q, 11 are in a straight line. 

17. If a.OP + J.OQ + c.OR + if.OS = 0 

and a-i-b + c + d=0, 

the four points P, Q, ft, S are in one plane. 

18. If the position vector of a point P with respect to a fixed point 
0 be A + Bt, where l is v.ariable, prove that the locus of p is a straight 
line. 

19. If the position vector be A + Bt + Cfi, the locus of P is a 
[larabol.T. 

20. If it be At + B/t, the locus IS a hyperbola. 
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gravitational system of measurement is often adopted; thus we 
speak of a force of one pound, meaning a force equal to that which 
a mass of one pound at rest exerts on its supports. It is true that 
this force is not exactly the- same in all latitudes, but the degree 
of vagueness thus introduced is slight, and seldom important, in 
view of other unavoidable sources of error. If we wish to be more 
precise it is necessary to specify the place at which the measure- 
ments are supposed to be made. 

7. Composition of Forces. 

. The fundamental postulate of this part of the subject is that 
two forces acting simultaneously on a particle may be replaced by 
a single force, or 'resultant,’ derived from them by the law of 
vector addition (Art. 2). In the notation already explained, two 
forces P, Q have a resultant P -f Q. This is of course a physical 
assumption, whose validity must rest ultimately on experience. 
As sheivn in books on Dynamics, it is implied in Newton’s Second 
'Law of Motion. 

To construct graphically the resultant of two given forces 
P, Q, we.have only to draw vectors AB, BO* to -represent t^hem; 
the resultant P -hQ is then represented by AO. This is equivalent 
(see Fig. 2, p. 3) to using the familiar ‘parallelogram of forces,’ 
but requires the drawing of fewer lines. 

The process of composition can be extended, step by step, to 
the case of any number of forces. Thus a system of forces 
P, Q, V/, acting on a particle can be replaced by a single 
resultant P-PQ-t- ... -p W. This resultant may be found graphi- 
cally by a ‘ force-polygon ’ ; viz. if we make 

AB=_P, BO = Q HK=W, 
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it is represented by the ‘closing line,’ as it is called, i.e. the lino 
AK joining the first and last points of the open polygon- of lines 
thus drawn*. It js known (Art. 2) that the order in which the 
forces are taken will not affect the final result. It may be 
noticed, also, that the given forces may have any directions 
whatever in space, and consequently that the force-polygon is not 
necessarily a plane figure. 

It follows from the pliysical assumption that any result of vector 
addition has an immediate inteipretation ^in the composition of forces 
acting on a particle. For instance, three forcc.s represented by OA, OB, 
OC have a resultant represented by 3.0G, where O is the mean centre of the 
points A, D, O (Art. 4). 

As a particular case of the polygon of forces, the first and liist 
points of the polygon may coincide, and the resultant is then 
represented by a zero vector. The forces are then said to be ‘ in 
equilibriunt,’ i.e. the particle could remain permanently at rest 
under their joint action. This is the proposition known as the 
‘ polygon of forces ’ ; viz. if a system of forces acting on a particle 
be represented in magnitude and direction by the sides of a closed 
polygon taken in order, they are in equilibrium. The simplest 
case is that ’of two equal and opposite forces, represented by (saj') 
AB and BA. The next is that of the ‘ triangle of forces,’ which 
asserts that three forces represented by AB, BC, CA are in equi- 
librium f. 



useful. If three forces P, Q, R acting on a particle are known to 
be in equilibrium, and if a triangle be constructed having its sides 
respectively parallel to these forces, the sides of the triangle will 

- • Pdr Bimplicity, the diagram is limited to the case of three forces, 
t The proposition is ascribed to S, Stevinns of Bruges (1586). 
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be to one anotbcr in the ratios of the magnitudes of the corre- 
sponding forces. For if we draw AB, BC to reprc.sent P, Q, 
respectively, the vector CA will represent R, since otherwise we 
sliould not have P -1- Q + R = 0. And any triangle A'B'G' whoso 
sides are parallel to' those of ABG is equi.angular to ABG, and 
therefore similar to it*. The statement will of course also be 
valid if the sides of A'B’G' are drawn respectively perpendicular to 
those of ABC, since this is merely equivalent to a subsequent 
rotation of A'B'G' through 90°. 

Since the sides of any triangle are proportional to the sines of 
the opposite angles, it appears on inspection of Fig. 11, that if 
three forces are in equilibrium, each force is proportional to the 
sine of the angle between the directions of vthe other two. This 
is known as Lamy’s Theoremf. 

8. Analytical Method. 

Just as two forces can be combined into a single force, or 
resultant, so a given force iViay be ‘resolved’ into ‘components’ 
acting in any two assigned directions Ox, Oy in the same plane 
with it. The process is simply that 
of projection of vectors e.xplained in 
Art. 6. Thus a force P can be 
uniquely resolved into two compo- 
nehts X, Y along two assigned 
directions in the same plane with 
it, hy a parallelogram construction. 

The value of the component force 
in either of the standard directions will of course depend also 
on what the other- standard direction is. If, as is usually most 
convenient, the two assigned directions are at right angles, we have 

X^PcQsd, Y=P sin 6, (Ij 

where 6 denotes the angle which the direction of P malces with 
Ox. Hence 

P^ = X^+Y\ tan 0 = 1. (2) 

* This convorse proposition cannot be extended to the case where there are 
more than three forces, the shape of a polygon of more than three sides being 
indeterminate when only the angles are given, 
t B. Lntny. Traiti de mfeanique, 1679. 



Eig. 12. 
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-■hich lietcrmme P, 6 when X, Y are given. It should he noticerl 
that in these formula P denotes the absolute magnitude of the 
force, whiisl X, T are the scalar quantities (positive or- negative) 
which are its projections. 

We have seen (Art. 5) that the sura of the projections of two 
or more vectors on any assigned direction is equal to the projection 
of the geometric sum of the several vectors. Hence the sum of 
the components of any system of forces acting on a particle, in 
any assigned direction, is equal to the corresponding component 
of the resultant. Tans if the components of a plane system of 
forces P,, P., ... in the two directions Ox, Oy he 

X-„ r,: X~, Fj; 

respectively, the components of their resnltant vrill be ' 

These may be more concisely denoted by 2(W), 2(F). Hence 
if Pi. be the resnltant, and the angle which its direction mahes 
with Ox, we have 

Pcos^ — 2(Z), P sin ^ = 2(F), (3) 

whence P= = {2(Z)|*- + {2(F)]h tan^ = |.© (4) 

In particnlar, if the given forces be in equilibrium, the sum of 
their components in any assigned direction mu^t vanish, so that 

2(A1 = 0, 2(F)=0 (5) 

Conversely.^it is evident from (4) that if these are satisfied P will 
vanish. The conditions (5) are therefore sufficient as well as 
necessarj’ conditions of equilibrium of a particle subject to a two- 
dimensional system of forces. 

Since the conditions are two in number, it appears that the 
problem of ascertaining the possible positions of equilibrium of a 
particle subject to forces in one plane, which are known functions 
of its position in that plane, is in general a determinate one. For 
we have two equations to determine the two coordinates (s, y) of 
the particle. 
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9. Equilibrium under Constraint. Friction. 

In many problems the particle considered is subject to some 
geometrical condition, or constraint; e.g. it may be attached to an 
inextensible string, or constrained to lie on a given material curve. 

In such cases the tension, or pull, exerted by the string in the 
direction of its length, or the pressure exerted by the ciuve, are 
usually in the first instance unknown forces which have to be 
allowed for in addition to the known forces such as gravity. 

By a ‘ smooth ’ curve is meant one which can only exert a 
pressure in the direction of the normal. The notion of a perfectly 
smooth curve or surface, though often met with in illustrative 
examples, is seldom realized even approximately in practice. In 
actual cases the pressure may be oblique to the surface, and is 
then conveniently resolved into a normal component, called the 
‘normal pressure,’ and a tangential component called the ‘Suction.’ 

The usual empirical law of fiiction* is that equilibrium can 
subsist only.so long as the amount of the friction F requisite to 
satisfy the mathematical conditions does not bear more than a 
certain ratio /t to the normal pressure R. This ratio ya is called - 
the ‘coefficient of friction.’ If the resultant pressure S of the 
curve on the particle make an angle 9 with the direction of the 


'normal pressure R, we have, resolving, 

R ='(S cos 6 , F = S sin 9 (1) 

and the condition F If- therefore equivalent to 

tan 9 :}> fi i...... 7(2) 


In other words, the inclination of the resultant pressure to the 
normal cannot exceed a certain value X, 
determined by the equation 

tan X = fi (3) 

This angle \ is called the ‘angle of 
friction.’ 

In the case of a particle resting on 
an inclined plane, under no forces except 
gravity and the reaction of theq)lane, this 
reaction must balance the weight, and 
therefore be vertical. Hence equilibrium 

* Duo to C. A. Coulomb {1631}. 


S 



Fig. 13. 


L. S. 
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is possible only if the inclination of the plane to the horizontal 
docs not exceed X. For this reason X is sometimes called the 
‘angle of repose.’ 

It should bo said that the above law of friction can only claim to be a 
rough representation of the facts, and that the values of p found by oxpori- 
ment for surfaces of given materials may vary appreciably with different 
specimens. For the friction of wood on wood p may range from about 
to i ; for metal on metal it may be about ^ or J. For lubricated surfaces 
it has much smaller values, such as ^ or 

Fx. A body is in equilibrium on a plane of inclination a under its 
own weight TF, a force P applied in a vertical plane through a lino of 
greatest slope, and the pressure S of the plane. It is required to find the 
relations between those forces. 

The question resolves itself into the construction of a triangle of forces 
EKL, such that the vector HK (say) shall represent IF, KL the force P, aud 
LH the leaction S. The first-mentioned side HK is to be regarded as given. 




Fig. 14. 


If the plane bo smooth, we have only to draw EM normal to it, as in 
Fig. 14 ; then any point on tins line will be a possible position of L. Tf 6 
bo the angle which P makes with the plane, wo have 

P _ KL _ sin a _ sin a 

///i'~.sin(^7r + 6 )^ 003 $ 

If the plane bo rough, wo draw two lines EMi, UM^ making equal angles 
X with EM on opposite sides. (See Fig. 15, which corresponds to the case of 
a > X.) Then any point within the angle MJPM^ is a po.ssiblo position of L. 
If the angle 6 which P makes with the plane bo given, wc draw AA, ^ in the 
rcquiicd direction meeting EMx, EMi in Ai, A,, respectively. Then KLj, 
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KIj 2 represent the extreme admissible values of P. Denoting these by Pi, P 2 , 
respectively, we have 

Pi KLi sin (a — X) sin (a - X) 

sin(ijr + X + Z)) “ cos (d + X) ’ 

Pi _ KLi sin (a + X) sin (a + X) 

IF - //K-~ Bin (U - X + 0) ~ cos (0 - X) ^ 

If a force be applied, in the given direction, less than Pi, equilibrium is im- 
possible and the body will slide down the plane. If the force be greater 
' ' than A, the body will slide upwards. 


H 



Fig. 15. 

It appears, further, that if 6 be varied Pj is least when RZ, is perpen- 
dicular to MMi. The force then makes an angle — X with the plane, and its 
magnitude is 

Pi = IFsin (a — X). (7) 

This is the least force which will support the body. Similarly, P^ is least 
when it makes an angle X with the plane, and its magnitude is then 

P 3 ■= ITsin (a + X) ( 8 ) 

This is the limit below which the applied force must not fall if it is to drag 
the body up the plane. 

The case where a < X.can be treated in the same manner. 

10. Equilibrium of a System of Particles, 

We assume that the mutual forces, whatever their nature, 
between the pairs of particles are subject to Newton’s Law of the 
equality of Action and Reaction ; ie. that the force exerted by a 
particle A on a particle J3, and the force exerted by JB on A, are 
equal and opposite in the straight line AR. In many statical 
problems these forces are due to the tension of a string; or the 
tension or thrust of a rod, which is supposed to be itself free from 
extraneous force except for the reactions at A and B. 


2—2 
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To find the conditions of equilibrium of the system, we have 
to formulate the conditions of equilibrium of each particle sepa- 
rately, and combine the results, taking account, of course, of the 
internal forces, or mutual actions, referred to. 


The problem of ascertaining the possible configurations of 
equilibrium of a system of « particles subject to extraneous forces 
which are known functions of the positions of the particles, as well 
as to internal forces which are given functions of the distances 
between them, is in general a determinate one. Thus, in the' 
two-dimensional case, the 2n conditions of equilibrium (two for 
each ■particle) are equal in number to the 2n Cartesian (or other) 
coordinates, determining the positions of the particles, which are 
to be found. If the system be subject to frictionless constraints, 
e.g. if some of the particles be constrained to lie on smooth curves, 
or if pairs of particles be connected by inextensible strings or light 
rods, then for each geometrical condition thus introduced we have 
an unknown reaction, e.g. the pressure of the curve, or the tension 
or thrust of the rod, so that the number of equations is still equal 
to that of the unknown quantities. 

When friction is taken into account, however, cases of inde- 
terminateness may arise ; see Ex. 2 below. 


Ex. 1. Two weights P, Q are suspended fioin a fixed point 0 by strings 
OA, OB, and are kept apart by a light rod q 

AB; to find the thrust (T) in the latter. 

If O be the point of the rod vertically 
beneath 0, OAO will bo a triangle of forces 
for the particle A, and we have 


P OG , ■ ; , Q 
T""IG’ similarly |,= 


GB ^ > 


Hence P.AG==Q.GB, (2) 

■which determines the position of the point G 
on the rod, and thence the poaition of equi- 
librium. The value of T is then giveu by 
either of the equations (Ik From these wo 
may derive the more symmetrical formula 

pq A n 



Fin. 16. 


T = 


p+q-OG' 


.(3) 


Ef. 2, Two rings A, B, of weights P, Q, connected by a string, can slide 
on two rods in the same vertical plane, whose inolinations to the horizontal 
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are a, resj)octivcly ; it is required to find the inclination 8 of the string to 
the horizontal in the position of equilibrium. 




Resolving the forccs'on each ring in the direction of the corresponding 
rod, we have, if there is no friction, 


i'sinn = 7’coa(a - d), §8ini3«= Tcos (j3 + d). (4) 


These equations determine the tension T of the string and the angle 6. 
Eliminating T we find , 


tan 5 = 


Pcotp - Qeota 


.(5) 


The string will bo horizontal if P tan a = Q tan ff. 

The problem also admits of a simple graphical solution. Wo draw HK, 
KL to represent the weights P, Q, and JIM, LM parallel to the normals at 
A and B. A triangle of forces for the ring A, constructed on MR, must have 
its third vertex in EM\ and a triangle for the ring B donstructed on KL, 
must have its third vertex in LM, Since the sides of these triangles which are 
opposite to n and K respectively represent the tension of the string, the 
vertices in question must coincide at M. Hence KM gives the direction of 
the string. The formula (6) can now be deduced from the figure without 
difficulty. 

This graphical method also gives a clear view oi the relations when 
friction is taken into account. We will suppose 
for.definiteness that the inclination of c.ach rod 
to the horizontal exceeds the corresponding angle 
of friction. We draw through E two lines HMx, 

EMi making with EM, on opposite sides, 
angles equal to the angle (X) of friction at A ; 
and similarly we draw through L lines LNx, LN3 
making with LM angles equal to the angle (X') 
of friction at B. Then any point R within the 
quadrilateral {M^N^M^Ki in the figure) formed 
by these lines is a possible position of the third 
vertex of the triangles of forces, and KR a 
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possible direction of the string. The extreme directions of the string are 
given by the lines joining K, Sfi and K, in the figure. 

It-vrill be noticed not only that the direction of the string is indeterminate, 
but that even ■when this is given (within the limits for which equilibrium 
is possible) the tension of the string and the reactions of the rod are in- 
determinate. 

The reason for this indeterminateness is that the data are insufficient. 
To obtain a definite result we should need to take account of the elasticity 
of the string. A real string is more or less extensible; and if we know its 
actual os well as its natural length, and the law of its elasticity, the tension 
becomes determinate in-amount The values of the reactions then follow 
from the respective triangles of forces*. 

TVe shall have, later, various other instances of problems which are 
‘statically indeterminate,’ i.e. they cannot be completely solved by the 
principles of pure Statics alone. 


11. The Funicular Polygon. 


This prohlem is interesting in itself, and will serve as an 
introduction to important graphical methods ■which will occupy us 
later (Chap. rv). 

A number of particles attached to various points of a string 
are acted on by given extraneous forces. We "will suppose that 
these forces, and the string, are all in the same plane, although 
this is not strictly necessary. 


We distinguish the several particles by the numerals 1, 2, ..., 
and denote the corresponding extraneous forces by Pj, Pi, .... 
The tension in the string joining the mth and nth particles may 
then he denoted by T-mn^ Each particle is in equilibrium under 



• The indeterminateness of problems involving friction seems to have been first 
folly elucidated by J. H. Jellett, Theory of Frlcixorif Dublin, 1872. 
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three I'orces, viz. the extraneous force acting: on it, and the tensions 
of the two adjacent portions of the string. The relation between 
these forces can in each case be exhibited by a triangle of forces ; 
and if the triangles corresponding to successive particles be drawn ' 
to the same scale, they can be fitted together into a single ‘force- 
diagram ’ as it is called, two consecutive triangles having one side 
in common, viz. that which indicates the tension in the portion of 
string connecting the corresponding particles. This diagram is 
seen to consist of the polygon of the extraneous forces, constructed 
as in Art. 7, together with a series of straight lines connecting the 
vertices with a point 0. These latter lines represent the tensions 
in the several sides of the funicular. 

A special, but very important, case arises when the forces P,, 
Ps, ... are all parallel. For instance, they may be the weights of 
a system- of particles attached at various points of a string whose' 
ends are fixed, but which othenvise hangs freely. The polygon of 
the extraneous forces then consists of segments of the same vertical 



line. It is to be noticed that the tensions have now the same 
horizontal component, represented by the dotted line in the figure. 

12. The Parabolic Funicular. 

If, further, the weights be all equal, and at equal horizontal 
intervals, the vertices of the funicular will all lie on a parabola 
whose axis is vertical. This has an interesting application in the 
theory of suspension bridges. 
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To prove the statement, let A, B, G, D, E, ... be successive 
vertices; and let AH, DK be- drawn vertically to meet BG 
produced. If, in the auxiliary force-diagram, the distance of 0 


D 




from the vertical line be taken equal to the constant horizontal 
interval between the lines of action of the weights, the lines which 
represent the tensions will be equal as well as parallel to the corre- 
sponding sides of the funicular. It follows, since the weights are 
equal, that AH = DK, so that AD and BG are parallel. They are 
moreover bisected by the same vertical straight line. Hence the 
four points A, B, G, D lie on a parabola whose axis is vertical. 
Similarly for B, 0, D, E, and so on. But since a parabola is com- 
pletely determined by the direction of its axis and b}’ three points 
upon it*, it follows that the successive parabolas ABGD, BGDE , .... 
must coincide. 

In the application to suspension bridges the portions of string 
are represented by the links of the chain, and the weights of the 
particles by the .tensions of the equidistant vertical rods, each of 
which is supposed to bear an equal portion of the weight of the 
roadway. 

If in a funicular polygon the extraneous forces are taken to be infinitely 
Email, and their points of application infinitely close, we pass to the case of a 
chain subject to a continuous distribution of force. This question wll be 
considered independently in Chap, ix, but two results may already be 
anticipated : (1) if the extraneous forces be due to gravity, the horizontal 
tension is uniform ; (2) if the weight of any portion of a chain varies as its 
projection on the horizontal, the chain will hang in the form of a parabola 
whose axis is vertical. 

* Its equation being of the form 

y = Ax^+Bx+0 

which c jntaina three arbitrary constants. 
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EXAMPLES. II. 

1. A light ring can slide freely on a string 15 feet long tvIiosb ends are 
attached to two points of a fixed rod 10 feet apart. In what direction must a 
force be applied to the ring in order that the latter may bo in equilibrium 
at a distance of 6 feet from one end of the string ? 

[The inclination of the force to the rod is 76° 45', about.] 

2. Two unequal weights are attached to the ends of a string which 
passes over two smooth pegs (at different levels), and a third weight is attached 
to the part of the string between the pegs. Find, by simple geometrical 
construction, the position of equilibrium ; and ascertain in what cases tho 
equilibrium 'is impossible. 

Also find the pressures on the pegs. 

’ 3. A ring placed on a table has attached to it three strings which pass 
through small holes A, B, C in the table and carry given weights P, Q, I!t 
hanging vertically. Give a geometrical construction for finding the position 
of equilibrium of the ring. 

4. A weight of 200 lbs. hangs by two ropes inclined at angles of 60° to 
tho horizontal If a horizontal pull of 50 lbs. be applied to the weigbtj find 
tho changes produced in the tensions of the strings. 

5. A weight of 50 lbs. is suspended by two equ,il ropes 6 feet long from 

two points of a horizontal bar 4 feet apart; find the tension of the ropes 
(1) graphically, and (2) by calculation. ' [27'.3 lbs.] 

Also find the tensions when the bar is tilted so as to m.ake an angle of 20’ 
with tho horizontal. . [47'0 lbs., 4'26 lbs.] 

6. A weight of 15 lbs. is supported on a smooth plana whoso inclina- 

tion to the horizontal is 25° by a string which passes over a smooth pulley 
and carries a weight of lO'lbs. hanging vertically. Find the angle which the 
string makes with the plane. [50° 40'.] 

7. Tho poles A and S of a magnet respectively repel and attract a 
magnetic pole at any point P with forces proportional to XjNP- and IjSP^, 
respectively. Prove that the' resultant force at P outs the line AS produced 
in a point Q such that 

NQ ; SQ :: Ai” : 

8. A string of length I is fastened to twor points A, B at the same 
level, at a distance a apart. A ring of weight W can slide on the string, 
and a horizontal force X is applied to it such that it is in equilibrium 
vertically beneath B. Prove that X = (afl ) . W, and that the tension of the 
string is W(,l‘+a^l2P. 

9. A tense string passes through a number of fixed rings A, B,'C, D,... 
at the comers of an equilateral polygon. Prove that the pressures on B, C, 
A,... are proportional to the curvatures of the circles ABC, BOB, CDE,..,, 
respectively. 
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10. Two rings whoso woights are P, Q can slide on a smooth vertical 
circular hoop,. and aro connected by a string of length I which pa.sse3 over a 
peg vertically above tho centre of the hoop. Provo that in the position of 
equilibrium tho distances r, r' of tho rings from the peg aro given by 

L-t. ^ - 

11. Two equal weights W aro suspended from a point 0 by unequal 
strings OA, OP, and are k-ept asunder by a light rod AP. Prove that if tho 
angle jlO/i be a right angle, tho thrust in the rod will bo equal to IF, 

12. Two weights P, Q aro attached to the ends of a string which 
passes over a smooth circular cylinder whoso axis is horizontal. Find the 
condition of equilibrium when P hangs vertically •whilst Q rests on the 
cylinder. 

1^. If in tho jpreceding problem both weights rest on tho cylinder, 
prove that tho inclination (0) to tho horizontal of the lino joining them is 
given by 

P— 0 

if 2a be tho angle which this lino subtends at tho nearest point of the axis of 
the cylinder. 

14. Prove that tho same result applies to the case of two rings which 
can slide along tho circumference of a .smooth circular hoop in a vertical 
plane, and aro connected by a straight string whose length is less than tho 
diameter of tho hoop. 

15. A weight IF'can slide on the circumference of a smooth vertical 
hoop of radius a, and is attached to a siring which passes over a smooth 
peg at a height c vertically above tho centre, and carries a weight P 
hanging vertiadly. Give a geometrical construction for finding the positions 
of equilibrium, if any, other than those in which IF is at the highest or 
lowest point of the hoop. If c > a, prove that such positions are possible 
only if tho ratio P/ IF lies between 1 — a/c and 1 + ajc. What is the corre- 
sponding condition if c < o ? 

16. Examine graphically tho condition of equilibrium of a particle 
on a rough inclined plane whoso inclination is less than the angle of 
friction. 

Find the directions and magnitudes of the least forces which will drag 
tho particle up and down the plane, respectively. 

17. Find (1) by a diagram drawn to scale, and (2) by calculation, the least 

horizontal force which will push a weight of 60 lbs. up an incline of 2 (vertical) 
in 5 (horizontal), having given that the friction is such that the weight could 
just rest on tho plane by itself if the gradient were 3 in 6. [66'8 Ibs.j 
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18. Two equ.al rings can slide along a rough horizontal rod, and are 
connected by a string which carries a weight IF at its centra Prove that 
the greatest possible distance between the rings is I sin 6, where 6 is 
determined by 

^ tan d = /i, 

I being the length of the string and w the weight of each ring. 

19. A weight is to be convej'ed from the bottom to the top of an 
inclined plane (a); prove that a smaller force will be lequired to drag it 
along the plane than to lift it, provided the coefficient of friction be less than 

_ tan (Jit — ha), 

20. Two rings of equal weight, connected by a string, can slide on 
two fixed rough rods which arc in the same vertical plane and aro inclined 
at equal angles a in opposite ways to the horizontal. Prove that the 
extreme angle 6 which the string can make with the horizontal is given by 

sin* a — p^cos'^o 

where p. is the coefficient of friction. 

21. Two rings connected by a string can slide on two rods the same 
vertical plane, as in Art. 10, Ex. 2 j discuss graphically the case where the 
inclination of each rod to the horizontal is less than the corresponding angle 
of friction. 

22. Prove that if in a funicular polygon the weights of the particles be 
all given, and the inclinations of any two of the-sides, the inclinations of the 
remaining strings, and the tensions of all, can be determined. 

23. An endless string is maintained in tbe shape of a given parallelogram 
by four forces applied at the corners. The forces at two opposite corners 
being given in magnitude and direction, find by a graphical construction, 
as simple as possible, the magnitudes and directions of the forces at the 
remaining comers. 

24. A number of weights IFj, IF 2 , ... hang from various points of a light 
string whose ends are fixed. If a, ^ be the inclinations of the extreme portions 
of the string to'the horizontal, prove that the horizontal pull on the points 
of attachment is 

S(IF) 

tan a + tan/S' 

25. Prove that in the parabolic funicular (Art. 12) the horizontal tension 
bears to any one of the weights the ratio l/2h, where I is the latus-roctum of 
the parabola, and h is the horizontal projection of any side of the funicular. 
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26. Prove from statical principles that in the parabolic funicular the sides 
are tangents to an equal parabola, at their middle points. 

27. Prove that if in a funicular polygon the weights are. equal, the 
tangents of the angles which successive portions of the .string make with 
the horizontal are in arithmetic progression. 


28. If a string be loaded with equal particles IT at equal horizontal 
intervals a, and if y, be the (vertical) ordinate of the nth weight, prove that 

y. + i-2i^. + 2'n-i= -Tfr, 

-'0 

where is the horizontal tension. Hence shew that 
i'» = ^yT- + >dn + i?, 

where A, B are Constanta ; and deduce the equation of the parabola on which 
all the particles lie. 



CHAPTER II 


, PLANE KINEMATICS OF A RIGID BODY 
13. Degrees of Freedom. 

The purely geometrical theory of displacements and motions, 
apart from any consideration of the forces which are in operation, 
is called ‘Kinematics’ (/ctvij/ta = a movement). The present 
chapter treats of some geometrical propositions relating to the 
two-dimensional displacements of a body of invariable form. This 
will be sufSciently typified by a rigid lamina, or plate, moveable 
in its own plane. For some purposes it is convenient to regard 
the lamina as indefinitely extendedL 

The position of such a lamina is completely determinate when 
we know the positions of any two points A, B of it. Since the 
four coordinates (Cartesian or other) of these points are connected 
by a relation which expresses that AB is a known length, we see 
that virtually three independent elements are necessary and 
sufficient to specify the position of the lamina. These may be 
chosen in various ways, c.g. they may be the Cartesian coordinates 
of the point A, and the angle which AB makes with some fixed 
direction ; but the number of independent measured data is always 
the same, viz. three. These three inde])en- 
dent elements, in whatever way they are - 
defined, are called, in a generalized sense, 

■ the ‘coordinates’ of the body. Hence also 
the lamina, when unrestricted, is said to 
possess three ‘ degrees of freedom.’ 

As an imjjortant practical consequence 
of this principle, a plane rigid frame or structure of any kind 
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■will in general be securely fixed by three links connecting three 
points of it to three fixed points in the plane. We say 'in general' 
in order to allow for a case of exception to be referred to presently 
(Art. 15). Similarly, the position of a lamina moveable in its own 
plane is in general determinate if three studs on the lamina bear 
against three fixed cmves. 

14. Centre of Rotation. 

We proceed to shew that any displacement of a lamina in its 
oivn plane is equivalent to a rotation about some finite or infinitely 
distant point*. 

For suppose that in consequence of the displacement a point 
of the lamina which was originally at P is brought to Q, whilst 
the point which was at Q is brought to H, and let J be the centre 
of the circle jPQJt. Since JPQ and QjR. are merely different 
positions of the same line in the lamina, they are equal, and the 
triangles PIQ, QJJt are congruent. 

It appears therefore that the dis- 
placement is equivalent to a rota- 
tion about the point I, through an 
angle equal to F/Q. 

As a special case, the three 
points P, Q, It in the figure may 
be in a straight line, so that I is 
at infinity. The displacement is 
then equivalent to a pure trans- 
lation, eveiy point in the lamina 
being Tnoved parallel to FQ through a space equal to FQ. 

15. Instantaneous Centre. 

In Mechanics we are more particularly concerned with the 
theory of infinitesimal displacements. If the two positions of the 
lamina be infinitely near to one another, the limiting position of 
the centre of rotation is called the ‘instantaneous centref.’ 

• The theorem appears to have been first stated explicitly (for finite displace- 
ments) by M. Chasles (1830), althouish the corresponding proposition in spherical 
geometry was known to Euler (1776). 

+ The existence of an instantaneous centre (centrum spontaneum rotationis) 
was known to J. Beriionlli (1742), 
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If P, P‘ be consecutive positions of any point of tie 
and 60 the corresponding angle of rotation, the centre U} n: 
rotation is on the line bisecting PP' at right angles^ and "tbs 
angle PIP' is equal to 80. Hence, ultimately, the inSmneHnni. 
displacement of any point P is at right angles to the line jonnng 
it to the instantaneous centre /, and equal to 7P.80. 

Hence if we know the directions of displacement of any 
points, the position of the instantaneous centre is at cace 
determined. Thus if the ends A, B of a bar be construed t-c- 
move on given curves, the instantaneous centre, in any posiHcn, h 
at the intersection of the normals to these curves at A and B. 

An important case is where the two curves are circlei 
This is exemplified in the problem of ‘three-bar motion.' Let 
ABGD be a plane quadrilateral 
of jointed rods. If, AB being 
held fixed, the quadrilateral, 
which has now one degree of 
freedom, be slightly deformed, 
the displacement of the point D 
will be at right angles to AD, 
and the. displacement of G will 
• be at right angles to BG. The 
instantaneous centre of the bar 
GB .will therefore be at - the 
inteisection of the straight lines 
AB, BG. 


i 



£x. An arm OQ revolves about one extremity 0 ; a bar QF is binged to 
it at Q ; and F is constrained to move in a straight lino through 0. See 
Fig. 25. (The arrangement is that of the crank and connecting rod of a 
steam-engine ; it is a particular case of a three-bar mechanism, one bar, viz. 
that which guides the motion of F, being infinitely long.) 

The instantaneous centre / is at the intersection of OQ produced with the 
perpendicular to the fixed straight line at F. Ilonco if OF=x, and 0 denote 
the angle FOQ, we have 

-&r ; OQ.Se=IF : IQ (I) 

Let FQ, produced if necessary, meet the perpendicular to the lino of 
motion of P at 0 in the point R. Then 


IP 




OR 
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Henoo if the angular velocity of the crank be constant, the velocity of the 
point P of the connecting rod, and consequently of the piston to which it i» 
attached, varies as OR. 



It wiU be observed that it is not essenthal that the line of motion of I 
should pass through 0. 

In the general case of three-bar motion (Fig. 24), if s„ Sj be 
the infinitesimal displacements of D and G, respectively, we hate 

sr.s, = ID-.IG=Diy:GG', (3) 

where O', If are the points in which BG, AD are met by a straight 
line parallel to GD. This geometrical relation is useful in the 
graphical treatment of ‘virtual velocities’ (Chap. Vl). 

An important consequence of the preceding principles is that 
if a plane structure is to be firmly secured by means of. three 
links, as in Fig. 22, their directions must not be concurrent or 
parallel. If we imagine one link to be removed, the structure 
acquires one degree of freedom, the instantaneous centre being 
at the intersection of the lines of the remaining links. If this 
centre be in a line with the points to which the removed link was 
attached, an infinitesimal rotation about it does not affect the 
distance between these points, to the first order of small quan- 
tities, and can therefore take place even if the link be restored. 
If the links are parallel and equal, even finite displacements are 
possible. 
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As a second illustration, take the case where a curve in the 
lamina rolls, without slipping, on a fixed curve. The instantaneous 
centre in any position is then at the point of contact. 

Suppose, in the figure, that it is the loxver curve which is 
fixed. Let A be the point of contact, and let equal infinitely 
small arcs AP, AP' (= Ss) be measured off on the same side along 
the two curves. Let the normals at P, P' meet the common 
normal at A in the points 0 and O'. Then ultimately we have 
OA = P, 0'A=R', 

where R, R' are the radii of curvature of the two curves at A. 
After an infinitely small displacement, P'O' 
will come into the same straight line with OP, 
the two curves being then in contact at P. 

Hence the angle (8d) through which the 
lamina has turned, being equal to the acute 
angle between OP and P'O', is equal to the 
sum of the angles at 0 and O', so that 

5.- 8s , 83 ' ... . 

^^"r'^r" 

ultimately. Since the distance PP' is ulti- 
mately of the second order in 8s, the limiting 
position of the centre of rotation (7) must 
coincide with A, for if it were at a finite 
distance from this point, the displacement of 
P', being equal to IP'. 86, .\yould, by (4), be 
of the first order in 8s. ' ■ 

It follows that when a curve rolls on a 
fixed curve, the normals to the paths of all points connected with 
the moving curve pass through the point of contact. This 
principle is useful in the geometry of cycloidal and other curves * . 

16. Pole-Curvesf. 

Conversely, we can shew that any continuous motion whatever 
of the lamina in its own plane can be regarded as produced in the 

* It was so employed by E. Descartes (lOdS). 
t This Art. cau be poslponcd. as it ia laaiuly of geometrical iuterest. 

3 ‘ 


O' 



V. 6 . 
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manner just described,- viz. by the rolling of a certain curve fixed 
in the lamina on a certain curve fixed in the plane*. 

In each position which the lamina assumes there is a certain 
position of the instantaneous centre. This point will therefore have 
a certain locus in the lamina, and a certain locus in space. The 
two curves thus defined are the curves referred to in the preceding 
enunciation. They are variously called ‘pole-curves’ of ‘centrodes.’ 

Consider in the first place any series of positions 1, 2,3,... 
through which the lamina passes in succession; and let 
In, Izi, ••• te the centres of the rotations by which the laniina 
could be brought from position 1 to 
position 2, firom position 2 to position 3, 
and 'so on, respectively. Further, let 
hi, ... be the points of the 

lamina which would become the suc- 
cessive centres of rotation, as they are 
situated in position 1. It is plain that 
the given series of positions 1, 2, 3, ... 
will be assumed in succession by the 
moving lamina if we imagine this to rotate about until /'a 
comes into coincidence with then about until 1'^ comes 
into coincidence with and so on. In other words, the lamina 
will pass through the actual series of positions 1, 2, 3, ... if we 
imagine the polygon T^, T „, ..., supposed fixed in the l.amina, 
to roll on thof^polygon J,,, 1^, ..., which is fixed in space. 

The intermediate positions assumed by the lamina, in this 
imaginary process, will of course be dificrent from those assumed 
in the actual motion ; and the path of any point P of the figure 
will consist of a succession of circular arcs, described with the 
points I 12 , la, Pjij ... as centres, instead of a curve of continuous 
curvature. It is evident, however, that by tahing the positions 
1, 2, 3, ... sufficiently close to one another, the path of any point 
P can be made to deviate from the tnie path .-is little as we please. 
At the same time the polygons tend to become identical with the 
pole-curves as above defined f. 

• M. Cbasles (loSO). 

t TIjis proof is generally accepted as soDicient. In the autlior’a Infmtumal 
Calculut an attempt is made to give it a more rigoroue form. 
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The actual determination of the pole-curves is in general 
difficult, even in the case of three-bar motion. Tliere are, how- 
ever, a few special cases in which simple results can be obtained. 

Ex. 1. Let ABCD be a ‘crossed parallelogram*’ formed of jointed bars, 
the altcriiato bars being equal in length, viz. AD = DG, AD = DG. If the bar 
AD bo hold fixed, the instantaneous centre for the bar BC is at the point 1 
where the bars AB and DG cross, and it is plain from the symmetries of the 
figure that the suras 

AJ+ID and BI Jr IG 

are constant, being equal to AB or CD. Hence the locus of I relative to AD 
is an ellipse ivith A, D as foci, whilst that of 1 relative to BG is an equal 
ellipse with B, 0 as foci. The motion of BG relative to AD is therefore 
represented by the rolling of an ellipse on an equal ellipse. 



On the other hand, if AB be fixed, it may be shewn that the relative 
motion of GD will bo represented by the rolling of a hyperbola with G, D as' 
foci on an equal hyperbola having A,J} as foci. 

Exi. .A straight line AB moves with its ends on two fixed straight lines 
OX, 07. This, like the preceding, may bo regarded as a particular case of 
‘three-bar motion,' the links which constrain the points A, B being now 
infinitely long. 

The instantaneous centre I (Fig. 29) is at the intersection of the perpen- 
diculars to OX, 07 at the points A, B, respectively. These points therefore lie 
on the circle described on 01. as diameter ; and since in this circle the chord 
AB, of constant length, subtends a constant angle AOB at the circumference, 
the diameter is constant. Hence the space-locus of / is a circle with centre 0 . 

* Tlie figure would become a parallelogram iX the bars AD, DG were related 
through 180° about AO. 


3—2 
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Again, since the angle AID is constant, the locus of I relative to AB is a 
circle, and it is evident that the diameter of this circle is equal to the 
constant value of 01. Hence in the motion of the bar AB a circle rolls on 
the inside of a fixed circle of twice its size. It is known that in this case the 



hypotrochoid described by any point P fixed relatively to the rolling circle is 
an ellipse whose semiaxes are a±h, where a. is the radius of the fixed circle, 
and h the distance of the tracing point from the centre of the rolling circle. 

If P lie on the circumference of the rolling circle, the ellipse degenerates into 
a straight line. 

17. Relative Motion. Theorem of the Three Centres. , 

In explaining the preceding theory it has been convenient to 
speak of the displacements of a lamina in a plane space ^Yhich is 
regarded as fixed, but the same- ideas are obviously applicable to 
the relative motion of two plane figures a, /S. It is also evident 
that the instantaneous centre for the motion of a relative to-yS 
coincides with that of /3 relative to a. 

In this connection we have the follo\ving simple theorem. If 
three figures a, /3, 7 be in motion in the same plane, then in any 
configuration tl^e instantaneous centres for the pairs 0y, ya, and afi 
Lie in a straight line. 

For simplicity, suppose 7 to be fixed; and let Q, JP be the 
instantaneous centres for the motions of a and yS, respectively, 
relative to 7 . Further, let S6, S(f) be the infinitesimal rotations, 
relative to 7 , by which a, /3 pass, respectively^, to their consecutive 
positions. Then if in the line PQ we take a point R such that 

QR.S^sPE.S^, .’...(1) 
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this point will have the same displacement whether it be con- 
sidered as a point of a or a point of j8. It will therefore be the 
instantaneous centre for the relative motion of a and / 9 . If we 
denote by Sw,, Scoj, -Sroj the absolute rotations of a, y, we have 
80 = 8(u, — Sms, 8^ = 86)2 — 80)3, and the relation (1) takes the 
symmetrical form 

QE.. 8 o)i + RP. 80)3 + PQ. 80)3 = 0, (2) 

on usual conventions as to sign. 


EXAMPLES. III. 

1. A lamina is rotated about two points A, B in succession, through 
angles a, p, respectively. Determine the centre C of the equivalent rotation 
a+ B- 

Examine the case where a, B have opposite signs. 

2. Prove that if a lamina ho rotated in succession through angles 2d, 
SB, 2£7 about the vortices of a triangle ABG it will be restored to its original 
position, provided the sense of the rotations be the opposite to that indicated 
by the order of the letters A, B, G. 

3. Prove that in the motion of a-lamina in its own jilane the directions 
of motion of all points on a circle through the instantaneous centre pass 
through a point. 

4. Prove that the directions of motion of all points on a given straight 
line are tangents to a parabola. 

5. Prove that in three-bar motion (Fig. 24), the simultaneous small 

angles of rotation of tho bars AD, BG are to one another as - — 

ID.BG-.JG.AD. 

6. A loose frame in the form of a quadrilateral ABGD formed of rod- 
jointed at their extremities is in motion in its own plane, in anymannei. 
Prove that at any instant the instantaneous centres of the foim lods form a 
quadrilateral whose sides pass through A, B, G, D, respectively. 

If AB—CD, AD — BG, prove that the four sides of this quadrilateral are 
divided in the same ratio by the points A, B, G, D. 

7. A plane frame consists of nine bars forming the sides of an irregular 

hexagon ABGDEF together with the three diagonals AD, BE, GF, and the 
bars are smoothly jointed together at the vertices. If one bar (say AB) be 
removed, the frame becomes deformable; indicate on a diagram the positions 
of the instantaneous centres of AD relative to BE, BE relative to GF and 
Cif relative to .d/). » 

IrVhat becomes of the result when the hexagon is regular? ' ■ 
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8. - A point of a lamina moves in a straight lino v?ith tbo constant velocit 7 
u, whilst the lamina rotates with the constant angular velocity a ; determine 
the pole-curves. 

9. A locomotive is moving with tho velocity u, vjlhlst the driving wheel 
(of radius a) is sltidding so that the velocity of its lowest point is v, baclcwards. 
Find the pole-curves for tho wheel. 

10. A point of a lamina describes a circle with constant angular velocity 
#3, and the lamina rotates with the constant angular velocity co', determine 
the pole-curves. 

11. A plane figure moves so that two straight lines in it pass each 
through a fixed point ; determine the two polo-curves, and prove that every 
straight line in tho figure envelopes a circle. 

Also find the pole-curves when each of two straight lines in the figure 
touches a, fi.i:cd circle. 

12. A bar moves so as always to pa.ss through a fixed point, whilst 
a point on it describes a fixed straight lino. Prove that the motion is equi- 
valent to the rolling of a cui vo of the typo r = a sec^ d on a parabola. 

13. A bar moves so as always to touch a fixed circle, whilst a point 
on it describes a straight line through the centre of the circle. Prove 
that the motion is equivalent to tho rolling of a parabola on the curve 
r = a sec’ d. 

14. A bar moves so a.s always to touch the circumference of a fixed 
circular disk, whilst one point of it moves along a fixed tangent to the disk. 
Prove that the polc-curvcs arc equal parabolas. 

15. A bar moves so as always to pass through a small fixed ring at 0, 
whilst a point Q on it is made to describe a circle through 0. Find the 
instantaneous centre, and determine jthe two pole-curves. 


CHAPTEH III 


. PLANE STATICS 

18- Fundamental Postulates. 

The ideal ‘ rigid body ’ of theory is such that the distance 
between any two points of it is invariable. Actual solids “do not 
of course quite fulfil this definition, since they become slightly 
strained by the application of force, but the changes in their 
dimensions are for many purposes negligible. 

The complete specification of a force involves a statement of 
its line of action, its magnitude (and sense), and its point of 
application,’ but for a reason to be given immediately, the latter 
element is in pure Statics unessential. 

The Statics of a body treated as rigid is based in fact on the 
following physical assumptions ; 

1°. " A' force may be supposed to be applied indifferently at any 
point of the body in the line of action. This is sometimes 
expressed by saying that a force is of the nature of a 'localized' 
vector; i.e. it is regarded as resident in a certain line, and is in 
this respect to be distinguished from the ‘free’ vectors treated of 
in the Introduction, but there is no necessai’y reference to any 
particular point of the line. A force which is known to lie in 
a given plane is therefore for our purposes sufficiently specified by 
three elements, e.g. by the two constants which on the principles 
of Analytical Geometry determine its line of action, and by its 
magnitude. 

The principle here formulated is known as that of the 
‘ Transmissibility of Force.’ 
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2= Two forces in intereecling lines may' be replaced by a 
single force (called their ‘resultant’) v>-hich is- their geometric or 
rector sum, and acts through the intersectiorc In particular, two 
equal but opposite forces in the same line cancel one another, 
i.c. they produce no effect. 

It follows that any proposition relating to the addition of 
rectors has an application to the theory of composition of con- 
current forces. For instance, the Triangle of Forces (Art. 7) hold? 
with this limitation- 

By means of these two principles any given system of forces 
may be replaced by another ^stem in an endless variety of ways; 
and the various systems thus obtained are said to be ‘ equivalent.' 
If a system can be reduced to two equal and opposite finite forces 
in the same straight line, it is said to he ‘in equilibrium.’ 

It will be understood that the preceding statements, as applied 
to a real solid, are valid only as regards the equilibrium of the 
body as a whole. Two systems of forces which are statically 
equivalent may have very different effects as regards the internal 
forces, or stresses, which they evoke. 

3°. We assume, as always, that the' mutual actions between 
two different bodies, or between two parts of the same body, when 
' internal forces are considered, are exactly equal and opposite. 

The force (or system of forces) which a body A exerts on 
a body B, and the opposite force (or system of forces) which £ 
exerts on A, may be distinguished by the terms ‘action’ and 
‘reaction’ respectively; but the word ‘reaction’ is often used 
loosely for either of these forces (or systems). It must of course 
be home in mind that when we are considering the equilibrium of 
A rve are concerned with the roction of B upon it, but not at all 
with the action of A upon B. Similarly for the equilibrium of B. 
The student will often find it convenient, for clcames=;, to draw 
diagrams indicating the forces which act upon A and B separately 
(see Art. 23, Ex. 4). 

The consideration of internal forces in general need not occupy 
us at present, but wc so often have occasion to speak of the 
longitudinal stress in a bar, or a string, subject to external force at 
two points only, that it is worth w'hile to notice what is involved. 
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Let AB be such a bar, subject to external forces at A and JS; for 
equilibrium these must be equal and opposite in the line AB. 
If S be any cross-section, the matter which lies immediately 
to the right of S exerts on the matter immediately to the left of S 



Fig. 30. 


a system of forces whose resultant must be equal and opposite to 
the external force at A, as we see by considering the equilibrium 
of the portion of the bar between A and S. Similarly, the matter 
immediately to the left of S exerts on the matter immediately to 
the right a force equal and opposite to the external force at B. 
This combination of equal and opposite forces across the section 
S is called the stress at S; its amount may be specified by the 
magnitude of either force, reckoned positive when it is a tension 
(as in the figure),- and negative when a thrust. 

t 

19. Concurrent and Parallel Forces. 

The following construction for the resultant of two intersecting 
' forces depends on the theorem of Art. 4. 

Let 0 be the point of concurrence, and let any transversal line 
. be drawn meeting the lines of action of the given forces P; Q, and 



of their resultant R, in the points A, B, G, respectively. By the 


theorem referred to, we have 

jni.OA + 7n,.OB = (nh-l-»n,).OG, (1) 

provided, »ii.AC = »7i,.OB ..(2) 
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The first two terms in (1) are identified with the vectors repre- 
senting the forces P, Q, provided 



and since the right-hand member must then represent R, we have 

+ = ^ ' 

Hence we have the relations 

and P.AC:(3.CB = 0/1:0P (6) 

The latter relation determines the position of 0 on the trans- 
versal, and the value of R is then given by (6). The proof includes 
all cases, provided P, Q, R be reckoned positive or negative 
according as they respectively act from or towards 0. 


The rule for compounding two parallel forces follows as a 
limiting case if we imagine the point 0 to recede to infinity. 
The lines OA, OB, OG are tjien ultimately in a ratio .of equality, 
and we have 

p + Q=n ( 7 ) 

subject to a proper convention as to signs, wliilst the position of 
G on the transversal AP is determined by 

P.AC = e.CB .'....(8) 

These results have full generality, if the usual conventions as 
to the signs of P, Q, and of the vectors AC, CB, be observed.' 



The point G divides AB internally or externally according as P, Q 
have the same or opposite senses, and is in any case nearer to the 
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numerically greater force, with which the resultant agrees in 
direction. 

The rule fails to give an intelligible result when the parallel 
forces have opposite signs, and are equal in absolute magnitude. 
As this condition is approached, the point G recedes to infinity, 
whilst the resultant becomes infinitely small. A combination of 
two numerically equal, parallel, but oppositely directed forces 
constitutes in fact an irreducible entity in Statics, which cannot 
be replaced by anything simpler. It is called a ‘ couple ’ *. 

20. Theorem of Moments. 

From this point onwards we contemplate mainly a system of 
forces whose lines of action are all in one plane. The discussion 
of such systems is much simplified by the conception of the 
moment of a force about a pointf. 

, The 'moment' of a force P about a point 0 is defined as the 
product of the force into the perpendicular OM drawn to its line 
of action from 0, this perpendicular being reckoned ‘positive or 
negative according as.it lies to the left or right of the direction of 
P. If we mark off a segment AB on the line of action, so as to 
represent the force completely, the moment is measured by twice 
, the area of the triangle OAB, this area being reckoned positive or 


negative according as it lies to the left 

or right of AB. 


O 

- 


/\\ 



. 

'B 


• 



Fig. 83. 


The usefulness 

of the conception depends on Varignon’s 

theorem^; 



The sum of the 

moments of two 

forces in the same plane. 


• The nome, ond the eubsequent theory, ore due to h. Poinsbt, ^Mmenti it 
Btutique, 1806. 

t More strictly, about an axit through the point normal to the plana 
t P. Varignon, Ncmvelle micanique, 1725. 
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about any point of the plane, is equal to the moment of their 
resultant. 

Let AB, AC represent the two forces, AD their resultant If 
0 be the point about which moments are to be taken, we have to 
prove that the sum of the triangles OAB, OAO is equal to the 
triangle OAD, regard being had to sign, according to the con- 
vention above stated. Since the side OA is common to these 
triangles, this requires that the sum of the perpendiculars from 
B and G on OA should he equal to the perpendicular from D on 
OA, the.se perpendiculars being reckoned positive or negative 
according as they lie to the right or left of the line drawn from 

D 


o 


A 

Fig. 34. 

A to 0. But this is merely equivalent to the statement that the 
sum of the orthogonal projections, on a direction perpendicular to 
OA, of the vectors AB, AC is equal to the projection of their 
sum AD. 

The proof has been given for the case of two intersecting 
forces; it may be proved independently for parallel forces, or 
inferred as a limiting case. 

The sum of the, moments of the two forces of a coMple is the 
sariie about any point in their pl.ane. Thus in the figure, the sum 
of the moments about 0 is P.OA —P.OB, 
or P.AB. This product of either force 
into the perpendicular distance between 
their lines of action, taken with the proper 
sign, is called the ‘ moment of the couple.’ 

We shall see presently (Art 24) that a 
couple in a given plane is sufficiently 
specified by its moment. 



Fig. 35 
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21. Reduction of a Plane System of Forces. 

The postulates of Art. 18 enable us in general to reduce any 
plane system of forces to a single resultant. For any two forces 
of the system may be replaced by a single force, unless they are 
equal and opposite in parallel lines; and by repetitions of this 
process the reduction in question can in general be effected. * 

As exceptional cases, the system may reduce to a couple, or 
again to two equahand opposite forces in the same line, in which 
case we have equilibrium. 

Moreover, it is evident that at^no stage in the process of 
reduction is any change made in the sum of the projections of the 
forces on any line, or in the sum of their moments about any 
point. It follows that as regards magnitude and direction the 
single. resultant is the geometric sum of the given forces, and that 
its line of action is also determinate, i.e. it is independent of the 
order in which the forces have been combined. 

If the geometric sum of the given forces vanishes, the system 
reduces to a couple whose moment is determinate, although the 
magnitude and the lines of action of the two residual forces may 
vary with the particular mode of reduction adopted. 

If the geometric sum is zero, and the sum of the moments 
of the forces about any point also vanishes, the system is in 
equilibrium. 

A plane system of forces may also (in general) be replaced by 
a single force acting through any assigned point 0 and a couple. 
The force is the geometric sum of the given 
forces, and the moment of the couple is 
equal to the sum of the moments of the 
given forces about 0. For let R be the 
single resultant to which the system re- 
duces, and at 0 introduce two equal and 
contrary forces Ri, R^, of which Rj is 
parallel as well as equal to R The original 
system is therefore equivalent to ii,, 'together with the 
constituted by R and R, whose moment is the moment 
. about 0, This proposition has an interesting application ' 



fig. 36. 
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theory of the distrfbation of shearing stress and bending moment 
in a horizontal beam (Art. 27). 

Again, a force, and consequently any plane system of forcc.s, 
can be resolved into three components, ns they may be called, 
acting in three assigned lines, provided these be not all parallel, 
or concurrent. 

Thus if the three lines form a triangle ABC, and if the given 
force F meet BG in H, then F can be resolved into two com- 
ponents acting in HA, BG, respectively, and the force in HA can 
be resolved into two components acting in BG, CA, respectively. 
A simple graphical construction is shewn in Fig. 37, where the 
dotted line in the second diagram is parallel to AH, and the three 
components are denoted by P, Q, R. As an example, in the case 




of a lamina fixed by three links (Fig. 22, p. 29), any system of 
forces acting on the lamina in its mvn plane is balanced by three 
determinate tensions (or thrusts) exerted by the three links, 
provided these have not the special configuration referred to in 
Art. 15, i.e. the links must not be concurrent or parallel. 

It may be noticed that when F is infinitely small, and the 
point 11 at infinity, as in the case of a plane system which reduces 
to a couple, the components P, Q, R are proportional to BG, GA, 
AB (cf. Art. 24). 

In ‘trilinear’ coordinates, with ABG as fundamental triangle, the equation 
of the line of .action of the resultant of three forces P, Q, Ji acting along BG, 
CA, AB, rcsjicctively, is found from the consideration that the sum of the 
moments of the three forces about any point (a, ft y) of the line nitrst 
vaCish, viz. it is 

/’a + QB-rBy==0. ( 1 ) 

If F : f,\; Jl=a : b : c, this becomes 

aa + cy = 0, 
which is the equation of the ‘ line at infinity.’ 


( 2 ) 
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22 . Parallel Forces. Centre of Gravity. 

The particular case where all the forces of the system under 
consideration are parallel is of importance on account of its appli- 
cation to gravity. 

If parallel forces acting in opposite senses are distinguished by 
opposite signs, the geometric sum, which gives the magnitude and 
sense of the resultant, becomes identical with the sum in the 
ordinary algebraic meaning of the word. The line of action ol 
the resultant is found from the consideration that the moment 
of the resultant about any axis is equal to the sum of the 
moments of the given forces. If the geometric sum vanishes, the 
system either reduces to a couple, or is in equilibrium. 

Suppose we have a system of parallel forces Pj, Pj, P„ ..., 
acting through assigned points jfl,, A^, ..., respectively. Then 

P,, Pj are equivalent to a force P, -fPj acting through a certain 
point B in AiA^; this force (P, -t-P,) together with P, is equiva- 
lent to a force P, -f Pj + Pa acting through a certain point G in 
JJAs', and so on. Prodcedlng in this way we finally obtain (in 
general) a resultant equal to the algebraic sum of the given forces 
acting through a certain point G.' Since the positions of the 
successive points B, G , ... G depend only on the ratios of’the given 
forces, and not on their absolute magnitudes or directions, it is 
plain that the same point G will be arrived at if the forces be 
altered in any the same ratio, or if they act in any other 
(mutually parallel) directions through the assigned points 
Ax, Aj, .... The point G thus found is called the ‘centre' of the 
^ given S3'stem of parallel forces. 

. This proposition contains the theory of the ‘centre of gravity' 
as ordinarily understood. For, suppose we have a system' of 
particles whose mutual distances are small compared with the 
' dimensions of the Earth. 'The forces of gravity acting on the 
several particles constitute a system of forces which are practically 
parallel, and proportional to the respective masses. If the system 
be brought into any other position relative to the Earth, without 
alteration of the relative configuration, this is equivalent to a 
change of direction of the forces relative to the system, but the 
forces are still parallel, and their mutual ratios are’ as before. 



48 


STATICS 


[III 


Hence there is a certain point ((?), fixed relatively to the system, 
through which the resultant of gravitational action on the system 
always passes. This resultant is, moreover, equal to the sum of 
the forces on the several particles. 

The general theory of the ‘ mass-centre ’ of a material system 
is reserved till Chap, viii, 

"When the geometric sum vanishes, the system of parallel forces Pj, Pj, 
P3, ... acting at given points Ai, A^, A3, ... has no finite ‘ centre.’ In this 
case we may however divide the forces into two groups, according to their 
Sense. One group will have a resultant Ji acting through a definite centre E, 
and the second will have a parallel, but opposite, resultant R acting through 
a centre K. If Aj, A^, A3 , ... are points of a rigid body, and the direction of 
the forces be given, the body will tend to turn, under the action of the couple 
thus constituted, until the line HE is in the direction of the forces. This 
has an application in Magnetism. 


When the parallel forces are in one plane, the line of action of 
the resultant is given by a simple formula. If ... be the 
abscisssB, measured from a fixed point 0, of the points in which 
the lines of action meet a fixed straight line OX^ and if x denote 
the abscissa of the point in which 'the- line of action of the 
resultant meets OX, we have 

PiXi -f P.-Tj-b ... = (P, -b Pj -b .,.)x, (1) 


or 


WT' 


■( 2 ) 


This is obtained by taking moments about 0, since the per- 
pendicular distances of the respective lines of action from 0 are 
proportional to x^, x,,..., x. The formula holds in all cases pro- 
vided proper signs be attributed to the absciss® x and the forces 
P. If 2 (P) = 0, we have ® = 00 , unless also 2 (Px) = 0. 

A plane system of parallel forces can be replaced, in one and 
only one way, by two forces in any two assigned lines which are 
parallel to the system. This is seen by taking moments about 
two points lying one on each of the given lines. Thus a system of 
loads on a beam supported at two points is statically equivalent to 
two vertical forces at the supports. 


23. Conditions of Equilibrium. 

It will be noticed that, in each of the forms to which a plane 
system of forces was reduced in Art. 21, the specification of .the 
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equivalent system involves three independent measurements. 
Thus in the case of the single resultant, two measurements are 
required to fix the line of action, and a third for the magnitude. 
It follows that the necessary and sufiScient conditions of equilibrium, 
in .whatever form they may be exprc.ssed, will be three in number. 

Thus the system will be in equilibrium if the sum of the 
projections of the forces on each of two perpendicular directions is 
zero, and if (further) the sum of the moments about any one point 
is zero. For the first two conditions ensure that the system 
cannot reduce to a single resultant (since the geometric sum of 
the given forces vanishes), and the remaining condition ensures 
that it cannot reduce to a couple. It is also obvious that these 
conditions are necessary. 

The three conditions of equilibrium may be obtained in other, 
but of. course equivalent, forms. For example, equilibrium is 
ensured if the sum of the moments of the given forces is zero 
' about each of three points A, B, G which are not oollinear. For 
the system obviously cannot reduce to a couple, and it cannot 
reduce to a single force, since this would have to pass through 
each of the points A, B, G. 

In the particular case of three forces, which is of frequent 
occurrence, the conditions may be put in a more convenient form. 
Excluding the case of parallelism, the resultant of any two of the 
given forces, acting through the intersection of their lines of 
action, must balance the remaining force. Hence the necessary 
and sufficient conditions for equilibrium are that the three forces 
must be concurrent, and that their geometric sum must vanish. 
The latter statement is of course equivalent to two quantitative 
conditions. 

Ex. 1. Throe forces perpendicular to the sides of a triangle ABO at their 
middle points will bo in equilibrium provided they are proportional to the 
respective sides, and act all inwards, or all outwards. 
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For tho lines of notion meet in a point, viz. at the centre of the circle 
A DC, and the triangle becomes itself a triangle of forces if turned through 90°, 

Tho result is easily extended to the case of a plane polygon of any number- 
of sides, by drawing diagonals so as to divide tho polygon into triangles, and 
introducing at the middle point of each diagonal a pair of equal-end opposite 
forces, perpendicular to that diagonal, and proportional to its length. The 
forces can now be divided into sots of three, each of which seta is in equilibrium, 
by tho former case. 

Ex. 2. A beam /!/? is free to turn about tho end A as a fixed point, and 
tho end B rests on a smooth inclined plane ; it is required to find tho reactions 
at A, B when the beam is loaded in any given manner. 



' Fig. 39. 

There are hero three unicnown elements to bo found, viz. the direction and 
magnitude of tlio reaction Ri at A, and tho magnitude of tho pi-ossuro Aj at 
B, which is normal to tho inclined plane. The problem is therefore deter- 
minate. If we assume tho loads to be combined into a single resultant IF, 
wo have only three forces to deal with, and their lines of action must therefore 
meet in a point 0, which is determined as the intersection of Aj and FT. 
This fixes tho direction of Ri, and the ratios RjfW and Aj/IFcan then be 
found from a triangle of forces. 

E.V. 3. A heavy bar A U rests u ith its ond.s on two smooth inclined planes 
which face each other; to find tho I 

inclination (d) to tho vertical in tho 
position of equilibrium. 

Jict Q be tho centre of gravity, 
and let AO— a, GB = h. Lot a, ^ be 
the inclinations of tho i lanes. 

Tho lines of action of the pressures 
exerted on the bar at A, B, which are 
by hypothesis normal tc^ the planes, , 
must meet in a point I on tho vertical , 
through O. This gives Fig. tO. 
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and therefore 
whence we find 


10 sin {6 - a) JO _ sin (6 + [i) 

a sin o ’ b ~~ sin ’ 

a sin (6 ~ a) _b sin (d + /3) 

sin a ~ sin^ 

acota — 6cotj3 

cotet= 


In particular, if the bar is uniform, so that a = &, we have 
cot d = 4 (cot a - cot (S) 


( 1 ) 

•( 2 ) 

(3) 

(4) 


We are not at present concerned with questions of stability. It will 
appear later that in the present case the equilibrium is unstable. 

The case of a rod suspended by strings attached to its ends is practicall) 
identical, the tensions of the strings ttilring the place of the reactions of the 
planes. , 


When two or more moveable bodies A, B, 0, ... arc concerned, 
we have to take account of the mutual actions refen-ed to in Art. 18. 
The conditions to be fulfilled by A and B separately will of 
course ensure that the conditions of equilibrium of A and B, 
considered as one system, are satisfied, just as if they were 
rigidly connected together. In these latter conditions the mutual 
actions of the two bodies will cancel, and it is therefore often 
convenient to begin by formulating thorn at once. 

Bx. 4. Two smooth circular cylinders rest in contact in the angle between 
two inclined pianos which face each other. 




The pressiues of the pianos will act in linos through the axes A, B. If 
these lines meet in 0, the centre of gravity O of the two bodies, considered as 
one system, must lie in the vertical through 0. Hence the inclination 6 of 
the plane AB to the vortical is given by the formula (3) above, provided we 
make a-^AO, h=OB. If IF], be the weights of the spheres, we have 

AO ; OB= ITj : IFi , (.^i) 

37 '.St Hfc ‘ 
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cot 6 = 


tCjCOtn— ir, rotfj 


ir,+ IKj 

f 

To find tlin prcssurcM R^, Ri of tlic two pianos, and tlie mutual prc.-,sur 0 S 
of the spheres, wo must eianiine the conditions of equilibrium of each sphere 
separately. .Since it Is in aacli c;iso a question of three forces, we find at once 

n _ TU /? ^ ir o_ in _ sin _ 

' 8in(d-n)' *' ^ Mn(d+;d)‘ *' hiu(d-a) '~hiu(t!+p!) 

Thfic detennine fZ,, Ri .and S, when 0 is known from (0). 


24. Theory of Couples. 

Two couples in the same plane whose moments (Art. 20) are 
equal (both in magnitude and sign) are equivalent. For if we 
revcr.se one of the couples ave have a system of four forces in 
equilibrium, since the sum of the moments about anj' point in the 
plane is zero. 

In the same way we c.an prove that any number of couples in 
the same plane c,an be replaced by a single couple whose moment 
is the sum of the moments of the git'en couples, regard being had 
of course tn .-igns. 

Since a couple in a given plane is for the purposes of pure 
Statics sulbciefttly defined-by its moment, it has been proposed to 
introduce a name (' torque,’ or twisting effort,) which shall be free 
from the irrelevant suggestion of two particular forces. 

Ex. system of forces represented compleleli/ (i.e. as to their lines of 
action, as V ell as their m.sgnitudas and directions) by tho sides AD,BC, CD,... 
of a cZojcdl) phano polygon taken in onior, is equivalent to a couple whose 
moment i^ -epresented by twice the area of the polygon, taken with the 
proper sigi 


kig. 12. 

For if we take moments about any’ point in tho plane we get a result 
which is constant, and equal to the area in question. Tho rule of sigrfs is 
that the area is to bo reckoned positive or negative according as it lies to the 
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left or right of a point -descrihihg the boundary in the direction of the forces. 
If the polygon intersects itself, some portions of the aiea will be positive and 
some negative. 

25. Determinate and Indeterminate Statical Problems. 

The question ^Yhether a particular problem is statically ‘ deter- 
minate,’ i.e. whether the data are sufficient for-a definite solution, 
is to be decided on the principles of Arts. 13, 23. 

For instance, the problem of finding the possible position or 
positions of equilibrium of a lamina, under forces in its own plane 
which are known functions of its position, is a determinate one. 
For the three conditions of equilibrium are just the requisite 
number to determine the three coordinates by which (Art. 13) the 
position may 'be specified. Of course with an arbitraiy scheme of 
forces it may happen that there is no real solution ; or, again, there 
may be more than one solution, but in this case each of the corre- 
sponding positions will in general be definite, in the sense that it 
cannot be departed from, however slightly, without violating the 
conditions of equilibrium. 

Again, in the case of a lamina fixed by three links (Fig. 22), or 
suspended by three inextensible strings, and subject to any given 
forces in its plane, the three conditions of equilibrium are just 
.sufficient" to determine the three unknown tensions. 

Similarly, in the case of a lamina free to turn about a fixed 
point there are three things to be determined, viz. the angular 
coordinate which now suffices to specify the position of the lamina, 
and the direction and magnitude of the reaction at the fixed 
point. 

■Questions may however present themselves quite naturally 
where the principles of pure Statics are inadequate for a definite 
solution. To take as simple an example as possible, suppose ^\’c 
Jiave a horizontal beam resting on three smooth supports A, B, G, 
the centre of gravity being at G. One condition of equilibrium, 
viz. that the sum of the horizontal components of the forces should 
' vanish, is already fulfilled, and the two remaining conditions are 
insufficient to determine the three unknown pressures P, Q, R. 
On the other hand it is certain tliat in an actual case there 
is a definite pressure at each support The difficulty disappears 
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when we take account of the fact that a real heann is not 
atsolutely rigid. Let us suppose that one of the supports, say C, 
can be gradual!}' raised, e.g. by means of a screw, and that to 


P an 

, t I 



V/ 

Fig. 43. 

begin with it is ju«t clear of the beam, so that R = Q. The 
pre.ssures P and Q in this state are found at once by taking 
moments, say they are P, and Q,. If 0 be gently raised, the 
beam bends slightly, so as to remain in contact for a while at all 
three points A, B, 0. Daring this stage the pressure P will 
gradually increase from zero, whilst Q diminishes, and P increases. 
At length the pressure Q tvill sink to 0, and the beam nill be 
supported at A and G only. The pressures at these points are 
then determinate, say they are Pj, Pj. Thus when all three 
supports are in contact we have a continuous transition of the 
values of the three pressures from P,, Qj, 0 to P-, 0, P,. This 
explains the indeterminateness of the question, when proposed as 
one of pure Statics. It becomes physically determinate when we 
know exactly the relative heights of the supports, and the elastic 
properties of the beam. (See Chap, xvn.) 

As a further example, suppose we have a bar AB whose ends 
are fixed to some rigid structure by means of cylindrical pms 


p Q 
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fitting into cylindrical ‘ eyes,’ or sockets, and that it is required to 
find the reactions on the ends when the bar is subject to given 
forces. Even if we assume pci feet smoothness at the contacts, so 
that tlie reaction at each end reduces to a single force, there are 
four unknowns, and the problem is statically indeterminate. If 
we take any point 0 whatever on the line of action of the resultant 
{F) of the external force's, OA and OB will be possible directions 
of the reactions P, Q of the pins, and the corresponding magnitudes 
of these reactions can be found from a triangle of forces. To make 
the question physically determinate it would be necessary to take 
account in this case also of the elasticity of the bar, and of the 
precise conditions of the constraint. It should be noticed that 
the bar may be in a state of stress, and so may exert reactions 
(equal and opposite) on the two pins, even whe'h there is no 
extraneous force. Such stresses are introduced in the mere act 
of fixing the bar if the distance between the centres of the pins 
be not exactly equal to the natural distance between the centres 
of the eyes*. 

It would be easy to multiply examples, but all are to be 
elucidated by similar considerations. The question will present 
itself again in connection with the theory of frames (Chap, v) 

' 26. Equilibrium of Jointed Structures. 

This question, which is very important in practice, requires 
some care on account of the complexity of the actions involved. 

We will suppose, for definiteness, that the connection between 
any two pieces, or members, of the structure, is by means of a 
cylindrical pin passing through cylindrical holes which it just fits. 
For simplicity we assume perfect smoothness of the surfaces in 
contact, so that the pressures exerted on a pin by any piece, and 
the opposite reactions exerted by the piece on the pin, are in lines 
meeting the axis of the pin, and so reduce in each case to a force 
through this axis. The conditions of equilibrium of the structure 
are to be found by formulating separately the conditions of 
equilibrium of each member and each pin, and combining the 
results. 

* A uimilnr remark would apply in the former example if the ‘eupporta’ are 
Euch BB to prevent upward as well bb downward motion. 
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Yery often, each member has two joints only, and if it be subject 
to no force except the reactions of the two pins upon it, these 
reactions must be equal and opposite, in the line joining the 
centres. 

Ex.' To take a simple case, suppose we have a bracket formed by tfro 
bars AC, UG, of which the forcncr is 
horizontal v.-bile the latter is inclined 
at an angle a. There are smooth joints 
at A, B, G, of which the two former 
are supposed to be carried by some 
supporting structure ; and a given 
weight ir is suspended from the pin 
at C, 

K the weight of the bars be neg- 
. lected, the forces exerted by the bars 
on the pin C will be in the directions 
of the lengths, so that A BO Isa. triangle of forces for the pin C, viz. AB repre- 
sents the weight W, BC the force exerted by the bar BC, and CA that 
exerted by the bar AC. Hence we have a tension in A <7 of amount If cot a, 
and a thrust in BC of amount ITcoseco. 

If the bars have weights IPi, ITj, which we will for simplicity aupposa 
to act at the middle points, the most straightforward plan is to introduce 
symbols for the horizontal and vertical components of the force exerted on 
each bar by each pin ; but some reduction in the amount of notation required 
can be effected by obvious considerations. Thus the vertical components of 
the actions of the pins A and G on the bar AG must be each equal to ^ IF], 
upwards ; and if we denote the horizontal component of the action of C by 

the horizontal pull of A wiU he X-i in the opposite direction, as shewn in 




Fig. 46. 
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I'jg. 46 , wljere tlje forces actjog on each bar and on the pin 0 are indicated 
goparatoly. It will bo noted that we have here applied, infonpallj’, the three 
conditions of equilibrium of the bkr AC. Again, if we denote by Ij the 
horizontal and vertical compononte of the action of the pin 0 on the bar BC, 
as shewn, the components of the action of B will be W2+ Fj upwards, and 
Xi to the right. The forces on the pin C will consist of the reactions of the 
bars and the weight 11'. 

As regards the bar BO we have already virtually used two of the con- 
ditions of equilibrium. The third is found by taking moments about the 


centre, viz. 

2X5. a sin a=( I1'2 -p2F2).<ico3u, (1) 

if BC= 2 a. Considering the equilibrium of the pin C, we have 

Y2=W+iW, ( 2 )' 

Fliis gives Fj, and substituting in (1) we find 

Xi =X 2 ={ ^ ( ifi -h Hz)} ( 3 ) 


In this example it was easy to foresee what would be the sense of each 
component reaction, but it is not really necessary to attend to this. If we 
assume the positive directions arbitrarily, the signs attached to the symbols 
in the result will indicate in which sense the respective forces act. 

If the centres of gravity are not at the middle points, or if the applicii 
forces are less simple in character, it may become ’necessary to assume un- 
known values for the component actions of each pin on each bar. IVlien the 
structure is at all complicated the method becomes laborious, owing to the 
number of equations and of unknovra quantities involved, and is very liable 
to error. A graphical method of treating such questions is explained in 
Chap. V. 


27. Shearing Force and Bending Moment in a Beam. 

The theorem, proved in .Art. 21, that any plane system of 
forces is equivalent to a single force acting through any assigned 
point, together wth a couple, has an interesting illustration in the 
theory of the distribution of shearing force and bending moment 
in a horizontal beam, or other structure, subject to vertical loads. 

If we imagine a vertical section S drawn across a beam at any 
point P of its length, the portions of matter which lie immediately 
to the right of S exert on those immediately to the left a system 
of forces which must be in equilibrium with the remaining force* 
which act on the part of the beam which lies to the left, and muit 
therefore he equivalent to a vertical force F at P, and a co 
In virtue of the law of equality of action and reaction, 
which lies to the left of S must exert on 
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exactly equal and opposite system of forces, which is therefore 
reducible to a force —F and a couple —M. The force F 
is called the ‘shearing force/ and the couple M the ‘bendint^ 
moment/ at the point P' of the beam*. 

We. will assume the positive senses of 
this force and couple to be those in- 
dicated in the annexed figure, w'here the 
• two portions of the beam are drawn 
separately. 

If the remaining forces which act on either portion of the 
beam are known, then resolving vertically we find- the value of F, 

■ and by taking moments about P we obtain that of M. 

Hence if PQ be any portion of the beam which is free fi-om 
external force, Q lying (say) to the right of P, we have, with an 
obvious notation, 

Fp = Fq, JUq — Alp= —F.PQ (1) 

Fp 

A 

P 

Mpf hr 



•Pc 

Fig. 48. 


F 



F 

tig'. 47. 


Hence, along any portion of the beam which is free from loads 
and from supporting pressures, the shearing force F is constant, 
whilst ilf diminishes as we travel to the right, with a gradient 
equal to —F. 

Again, if PQ be a short segment containing an isolated load 
W, we have 


Fq-Fp = -W. 1 

MQ-Mp = -FQ.PQ-W.€.PQ.j" 

where e is some proper fraction. Hence, 
ultimately, when PQ is regarded as infinitely 
small, we have 

Mq = Mp ( 3 ) 


Fp 



W 


Fig. 40. 


* It is Bhewn in Chap, xvn that the state ol strain at any point of the length 
defends rnajcly on the bending moment there. 
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Hence F is discontinuous at the point of application of a con- 
centrated load (or at a point of support), diminishing bj' an 
amount equal to the downward force as we pass the point in 
question to the right; -svhilst M is continuous. Accoidingly, if we 
draw the graphs of F and M, respectively, for any system of con- 
centrated loads and pressures, the former ivill consist of a series of 
horizontal lines, and the latter of a continuous chain of sloping lines. 

A more purely geometrical way of obtaining the diagrams is 
explained in Chap. iv. 

1. Take the case of a single load IF at any point (7 on a beam 
which is supported at and B. 

If AO=a, AB==l, the reactions at A, B are W(l—a)ll and'Wa/l, respec 
tively. Hence the shearing force /’has the value W(l—a)/l from A to C, 
and the value ITa/l from 0 to B. Also, taking moments about C of the 
forces which act on the segment AC, we find 

J/c=-V’a(l-d)/l (4) 

Since If vanishes at A and B*, its graph is now easily constructed on any 
required scale. 


A ic B 



The relation between the gradient of the iZ-graph and the ordinate of the 
/’-graph should be noticed. - - 

* For M lanishes as a matter of course at a free end, and since it is continuous 
it vanishes at a point immediately to the right of A or immediately to the left of B. 
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Ex. 2. The annexed Fig. 61 shews a case of several loads. The amounts 
of the rfes^ecti VO loads are indicated by the discontinuities of the F’-graph. 


'I I i 



Fig. 51. 


28. Continuous Load. 

To pass to the case of continuous loads, let x be the horizontal 
coordinate of any point P, measured to the right. The load on an 
element of the length may now be denoted by wBx, where w, the 
‘load per unit length/ may vary with w. The equations (2) of 
Art. 27 are replaced by 


BF = — wBx, 

BM=-FBx, 


dF 

dM 

....(1) 




By integration we have 



rQ 

— — — wdxy 

J p 

Mq - Alp = ~J • • 

..-(2) 


The former of these equations expresses that the difference of the 
shearing force at any two points is equal to the total intervening 
load, as is othenvise obvious. The latter shews that the difference 
of the bending moments is proportional to the area intercepted 
between the corresponding ordinates in the giaph of F. 
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In the case of a uniform load w is constant, and we have from (1) 

F = — WX + A, M = ^wx^ — Ax + B. (3) 

The arbitrary constants A, B are to be determined by the 
conditions of the special problem, eg. the conditions at the ends 
' of the beam. The graph of .F is a straight line ; that of ilf is a 
parabola whose axis is vertical and concavity upwards. 

1. A uniform lioav^ boivm supported at two points close to tlio ends. 

We take the coordinates of the supports to be a;=0, x=l, and apply the 
formulto to the intervening space. Imnlcdi.itcly to the left of- the first 
support we have‘'/’>=0, ^7=0. .Since at this point there is an upward 
pressure we have, immediately to the right, F—\wl, 2I~Q, in virtue of 
Art. 27 (1). Hence, in (3), .C=0. The formulse are therefore 

F=w{hl — x), if— —^•wx{l—x) (4) 



Fig. 62. 


These results might have been obtained directly by resolving and taking 
moments, as in the next example. 

Ex. 2. Let the supports G, D be at equal distances a (<il) from the 
Centro 0. 

To take advantage of the symmetry we choose the origin at 0, and 
consider only the portion OB of the bcixm. If x be the coordinate of a point 
P between 2) and B, we have, resolving vertically the forces on the segment 
PB, and taking moments about P, 

F=-w(U-x), M= ^w(U-.vy; (5) 

for the weight of this segment is and its centre of gravity is oi 

course at its middle point. 
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If a body be in contact with a rough surface or surfaces at one 
or more points, equilibrium is possible if, and only if, the statical 
conditions can be satisfied by the assumption of reactions at the 
various points whose inclination to the common normal does not, 
in each case, exceed a certain value This limiting value X is 
connected with the coefficient fi of friction by the relation 
tan X = (i. The values of /i, and therefore of X, may of course be 
different for the different pairs of surfaces which are in contact. 


Ex. A bar AB rests, like a ladder, with the upper end 
vertical wall, which we will suppose to be smooth, and the | 
lower end B on a rough horizontal plana 

Since there are only three forces acting on the bar, viz. 
its weight, the horizontal pressure at A, and the reaction 
of the ground at B, these must be concurrent, say in the 
point 0. Hence if (? be the centra of gravity of the bar, 
the angle GOB in the figure cannot exceed X, the angle of 
friction at B, consistently with equilibrium. If be the 
inclination of the bar to the vertical, we have, in the 
figiue. 


A against a 


tand = 


and therefore 


GB 

AG’ 

CB 


tan(?05=j^ = ^, 
AB. 



t&n e='~ t&n OOB=— tan GOB. (1) 


Hence, for a given position of G, the greatest admissible inclination of the 
bar is given by 

^ . '•iB. , AB 

tand=^tanX=;x._gg; (2) 


For a given inclination 6, we must have 

BO'!^fi.AB. cot 6. 


.(3) 


If with the point of contact F of two surfaces as veitex we 
describe a right circular cone of semi-angle X about the common 
normal as axis, the direction of the resultant reaction at P must 
He wdthin this cone, which is accordingly called the 'cone of 
friction’ at P, In two-dimensional problems, such as we deal 
with here, this cone is represented by two opposite generating 
lines, viz. the two lines in the plane of the figure which make 
angles X on either side with the normal. . . 

The existence of friction often leads to cases of statical 
indeterminateness, which however become physically determinate 
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(although not always easily calculable) when account is taken of 
the elastic properties of the bodies concerned. Of. Art. 25 . 

Ex. A bar AB rests on two inclined planes which face each other. 

The also where the planes are smooth has been solved in Art. 23, Er. 3. 
When friction is to bo taken into account, we draw through each of the points 
A, B a pair of straight linos making angles with the normal equal to the 
corresponding angle of friction. In the case illustrated in Eig. 55, these 
angles are less than the inclinations of the respective planes. 

Since the directions of the reactions at A, B must lie within the angular 
spaces thus defined, it is necessary 
for equilibrium that the point of 
concurrence of the three forces 
acting on the liar should lie with- 
in the quadrilateral area which is 
common to these spaces. Hence 
if the vertical through O crosses 
this area, the position is one of 
equilibrium, but the precise ixjsition 
of the point of concurrence, and 
consequently the directions and 
magnitudes of the reactions, cannot 
be determined on purely statical 
considerations. 

If the vertical in question pa-sses 
through the extreme points of the 
quadrilateral, to the right or left, the reactions have their greatest possible 
obliquity to the normals, and the position is one of ‘limiting equilibrium.’ 
In this case the reactions are determinate. The formulm for the extreme 
inclinations of the bar are obtained from Art. 2-3, (3) if we reidace a and p 
in the one case by a-i-X and jS-X', and in the other by a— X and ^+X', re- 
spectively, where X, X' are the two angles of friction. 

The indeterminateness, when it exists, is exjdained by the fact that the 
bar when -placed in position is subject to a stress which varies with the 
manner in which the operation is performed. It is different, for instance, 
when the bar is gently laid on the planes, and when it is firmly pre.ssed into 
its position. This implies a variable constituent in the reaction of each 
plane. 



30, Friction at a Pivot. Rolling Friction. 

The pivot is supposed to be cylindrical, and to fit almost 
exactly into a cylindrical hole, of slightly greater radius. We will 
assume that the contact takes place along a generating line of the 
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cylinder*, which is represented in the figure by the point A. The 
resultant action of the pivot on the socket is 
then represented by a single force whose in- 
clination to the normal :4 O' cannot exceed a 
certain value X. Hence if we make the angle , 

OAB equal to X, AB will be one of the two 
extreme directions of the force. Drawing OB 
at right angles from the centre 0 of the pin, 
we have OB = OA sin X = b sin X, if b denote 
the radius of the pin. Hence the line of the reaction cannot 
fall outside a circle of radius b sin X described with 0 as centre. 
This is called the ‘circle of friction.’ In the case of well- 
lubricated joints it is usually small. 

In the case of a bar jointed at each end, the reactions of the 
two pins must be equal and opposite, if we neglect the weight of 
the bar itself. The extreme positions of the line of action will 
therefore be given by the four common tangents to the two friction- 
circles. If the pins be small, and well-lubricated, it is sufficient 
for many purposes to assume that the line of action passes through 
the centres of the pins. 

Ex. Suppose that a locomotive wheel of radius a carries a portion 
If of the load, and that the radius of the 
friction-circle is r. In limiting equilibrium 
the reaction between the axle and the wheel 
is tangential to the friction-circle, and since 
(if we neglect the weight of the wheel) it 
must be balanced by the reaction of the rail, 
it goes through the point of contact. If 6 
be its inclination to the vertical, we have 
therefore 

sin 5=2 (D 

and the horizontal component is 

F= If tan W^, (2) 

practically, since ^ is usually smalL Tho horizontal resistance is therefore 
less than in the case of sliding friction, in the ratio of rja to ft. This shews 
the advantage of large wheels. 

• This is not strictly correct as a representation of actual conditions, but may 
serve for purposes of general explanation. 
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So far, nothing has been said about 'rolling friction.’ It is plain 
that as a matter of fact there must be some influence which 
opposes the rolling of one body over another, in addition to the 
force F of sliding friction already considered. For take the case 
of a body supported on a horizontal plane by cylindrical or 
spherical rollers, on which it rests at their highest points. If the 
action at each point of contact reduces to a single force, it is 
evident from a consideration of the equilibrium of a roller that 
this force must be vertical. Hence there would be no resistance 
to a horizontal pull on the body. 

The usual empirical assumption is that at the place of contact 
there is a resisting couple, in addition to the tangential friction F, 
\and that the maximum moment (ilf) of this couple is proportional 
to the normal pressure It, viz. we have 

M = Rr, (3) 

where r is a constant length depending on the nature of the 
surfaces and the curvature, 

' -V 

On this hypothesis the scheme of forces acting on the roller 
would be as shewn in Fig. 58, if we neglect 
the weight of the roller itself. Id is a.ssnmed 
that there is a horizontal force on the sup- 
ported body, urging it to the right. If 6 
denote the inclination of the reactions S to 
the vertical, and a the radius of the roller, 
we have, taking moments about the centre, 

2Sa sin 6 = Mi + M,. (4) 

Since the normal pressure is S cos 6, we have 
M, — r,Sco3 6, il/j = r2iScosd,...(5) 
and therefore tan 0 = ^ (r, -p rj)/a. .. 

The origin of the couple is doubtless to be sought m the fact 
that the contact does not take place at a point, but over a certain 
area, the surfaces being deformed by the pressure, but into this 
we cannot enter. It appears at any rate that r is smaller the 
harder the materials. The values found by experiment are in 



Ml 


Fig. 58. 
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many cases of the order of a fraction of a millimetre. The value of 
6, and consequently the resistance, is therefore veiy small, unless 
the radius a be itself very minute*. 

EXAMPLES. IV. 

(General Theory.) 

1. Shew how to construct geometrically the resultant of two forces whose 
lines of action meet outside the paper. 

2. Prove the following construction for the preceding problem : 

Let A A', BB’ be straight lines representing the given forces completely. 
Through A, B draw AG, BG parallel to A’B, AB', respectively; and through 
A', B" draw A'G', B'G' parallel to AB', A'B, respectively. Then GC will 
represent the resultant completely. 

3. Prove that if a plane system of forces has equal moments about three 
points which are not coUinear it reduces to a couple. 

4. If three forces B, Q, R act along the sides BG, GA, A B, respectively, 
of a triangle A BG, the resultant will pass through the centres of the in- and 
circumscribed circles if 

P Q R 

cosB-coaG cosG — coaA cosA-cosB' 

5. ABGD is a convex quadrilateral; prove that if four forces repre- 
sented completely by AB, BD,D0,.CA are in equilibrium, A 2) must be parallel 
to BG. 

6. i’orces p.AB, y.BC, p.CD, y.DA act in the corresponding sides - 
of a quadrilateral ABGD in the senses indicated ; prove that they are equi- 
valent to a single force unless p = q, or unless ABGD \s a. parallelogram. 

7. AD, BE are the perpendiculars from the angles A, B of a. triangle to 

the opposite sides, and a force P acts along DE. Replace it by three forces 
acting along BG, GA, A D, respectively. [Pcos A, Pcos B, —/’cos Ct] 

8. Two forces P, $ act through fixed points A, B. If they be turned 
through any the same angle about these points, in the same sense, so as to' 
make a constant angle with one another, prove that their resultant R turns 
about a fixed point G (called the ‘astatic centre’), and that 

BO AC~ AB' 

Deduce the existence of an astatic centre for any plane system of forces 
acting through fixed points. 

* The empirical laws of sliding and rolling friction were formulated by the 
French physicists 0. A. Coulomb (1821) and A. Morin (1831-3). 

For information ns to more recent experiments the reader is referred to books 
on technical Mechanics, 
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:EXAIyIPI.ES. V. 

(Problems.) 

L If the additioa of -01 gramme in one seale-pan of a balance makes ici 
pointer mtjve over 5 mm. of its scale, find tbs depth of the centre of gravitT 
of the beam beloir the plane of the three knife-edges, having given that th's 
length of the beam betvreen the enter knife-edges is 30 cm^ its vreisht ISO 
grammes, and the length of the pointer 15 cm. [-25 mm.] 

2. A lamina vrhose weight is IT can tom in a vertical plane aho-at a fixed 
point 0. If weights P, ^ he suspended from points J, B on opposite sides 
of the line OG joining 0 to the centre of gravity <?, prove that the ande ^ 
which OG makes with the vertical is given hy 

taniP- -Pa sing- ^5 sing 

P^/C03fl-^ $icosjS-r irj&’ 

where a — OA, I = OB, h = 00, and a, ^ denote the angles AOG, BOG. , 

3. A uniform ladder whose weight is 60 lbs, and length 10 ft. rests with 

its npiper end against a smooth wall, and its foot is 4 ft- fmm the walL A 
man whose weight is 160 lbs. stands on one of the mngs at a distance of 
7 fL from the lower end. Find, from a diagram drawn to scale, or by calcn- 
lation, the horizontal thrust of the end on the grotmd. [56-7 Ite.] 

A AC and BC are two light rods hinged at A and B to two fixed 
points in the same vertical, and AC is horizontal If A C= 4 fa, AB = 2 fr, 
find in lbs. the tension or thrust in each rod when a weight of £0 Ite. is 
EUspead&J from G. [‘^O lb3„ 447 lbs.] 

5. A imiform rod AE of weight If hangs from a fiied point 0 bj & 
string OA attached to the end A. If a couple of moment xV he applied 
to the rod in a vertical plane, find its inclination to the verrical when in 
equilibrium. 

6. A uniform heavy, rod of given length -is to be supported in a given 
position, with its upper end resting at a given point against a smooth 
vertical wall, by means of a string attached to the lower end of the rod, 
and to a point of the wall Find by a geometrical construction the point 
in the wall to which the string must be attached. 

7. A uniform beam of length I hangs from a fixed point hj two ropes 
of lengths a, b ; find their tensions, 

r fra 1 

8. A sphere r^ts between two smooth inch'ned planes (a, a) whose line 
of intersection is horizontal Find the pressures on the planes. 

r ITsin a _1 

Lsinfa^o')’ Kn(c + o')J 
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9. A uniform bar APQB of given weight iV rests with its lower end A 
on a smooth horizontal plane, and ia in contact with smooth pegs at P and 
Q, of which the former ia above and the latter below the bar. Find the 
pressures on the horizontal plane and on the pegs, having given the distance 
PQ, the distance of the centra of gravity from A, and the inclination of 
the line PQ to the horizontal. 

10. A beam of weight W rests against a smooth horizontal rail,, with its 

lower end on a smooth horizontal plane. Find what horizontal force must be 
applied to the lower end in order that the beam may be in equilibrium at a 
given inclination d to the horizontal, having given the height ft of the rail 
abovo the horizontal plane, and the distance a of the centre of gravity of the 
beam from the lower end. [ \Vafh . ein®d cos d.] 

11. The ends A, B of a uniform bar can slide without friction along 
horizontal and vertical lines OA, OB, respectively ; and the bar is maintained 
in equilibrium by a string connecting a given point P of it to 0. Find the 
tension of the string, having given the inclinations of the string and the bar 
to the horizontal. 

In what cases is equilibrium impossible 1 

' 12. In a ‘wheel and axle’ the diameter of the wheel is 3 ft., and that 

of the axle 6 in. A rope wrapped in opposite ways round the wheel and axle 
cdrries a puUoy weighing 12 lbs. What force must be applied at right angles 
to a crank 18 in. long in order to maintain equilibrium? 

13. Two uniform rods AB, BGaxe freely jointed at B, and are moveable 

about A, which is fixed. At what point must a prop be placed below BG, so 
that the rods may rest in a horizontal line? ■' 

[The prop must divide BG in the ratio TT' : W, where W, IF' are the 

weights of the rods.] 

14. A uniform beam A3 can turn freely about a hinge at A, and to 
the end B is attached a string which passes over a small smooth pulley at 
G, vertically above A, and carries a weight P hanging freely. Prove that in 
equilibrium 

9P ■ - ■ 

BG^^.AG, 

whore IF is the weight of the beam. ■ , 

15. ' A uniform rectangular plato ABG£>, of weight IF, can turn freely in 
a vertical plane about its highest point A, which is fixed ; and the side BG 
rests on a smooth peg at its middle point, making an angle a with the hori- 
zontal. Give a diagram shewing the arrangement of the forces acting on the 
plate; and prove that the pressure on the hinge is IFsinasec/3, where B ‘ 
the angle AGB. 
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16, A uniform rectangular plate ABCD of weight IT hangs from A. If 
a weight IP be suspended from B, the inclination 6 of the diagonal /Idtotlis 
vertical is given by 

* "''ah 


tan 5 = 


where a = AB, b *= AD. 


211 " 

IJ'Ia* + b2) + 2IPa-^ 


17. A rectangular picture-frame hangs from a perfectly smooth peg by 
a string of length 2a whoso ends are attached to two points on the upper 
edge at distances c from its middle point, . Prove that if the depth of the 
picture exceeds 2c*/V(“’ — the symmetriail position of equilibrium is the 
only one. 

18, A uniform elliptic plate of weight IT rests on two smooth pegs P, Q 
at the same level, its plane being verticaL Prove that a principal axis most 
be vertical, unless the pegs are at the extremities of conjugate radii 

Prove that in the latter case the pressures on the pegs are 


C<2 

and 

res[)cctively, where C denotes the centre of the plate. 


.ir, 


19. A uniform rod can turn freely about one end, which is fixed, and 
IB Bupporled in an inclined position by a string attached to the other end. 
Determine graphically the reaction of the joint, and the tension of the string, 
the inclinations of the rod and string being given. 

Find also for what direction of the string the reaction is least, the 
position of the rod being given; and show that the reaction is then at 
right angles to the rod. 

20. Two fixed smooth rods OA, OB are inclined downwards at equal 
angles a to the horizontal. Two equal uniform rods AC, CB, hinged 
together at G, have rings at the e2d.remitie3 A , B, which can slide on the 
fixed rods. Prove that in equilibrium the inclination B of the moveable- 
rods to the horizontal is given by 

• tan 0 = ^ cot a. 

21. Two uniform rods AB, BO, each of length 2a, are smoothly jointed 
at B, and rest in a vertical plane on two smooth pegs at a distance 2c apart. 
Prove that they are in equilibrium if each rod makes with the vertical an 
angle 6 given by 

sin 0 = fl{cla). 

22. Two equal circular disks of radius a, with smooth edges, are placed 
on their flat sides in the comer between the smooth vertical sides of a box, 
and touch each other in the line bisecting the angle Prove that the radius 
of the least disk which may'he pressed between them without causing them 
to separate is 'AlAa. 

23. Two spheres are connected by a string passing over a smooth peg, 
and hang in contact. Prove that the distances of their centres from the peg 
are inversely proportional to their weights. 
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24. A cli.-iin is composed of n equal symmetrical links, each of weight 
))', and is attached at the ends to two fixed points. If a, ^ be the inclina- 
tions of the end links to the horizontal, prove that the horizontal pull on 
either support is 

(ra - 1) W 

tan a + tan jS ' 

25. An equilateral triangle AliO formed of three uniform bars, each 
of weight W, is suspended from the comer A ; prove that the reaction at 
J3 is equal to ’764 W, and makes an angle of about 41° with the horizontal. 

26. If AG, BC represent the jib and tie-rod of a crane, find the stresse.s 
in them when a weight W is saspended from G, neglecting the weights of 
AG, BG themselves. 

If the weights of AG, B(7be ITi, 117,, the centres of gravity being at the 
middle points, prov4 that the action at G on the jib AC consists of a force 
\ IF) upwards, and a force 

j ri 

in the direction from <7 to il. 

What are the corresponding results for the rod BCI 

27. A frame of three rods smoothly jointed together so as to form a 
triangle ABC is in equilibrium under three forces perpendicular to the side.s 
at Iheur middle points, and proportional to the sides. Prove that the re- 
actions at the joints are all equal, and that their directions are tangential 
to the circle ABG. 

28. A link polygon is acted on by forces perpendicular to the sides, at 
the middle points, which are respectively proportional to those sides, and are 
directed all inwards or all outwards. Prove that if the polygon is in equili- 
brium a circle can be described through its angular points, and that the 
reactions at the joints are all equal, and tangential to this circle. 

EXAMPLES. VI. 

(Bending Moments.) 

1. Prove that the bonding moment at any point P of a beam, due to a 
concentrated load at §, is equal to the bending moment at Q due to an equal 
load at P. 

2. Construct a diagram shewing the variation of the bonding moment at 

any point P of a beam AB, supported at A and B, for difierent positions of a 
concentrated load. ' > - 

3. A bar AB is supported at two points C, D equidistant from the ends. 
Draw the diagrams of shearing force and bonding moment when equal weights 
If are suspended from A, B. 
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4. If bo a horizontal beam supported at the cuds, prove that the 
curves of bending moment for nil distributions of the same load ivhich have a 
resultant in the same vcrtiwl line will have a common tangent at A, and alw 
at 13. 

Illustrate by the cases where the beam is (1) uniformly loaded from A to 
0 (the middle point), and (2) subject to the same load concentrated at the 
middle point of AO. 

5. A beam, ia confined laterally between atopa at A and B, and has a 
stanchion passing through it at right angles at a point C. If a couple he 
apjiliod at G about the axis of the stanchion, find the distribution of shearing 
force and bending moment; and illiLstrato by figures. 

G. A light rod AB in held in place by two smooth rings at the ends. 
Two equal and opposite forces are applied at right angles to the rod at points 
G, D of it. Draw the diagrams of shearing force and bending moment. 

TVbat is the connection between this and the preceding question? 

7. A uniform beam Ls supported, as in Fig. 53, p. C2, at two points 
cquidi.stant from the ends ; find where these must bo situate in order that 
the maximum bunding moment (without regard to sign) may be as small as 
possible. 

Also, in this ca.so, find the ratio of the maximum bending moment to 
wliat it would bo if the beam were supported at the en(to. 

[The distance between tho supports is '586 of the length of tho beam; the 
ratio of tho ma.\imum bending moments is T71.] 

8. A uniform beam ABG rcata on two siipijorts at A and B, and carries 
a weight, equal to one-fourth its own weight, at G. Draw carefully the curve 
of bending momenta, having given AB = 10 ft^ .6(7 = 6 ft. 

9. A beam A BCD^ suppoiicd at A and D, carries a uniform load &om 
B to G-, sketch the diagrams of shearing force and bending moment. 

Explain tho relations between tho discontinuities (if any) in the two 
diagrams. 

How are the diagrams altered (1) if tho load be concentrated at its middle 
point, (2) if it bo equally divided between the points B and <7? 

10. A uniform load of given length FQ travels along a horizontal beam 
•suppoitod at the ends A, B. Provo that tho bending moment at any given 
point (7 is a maximum when 

PO'.OQ^AO-.OB. 

11. Draw tho diagrams of shearing force and bending moment for the 

case of two uniform heavy beams AB, BC, hinged at B, and resting m a 
horizontal position on three supports at A, D, G. (Take AB = BB — .) 
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12. A uniform beam AOGB consists of two j7ortions smoothly jointed 
at (7; it is supported at the ends A, B, and at the middle point 0. If 
AO=OB=^a, OG=b, prove that the pressures on the three supports are 

^{a-h), v>{a + b), ^ip{a — b). 

Prove that if 0 be taken as the origin of x, the values of F and M for the 
two portions AO, and OCB are 

F= — wx — ^w(a + b), M = iw {x + a) {x + b), 
and F= — wx-{-iw(a + b), M ~\w{x - a)(x — h), 

respectively. 

Draw the corresponding diagiams. 

13. If the sectional area of a cantilever of length I, projecting horizontally 
from a wall, varies as P — 3?, where x denotes distance from the wall, prove 
that the shearing force and bending moment are given by 

+ ^). ^ ^ 
where w is the weight per foot at the wall. 

14. A curved rod in the form of an arc of a circle has its ends connected 
by a tense string. Prove that the bending moment at any point varies as 
sin^asini)?, where a, /3 are the angular distances of the- point in question 
from the ends. 


EXAMPLES. VII. 


(BViction.) 


1. A circular hoop hangs over a rough peg; shew how to find the 
position of equilibrium when a given weight is suspended by a string tan- 
gentially from the rim. 

If the weight of the hoop bo 10 lbs., what is the greatest weight that can 
be so suspended, the angle of friction being 30° ? [10 lbs.] 

2. A uniform rod of length 4a, beat into the form of a square, hangs 
with one of its sides over a rough peg. If p be the'coefiicient of Action, 
prove that the greatest possible distance of the peg from the centre of the 
side is ^pa. 


3. A uniform plank, whose thickness may be neglected, rests in a hori- 
zontal position across a fixed circular cylinder of radius d. If I be the length 
of the planlq and X the angle of friction, prove that the greatest weight which 
can be attached at one end without causing the plank to slip is 


aX 
— oX 

where IF is the weight of the plank. 


• IF, 



74 


STATICS 


[lil 


4. A light rod rests in a horizontal position ■with one end A against a 
rough -wall, being supported by a string ■which joins a point 0 of the rod to 
a point of the wall vertically above A . Prove that a weight may be suspended 
from any point of the rod within distances 


— — . ^ 1 / 

tan a +fi 

from 0, ■without causing the end A to slip, a denoting the inclination of the 
string to the horizontal. . 

Examine the case of tan a <>i. 


5. A circular Q'linder rests with its axis horizontal on a rough plane of 
inclination a ( > X), and is supported by a string tangential to the cylinder 
and perpendicular to its axis. Prove that the greatest admissible inclination 
of the string to the horizontal is given by 


cosd = 


sin (<i — X) 
’ sinX 


6. A nnifonn bar AB\s supported at an inclination a to the horizontal, 
■with the end B on a. rough horizontal plane, by a string attached to A. 
Prove that the extreme inclinations {6) of the string to the vertical are 
given by 

cot^ =i + 2taD o. 

P 

7. A uniform bar AB rests on a plane of inclination a, along a line of 
greatest slope If the lower end A be gently raised by means of a -string 
attached to it, and making an angle B with AB, prove that the end B will, 
or ■will not, begin to slip according as 

cotfi $ 2 tan a + 

How do yon reconcile this result with the fact that when 5 = 0 the bar 
will not slide unless the tension of the string exceeds a certain value? 

8. A uniform ladder rests in limiting equilibrium ■with its lower end on 
a rough horizontal plane and its upper end against a smooth wall. If be 
the inclination of the ladder to the vertical, prove that tan 6 = 2u. 

9. A uniform ladder of length I and weight IT rests with its foot on 
the ground (rough) and its upper end against a smooth wall, the inclination 
to the vertical being 6. A force P is applied to it horizontally at a distance 
c from the foot, so as to make the foot approach the wall. Prove that P 
must exceed 

TTZ 

J^(f' + itan5). 

10. A uniform rod passes over one rough peg and under another, the 
coefficient of friction in each case being fu The pegs are at a distance o 
.apart, and the line joining them makes an angle a with the horizontal. Shew 
that equilibrium is not possible unless the length of the rod exceeds 

( , tan«\ 
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11, A horizontal lamina has two pins J, B projecting from it which can 
slide in two straight slots in a horizontal table, at right angles to one another. 
If a couple he applied to the lamina, prove that it will not move unless the 
sum of the angles of friction at A and B falls short of 90°. 


12. A bracket can slide along a fixed vertical rod, and supports a weight 
W suspended from its arm at a distance c from the rod. Prove that the 
bracket will not slip down if c> ABj^n^ whore A, B denote the points of 
contact, and fi is the cocfiicient of friction at each of these points. 

13. A rectangular window-sash of breadth o and^ depth 6, fitting some- 
what loosely in its frame, is supported by two weights. If one of the cords 
be broken, find the relation between a, b, and the coefficient of friction ft, in 
order that the sash may not run down. 


14. A uniform rod ABGD rests across two horizontal rails at the same 
level at 5 and G, and AB= GD. A gradually increasing horiiontal force is 
applied at A at right angles to the rod ; determine whether the rod will 
begin to slip at Z? or at C first, the coefficients of friction at these points 
being the same. 


15. A bar rests on two pegs, and makes an angle a with the horizontal. 
The centre of gravity is between tho pegs, at distances a, 1 from them. 
Prove that for equilibrium 


tanu:j- 


lt,b + Hia 

a + b ’ 


where pj , p 3 arc the coefficients of friction at the pegs. 

Provo that if tan u is less than the above limit the friction at each peg is 
indeterminate ; and give tho physical explanation. 


16, A bar rests with its extremities on two inclined planes facing each 
other, as in Art. 23, Ex. 3 ; prove that if tho inclination of each plane to the 
horizontal is less than the corresponding angle of friction, every position is 
one of equilibrium. 

17, A bar rests on two pianos of inclinations a, /9 which face each other, 
and X, X' are the corresponding angles of friction. Examine geometrically 
the condition of equilibrium when a<X, (3>X', 

Find the inclination of tho bar to tho vertical, in limiting equilibrium. 

18, A uniform bar AB rests with its ends on two planes of equal 
inclination a which face each other, in a plane perpendicular to the line of 
intersection. If the angle X of friction at each end bo less than a, prove that 
the limiting inclination S of the bar to tho horizontal is given by 

sin2X 
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19. A rcclaDgular tablo stands on a piano of inclination a, one pair of - 
edges being horizontal. The lower pair of febt are fitted wi&i castors, so tliat 
the friction there may be neglected. If the coefficient of fnction (^) for the 
upper pair be greater than tan a, jirove that there will be equilibrium provided 
the Tortical through the centre of gravity cuts the plane at a distance from 
the line of the lower feet which lies between f/p . tan a and I, where I is the 
distance between the upper and lower feet. 

What is the corresponding result if the upper feet (alone) are fitt^ with 
castors? 

20. If in the preceding example there be friction at all four feet, the 
coefficients being p for the upper and p' for the lower feet, prove that if 
p>tana, p'<tano, the distance from the line of the lower feet of the 
point where the vertical through the centm of gravity cuts the plane must 
exceed • 

tan a — p’ ^ 

M-f*’ ■ ' 

21. If in Ex. 8 the wall and the ground he equally rough, prove that 
the extreme inclination of the ladder to the vertical is twite the angie ei 
friction. 

22. A carriage i.s on an inclined plane, the axlc-s being horizontal 
Prove that it can be prevented from running down most easily by braldDg 
the front or tho hind wheels according as tbo point where the vertical through ' 
the centre of gravity meets tho ground is nearer to tho line of contact of the 
front wheels or to that of the hind wheels. 

23. A circular cylinder of radius a and weight If rests with its axis 
horizontal in a V-shaped groove whose sides are inclined at equal angles a 
to the horizontal, and a gradually increasing couple is applied to it in a 
plane perpendicular to its axis. If a < X prove that the cylinder will begin 
to roll up one side of tho groove when the couple exceeds TFasino. If 
a > X prove that tho least couple which will make the cylinder turn about 
.its axis ia 
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GRAPHICAL STATICS 

31. Force-Diagram and Funicular Polygon. 

The graphical method of reducing a plane system of forces, 
which is now to he explained, involves the construction of two 
figures, viz. a ‘ force-diagram * and a ‘ funicular polygon ’ *. 

In the force-diagram no regard is had to the precise configura- 
tion of the lines of action of the various forces. It is constructed 
by drawing in succession a series of vectors AB, BO, CD, ... to 
represent the given forces in magnitude and direction, and by 
joining the vertices of the polygon ABGD... to an arbitrary 
‘pole’ 0. 

In the funicular, or ' link ’ polygon as it is sometimes called, we 
start with the lines of action of the various forces as given, but 
their magnitudes are not in evidence. Its vertices lie on the lines 
of action, and its sides are respectively parallel to the lines drawn 
from 0 in the force-diagram. More particularly, the two sides 



• The method v?afl given by 0. Cuhnann (1821-81), professor of engineering at 
Zilrioh, in his booh Vie grapMsche Statik, Ist ed,, 18G1. 
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which meet at any vertex are respectively parallel to the lines 
drawn from 0 to the ends of that side of the force-polygon which 
represents the corresponding force. In drawing the funicular we 
may start at any point on the line of action of one of the forces, 
and the rest of the figure is then determinate. 

The relation between the two diagrams will he understood 
from the annexed Fig. 59, where corresponding lines in the force- 
diagram on the right, and the funicular on the left, are numbered 
similarly. 

The sides of the force-polygon may he arranged in the first 
instance in any order, and the' force-diagram can then be com- 
pleted in a doubly-infinite number of ways, owing to the arbitrary 
position of the pole 0. And in the case of each force-diagram we 
can draw a simply-infinite number of funiculars, in which corre- 
sponding sides are of course parallel. 

32. Graphical Reduction of a Plane System of 
Forces. 

The two diagrams being supposed constructed, it is seen that 
the force in any one of the lines of action in the funicular can be 
replaced by two components acting in the sides which meet on 
that line, and that the magnitudes and directions of these com- 
ponents are given by a corresponding triangle in the force-diagram. 
Thus the force numbered 1 in the preceding figure is equivalent 
to two forces represented by 01 and 12. When this process of 
replacement is complete, each terminated side of the funicular is 
the seat of two forces which neutralize each other, and there 
remain only two uncompensated forces, viz. those which act in the 
first and last sides of the funicular. 

If these sides (produced if necessary) intersect, the final 
resultant will act through the intersection, and its magnitude and 
'direction will be given in the force-diagram by the line joining 
the first to the last vertex of the force-polygon ; see Fig. 60, where 
the resultant of the four given forces is denoted by x. Thus the 
force-diagram gives the magnitude and direction of the single 
resultant to which the system in general reduces, w’hilst the 
funicular determines a point on its line of action. 
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It will be noticed thiit the construction can be made to give 
not only the final resultant, but also the resultant of any group of 
consecutive forces. For this purpose we have only to make use of 
those portions of the diagrams which relate to this group. 



As a special case it may happen that the force-polygon is 
' closed/ i.e. its first and last points coincide. The first and last 
sides of the funicular will then in general be parallel, and the two 
uncompensated forces will form a couple. It will be noticed that 
here also, as in Art. 19, a couple appears as the^ equivalent of. an 
infinitely small force acting in an infinitely distant line. 
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If, however, the force-polygon being closed, the first and last 
sides of the funicular are coincident, instead of parallel, the two 
outstanding forces will neutralize one another, and we have 
equilibrium. This is illustrated 'by Fig. 60, if we imagine the 
force a: to be reversed and included in the system of given forces. 

Hence the graphical conditions of equilibrium of a plane 
system of forces are that the force-polygon and the funicular 
polygon .should both be closed. 

A ayateni of bars, smoothly jointed where they meet, having the shape 
of the funicular polygon, would evidently he in equilibrium under the 
action of the given forces, supposed applied at the joints. Moreover any 
bar in which the etresa'is of the nature of a tension, as opposed to a thrust, 
might be replaced by a string. This explains the origin of the names ‘link- 
polygon ’ and ‘ funicular.’ Cf. Art. 11. 

33. Properties of the Funicular Polygon. 

The figures obtained by taking two distinct positions 0, O' of 
the pole in the force-diagram, and dravring the respective funiculars, 
have various interesting properties. 

In the first place we may prove that the intersections of 
corresponding sides of the two funiculars will be collinear*. This 
is, essentially, a theorem of pure Geometry, but a simple statical 



proof may be given. If AB represent any force in the force- 
polygon, the pair of sides of one funicular which meet on its line 
of action will be parallel to OA, OB, whilst the corresponding 
sides of the other funicular will be parallel to O'A, O'B. The 
force AB may be replaced by the two components marked x, y in 
the left-hand diagram, whilst an equal and contraiy force BA m 
the same line of action is equivalent to the components marked 

* 0. Onlmann, l.c. anU p. 77. 
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a/, y'. The four forces x, y, sb, y' are therefore in equilibrium. 
Now X, x' have a resultant through the point H, represented as 
to magnitude and direction by O'O, whilst y, y' have a resultant 
through K, represented by 00'. Since these two resultants must 
balance, HK must be parallel to 00’. If L be the intersection of 
a consecutive pair of corresponding sides of the two funiculars, it 
appears in the same way that KL is also parallel to 00', and 
is accordingly in the same line with HK ; and so on. This line 
HKL... may be called, for a, reason which will appear presently, 
the ‘axis of perspective’ of the two figures. 

This theorem enables us, when one funicular is given, to draw 
any other without further reference to the force-diag^-am. 

By considering the figure for three forces in equilibrium we are led to the 
theorem that if the lines A A', BB‘, Ct7' joining corresponding vertices of two 


A 



triangles ABG, A'B'C are concurrent, the intersections of corresponding sides 
will bo coliincar, and conversely. These are well-known theorems of Geometry. 
In. a similar way we may infer from statical principles that if the sides of Ti 
closed polygon of n+l sides pass each through a fixed point on a given 
straight lino, and if n of its vertices describe given straight lines, the locus 
of the remaining vertex is also a straight line. 

Again, it is obvious that in the case of a plane system of- 
ferees in equilibrium, the complete figure obtained by taking two 
poles 0, O' in the force-diagram may be regarded as being the 
orthogonal projection of the edges of a closed* plane-faced poly- 
hedi'on. The polyhedron in question consists in fact of two 
pyramids, with vertices represented by 0, O', standing on a common 
base represented by the force-polygon (see Fig. 64). 


u a. 


6 
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A similar statement holds with respect to the corresponding 
funicular diagram, ndth its two funicular polygons. ’ For let p be 
the line on which pairs of corresponding sides of the two funicular 
polygons intersect, and imagine -any two planes w, w' to be 
drawn through p. Through the vertices of the two funiculars 



A 

Fig. 64, 


draw hues perpendicular to the plane of the paper, to meet in one 
case the plane -sr and in the other the plane w'. The points in 
cr and •cr' thus determined will he the vertices of a polyhedron of 
which the funicular diagram is the orthogonal projection*. 

G4. Reciprocal Figures. 

If we compare the two diagi-ams in Fig. 64 v'e notice that to 
each line in one there is a parallel line in the other,- an'd that the 
lines which meet at a point in one diagram correspond to Imes 
forming a closed polygon in the other. Two figures which are 
related in this way are said to be ‘ reciprocal,’ since the properties 
* L. Cremona, Le figure recijgrochc nella itatica grafica, 1872. 
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of the first figure in relation to the second are the same as thbse 
of the second in relation to the firat*. A simpler instance of two 
reciprocal figures is supplied by the funicular and force-diagram 
of three or more concurrent (or parallel) forces in equilibrium 
(Fig. 65). ' 




It is convenient to have a notation which shall put this 
reciprocal character in evidence. For this purpose we may 
designate the various points of one figure by letters A, B, 0, 
and the corresponding polygons in the othei- figure by the same 
letters. A line joining the points A, B in the former will then 
be parallel to the line which is common to the two polygons A, B 
in the latter. This notation was introduced by R. H. Bowf in 
connection with the theory of Frames (see Chap, v), where, also, 
reciprocal diagrams, or portions of such, present themselves. It is 
illustrated in Figs. 64, 65 

It is to be observed that a figure composed of points and 
straight lines joining them does not of necessity admit of a 
reciprocal. It may be shewn that a necessary and sufiScient 
condition is that the figure should be the orthogonal projection 
of a closed polyhedron with plane faces. When this is fulfilled, 
a kind of reciprocal polyhedron can be constructed theoretically (in 
various ways), the orthogonal projections of whose edges form 

* Tlie theory of reciprocal figures, as thus defined, -was first studied by J. Clerk 
Maxwell (1864), in a slightly diHerent connection. The reciprocal relations of, 
force-diagrams and funiculars were investigated by Cremona. 

t Economics of Construction in relation to Framed Structures, London, 1873. 
t The letter 0, in the left-hand portion of Fig. 65, refers to the polygon formed 
by the four outer linos. In Fig. 64 the symbol 0' in the first diagram is omitted. 
It corresponds to the outer quadrilateral. 
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the lines of the reciprocal plane diagram. The letters A, B, G,.,. ' 
in Bow’s notation may be taken to refer to the vertices of one 
polyhedron and the faces of the other. 

35. Parallel Forces. 

When the given forces are all parallel, the force-polygon 
consists of segments of a straight line. This case has important 
practical applications. 

Thus we may use the graphical method to find the resultant 
of any given loads on a girder. The construction is shewn, for the 
case of four loads, in the annexed figure. 



Fig. 68. 


By a slight modification of the process we may resolve a 
system of parallel forces into two components acting in two givep 
straight lines parallel to them. In this way we may find the 
pressures on the supports of a beam loaded in any given manner. 



Fig. 67, 
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Thus if, in the force-diagram (Fig. 67), AB, BO, CD represent the 
given loads, we first construct the sides of the funicular which are 
parallel to OA, OB, 00, OD, and then join the points in which the 
extreme sides, corresponding to OA, OD, meet the vertical lines 
through the two supports. This joining line is called the ‘ closing 
line’ of the funicular. If we draw OE parallel to it in the force- 
diagram, the segments DE, EA will represent the upward pressures 
exerted by the two supports on the beam. For the forces thus 
indicated, combined with the given loads, will constitute a S3'stem 
in equilibrium, since the force-polj'gon {A BODE A) and the corre- 
sponding funicular are both closed. 

The graphical method can be applied to find the ‘centre’ of a 
system of parallel forces acting through given points A,, Aj, ... 
(Art. 22). For if we construct the line of action of the resultant for 
each of two given directions of the forces, the intersection of these 
lines -will be the required point. The most convenient plan is to 
take the two directions at right angles. It is unnecessary to 
construct a second force-diagram, since the sides of the second 
funicular are sufficiently determined by the fact that they are 
respectively perpendicular t6 those of the first. The construction 
may be used to find the centre of gravity of a plane system of 
particles situate at A,, A,, ... whose masses are proportional to 
the several forces. 

The method is in use for finding the mean centre of irregular 
plane areas. These are divided into strips, whose individual mean 
centres are found by estimation, the areas themselves being deter- 
mined by the planimeter. 

36. Bending Moments. 

The funicular polygon can also be made to indicate the 
moment of a force, or of a s^'stem of forces, about any assigned 
point P. 

For let F be a force, corresponding to AB in the force-diagram, 
arid draw a parallel to it through P, meeting in H, K the sides of the 
funicular which correspond to OA, OB. Let R be the intersection 
of these sides, and draw OM perpendicular to AB. In taking 
moment of F we may substitute for it its two . ■ ^ i> 
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RU, KR, which are represented by AO, OB, respectively, in the 
force-diagram. Also, if we imagine these forces to act at S and 
K we need only take account of their components at right angles 




to EK, which correspond to MO, OM, respectively. The moment 
is therefore given numerically by the product OM.HK. The sign 
to be attached to the result will depend on whether 0 lies on one 
side or other of A B, and on the sense of HK as compared with 
that of AB. 

Tlie result applies at once to any system of forces, provided F 
(and AB) refer to their resultant. The moment of the system 
about any point P is equal to OM multiplied by the length ER 
which the first and last sides of the funicular intercept on a line 
drawn through P parallel to the resultant. 

The case of a system of parallel (say vertical) forces is specially 
simple, since OM is then a fixed length. The moment of such 
a sj'stem is then represented on a certain scale by the intercept 
made by the first and last sides of the funicular on the vertical 
through P. Moreover, by a proper convention, the sense of this 
intercept will determine the sign. 

For instance, in the case of a beam in equilibrium under given 
loads and the reactions at the supports, if the funicular polygon, 
which is now closed, be constructed as in Fig. 67, the vertical 
through any point P will intersect two of its sides, which are the 
first and last sides of that portion of the funicular which belongs 
to the group of forces lying to the left (say) of P. The length 
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intercepted will accordingly be proportional to the moment of this 
group about P, and therefore to the bending- moment at P. The 
complete funicular will therefore serve as a diagram of bending 
moments. If the closing line were horizontal, it would be identical 
with the diagram employed in Art. 27 *. 


Ex. 1. Let it bo required to find the pressures on tho supports of a beam, 
and to construct the diagram of bending moments, for tho case shewn in 
Fig. 69. This is a variation on the case of Fig. 67. 

We distinguish tho given loads by tho numerals 1, 2, 3, and tho tinloiown 
pressures by x and .y t. We first draw the part of the force-di.agram corre- 
sponding to the given forces 1, 2, 3, assuming .an arbitrary polo 0. This 
enables us to construct the sides a;!, 12, 23, 3y of the funicular, and thence 
the closing line xg. A parallel to this through 0 (not shewn in the figure) 
will determine tho pressures x, y. 




It will bo noticed that in this example tho funicular polygon intersects 
itself, indicating that the bending moment vanishes and changes sign at the 
corresponding point of the beam. Hence the results are the same as if the 
beam bad consisted of two portions binged together at this point. 

A girder or bridge wbicli is so long as to require more than 
two points of support is sometimes made in sections hinged 
together. In'this way it is easy to arrange that the pressures of 
the supports shall be statically determinate, and accordingly inde- 
pendent of the elastic properties of the structure, and unaffected 

* When one funionlar has been drawn, it is easy to arrange another so that tho 
closing lino shall be horizontal. Tho above theory is due to Culmann, he. 

+ Bow’s notation might have been used in this case also, bnt it is a little more 
difflonlt to indicate to which compartments of tho funicular diagram tho several 
letters belong. 
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by changes of temperature, or by a slight settlement of the 
foundations. 

Ex. 2. We take the case of a beam composed of two portions hinged 
together, and resting on three supports, as shewn in Fig. 70. For simplicity 
we suppose the loads on each portion to be replaced by their resultant ; this 
makes no essential difference so far as the method is concerned. The re- 
sultant loads are numbered 1 and 2, and the pre-ssures of the supports are 
denoted by x, y, z. The force-diagram gives at once the directions of the 
sides x\, 12, 2z in the funicular, and the portion of the funicular relating to 
the left-hand portion of the beam is completed by drawing the side xy, which 
must intersect the side 12 on the vertical line through the hinge, since the 
bending moment vanishes there. Since the extremities of the remaining side 
yz of the funicular are now determined, the figure can be completed. The 
lines drawn through the pole of the force-diagram parallel to xy and yz then 
fix by their intersections with the vertical side the magnitudes of the reactions 
X, y, z. In the case figured, the bending moment changes sign at a certain 
point on the right-hand beam, as well as at the hinga 




It is someti mes required to construct bending-moment diagrams 
for a series bf different positions of a moveable load, or system of 
loads*, on a beam. For this purpose it is convenient to regard the 
funicular for the given system as fixed, and to shift the lines of 
action of the pressures of the supports relatively to it, keeping 
these lines, of course, at the proper distance apart. The only 
change is then in the position of the closing- line; see Fig. 71 . 
where corresponding lines of support are. denoted by aa, hh, cc, .... 

* For iustauce, the pressures exerted by the wheels of a locomotive ou a girdei 
bridge. 
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It follows from a known theorem of Geometry that the different 
positions of the closing line envelope a parabola whose axis is 
vertical, and which touches the extreme sides of the funicular* 



Hence if AB be any position of the dosing line, touching the 
parabola at P, the figure included by AB and the funicular gives 
the distribution of bending moment for a given position of the 
travelling load. This figure admits, moreover, of another inter- 
pretation. li A' B' be any other tangent to the parabola, meeting 
AB in P', the length A'P' which is intercepted by two given 
tangents will have a constant horizontal projection, equal to that 
of AB, Hence P and P' may be supposed to refer to the same 
point of the beam, in the two positions relative to it of the travelling 
load. The figure bounded by .4P and the funicular will therefore 
represent the variation of the bending moment at the point corre- 
sponding to P, for different positions of the travelling loadf. 

The preceding statements require modification when one or. 
more of the loads passes off the beam. Instead of a single parabola 
we have then a series of parabolic arcs, consecutive arcs having a 
common tangent where they meet 

37. Continuous Load. 

The effect of a continuous load may be approximated to by 

* The line joins homologous points of two 'similar’ rows, and its limiting 
directions are vertical. 

+ A line constructed with the bending moment at a given point as ordinate, and 
the position of the travelling load as abscissa, is called the ' influenceline ' of that point. 
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dividing the beam into small segments, and supposing the load on 
each of these to be replaced bj a single force through its centre of 
gravity. In the limit the funicular -polygon becomes a curve; and 
the tangents at the extremities 
of any arc are parallel to the 
lines dranm through the pole 0 
in the force-diagram to the ends 
of that segment of the vertical 
line which represents the corre- 
sponding portion of the load. If 
this portion were replaced by a 
.single force through its centre 
of gravity, the arc in question 
would be replaced by the two tangents, and the force in question 
would act through the intersection of these tangents. Hence in 
the approximate construction referred to, the true curve touches 
the sides of the funicular polygon obtained. This method of 
drawing the curve is in practical use. 

We have seen (Arts. 12, 28) that in the case of a uniform load 
the funicular curve is a parabola with vertical axia 



EXAMPLES. Vni. 

1. Shew that the graphical method of constructing the resultant of two 
parallel forces a^es with the ordinary rule. 

2. Escplain how the construction of Art. 32 for the resultant of a plane 
system fails if the pole 0 be taken on the closing line of the force-polygon. 

3. Prove that if the lines of action of four forces bo given, it is in general 
possible to assign the magnitudes of the forces so that they shall be in equi- 
librium ; and that the ratios of the forces are determinate. 

TVhat is the failing case? 

4. Prove that any closed plane polygon is a possible funicular poljgon 
of a system offerees acting through the vertices, the directions of all of which, 
except one, are given ; and that the ratios of the forces are determinata 

5. Given the h'nes of action of three forces in equilihrium, construct a 
fimicular polygon so that each side shall pass through an assigned point. 
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6. Given a figure consisting of four points in a plane and the lines 
joining them, prove that the circumdentres of the four triangles formed by 
these lines determine a figure -which, when turned through a right angle, is 
reciprocal to the former one. 

7. Construct the diagram of bending moments for the following case, the 
loads being proportional to the numbers given : 

1 j J “ 

3 2 5 2 

' 8. Also for the case where the loads (in order) are as the numbers 1, 2, 3, 4. 


9, A rod is confined between stops as shewn, and is acted on by two' 
equal and opposite forces P, at right angles ; construct the diagram of 
bending moments. 

P 

_____ S. 

P 

10, A beam supported symmetncally as shewn carries (1) equal and 
(2) unequal loads at the ends. Construct the diagram of bending moments 
for the two cases. 

y 

11, Construct the diagram of bending moments in the following case, 
the loads being proportional to the numbers given. 






12. Two beams 'AB, BO, jointed at B, are supported horizontally at the 
points A, 0,0, and are loaded as shown. Construct the diagram of bending 
moments. (Take AB=2B0=^00.) 

A Bo' C 

“ I ' “ I I ' 

w w w 


13, Three beams AB, BO, Oil, jointed at B and O, are supported hori- 
zontally as shewn, and carry loads at the respective centres. Construct the 
diagram of bending moments, the loads being as indicated. 

A B 9 D 

"F 

Y 
J 
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for and when a given sS™! t ads ZThJe 

shew.ng that both diagrams can be included in ^ 

15. ^ funicular polygon the reactionq it ♦! j 

ported as in Fig. 39, p. 50, due to a given system of verticdtl"' 

Can the resulting figure be used as a di^vam of b^din^ tt,,, 

divided into n equl'l pa^ ard^tV/eq^TLSr brplatllTth^^ ^ 

r::;,?' rii”' «' 
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THEORY OP FRAMES 

38. Condition for Rigidity. 

The theory of framed structures claims attention on several 
grounds. It has, of course, important applications in practice, in 
the design of roofs and bridges ; whilst it appeals to the theoretical 
student by the interesting exemplifications of statical principles 
which it affords, and by the elegance of the geometrical and other 
methods which have been devised to meet the various problems 
which it presents. 

By a ‘ frame ’ is meant a structure made up of rigid pieces, or ‘ 
'members,’ each of which has two ‘joints’ connecting it with other 
members. In a two-dimensional frame, each joint may be con- 
ceived as consisting of a small cylindrical pin fitting smoothly 
into holes drilled through the members which it-connects. This 
supposition of perfect smoothness is a somewhat ideal one, and in 
practice is often only roughly fulfilled. 

We shall assume, in the first instance, that external forces act 
on the frame at the joints only, i.e. we shall suppose them applied 
to the pins. Hence for equilibrium it is necessary that the 
reactions on any member at its two joints should be equal and 
opposite. This combination of equal and opposite forces will be 
called the ‘stress’ in the member; it may be of the nature of 
a tension or a thrust. 

The shapes of the members may be any whatever, but for 
diagrammatic purposes a member is sufficiently represented by 
a straight line terminating at two points which represent the 
joints; these lines will be referred to as the ‘bais’ of the frame. 

In technical applications it is generally necessaiy that “ 
frame should be ‘stiff’ or ‘rigid,’ i.e. it must bo 
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deformation without alteration of length of at least one of its bars. 
It is said to he ‘just rigid ’ if it ceases to he rigid when any one of 
its bars is removed. If it has more bars than are essential for 
rigidity it is said to have ‘superfluous' members, or to be ‘over- 
stiff.’ In this book we contemplate only frames whose bars are all 
in one plane, and the terms above defined have reference only to 
the possibility of deformations in this plane. 

There is a definite relation between the number of joints and 
bars in a plane frame which is just rigid. Let the number of 
joints be re. Suppose one bar, with its two joints, to be fixed; this 
will by hypothesis fix the frame. The positions, relative to this 
bar, of the remaining re— 2 joints will involve 2 (re — 2) coordinates 
(Cartesian or other) ; and these must be completely determined by 
the equations which express that the remaining bars have given 
lengths. These equations must therefore be 2re — 4 in number,. 
Le. the total number of bars must be 2re — 3. Othenvise : if the 
positions of the joints be referred to any axes whatever in the 
plane, their 2re coordinates will determine the position as well as 
the shape of the frame. Since the position depends on three 
independent quantities (Art. 13), the shape will involve 2n.-3 
independent relations. 

Fig. 73. 



A joint where two bars only are coimected is called a ‘single’ 
joint; one where three bars are connected is called a ‘double 
joint; and so on. If we count the number of bars which meet at 
each joint of the frame, and add the results, each bar will be 
reckoned twice, so that in the case of a just rigid frame the 
number thus obtained will be 4re — 6. The average number of 
bars at a joint is therefore 4 — 6/re, and is accordingly less than 4. 
Hence a just rigid frame must have at least one single or one 
double joint; and if re <6, there must be at least one single 
joint. 
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39. Determinateness of Stresses. 

When a frame which is juafc rigid is subject to a given system 
of forces in equilibrium, acting on the joints, the stresses in the 
various bars are in general uniquely determinate. For the con- 
ditions of equilibrium of the forces at the joints furnish 2n 
equations, viz. two for each pin, which are linear in respect of the 
stresses and the external forces. These equations must involve 
the three conditions of equilibrium of the frame as a whole, which 
are by hypothesis already satisfied. There remain, therefore, 
271—3 independent relations which determine in general the 
271—3 unknown stresses. The frame is then said to be ‘ statically 
determinate'.’ In particular,- when there are no external forces 
the frame will in general be free finm stress. 

The same argument shews that the stresses in an over-rigid 
frame are indeterminate, since the number of unknowns exceeds 
the number of independent equations, and in particular that the 
frame may be in a state of stress independently of the action of 
external forces. Such a frame is accordingly said to be ‘ statically 
indeterminate.’ 


The physical explanation of the indeterminateness is of tho same land as 
in Art. 25. If we start with a frame which is just rigid, and add a 
superfluous bar between, two of its joints A, B, 
stresses will be at once introduced unless the 
natural length of this b.ar (between tho centres of 
the eyeholes) be exactly equal to tho original 
distance between the centres of the pins at A, B. 

Thus if the bar bo too short, it will exert a 
tension T depending on the elastic properties of 
the bar and the original frame, and on the amount 
of the slight discrepancy in length. Stresses pro- 
portional to Twill accordingly be produced in the bars of the original, just 
rigid, frame, viz. those due to equal and opposite extraneous forces T acting 
at A and B. "It is evident that each suijei-fluous bar added in this way will 
produce its own degree of indeterminateness. Even if an over-rigid frame 
were accidentally free from internal stress, such stresses would be evoked by 
a change of temperatiwe if the expansions were not uniform. 

Ib mhy happen that, owing to some special relation betweea 
the lengths of the bars, a frame of 77 joints and 2/7-3 bars 
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admit of an ivjinitesimal deformation*. It may be shewn that in 
this case also the frame may be self-stressed, and consequently 
that the stresses due to given external forces are indeterminate. 
The theory of such ‘ciitical fonns’ is, however, deferred for the 
present. (See Chap, vi, Arts. 55, 56.) 

40. Graphical Determination of Stresses. 

The analy'tical method sketched in the preceding Art., and 
already partially exemplified in Art. -26, is of course always 
possible, but when the number of joints is at all large the system 
of equations becomes troublesome to manipulate, and accidental 
errors are not easily detected. 

The graphical method which was initiated by Maxwellf has 
great advantages. It proceeds in a regular manner, step by step ; 
some unknown quantity is determined at each stage; and an 
error usually betrays itself at once by some inconsistency in the 
drawing Moreover the final diagram gives a complete view of 
the distribution of stresses in the frame which is much more 
readily intelligible and more instructive than any table of 
numerical results. 

In practice the external forces acting on the frame consist 
partly of known forces, e.g. the loads on the various parts of the 
structure, and partly of the reactions of the supports, which have, 
as a first step, to be ascertained. It is assumed that this question 
is a determinate one. This imposes a certain limitation on the 
nature of the supports; they must involve three degrees of 
constraint and no more. If the number were to exceed three, the 
reactions would be indeterminate (Art. 25), and the frame, though 
itself statically determinate, might be in a state of stress inde- 
pendently of the loads. If the number were less than three the 
structure would not be fixed, A frequent arrangement is that 
one end of the structure is hinged to a pier, whilst the other rests on 

* It is hardly uecessary to do more than mention the remaining case of cicep- 
tion, where a frame having the proper number of bars fails to bo rigid owing to 
some parts being over-stiff whilst others are deformable. 

t James Clerk Maxwell (1831-79), professor of experimental physics at Cam- 
bridge (1871-79). The paper lofcrred to was published in 1804. The Byelcnjatic 
application to roofs and bridges was explained by F. Jenkin and M. laylor, 7 rani. 
n. S. Edin. 1809. 
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rollers carried by a second pier (see Fig. 39, p. 60), so that the 
direction of the reaction there is prescribed. This is seen to be 
included in the general scheme of Fig. 22, p. 29, if we imagine two 
of the links to be attached to the same point of the body. A 
structure supported in this way can expand freely with change of 
temperature, and the stresses are due solely to the loads. 

We assume then that the reactions have been determined, by 
means of a force-diagram and a funicular polygon, or otherwise. 
The problem now is to evaluate the stresses in a statically 
determinate frame subject to a given system of external forces 
•in equilibrium acting at the joints. The methods to be adopted 
will depend to some extent on the ‘structure’ of the frame*. 

A frame which can be built up from a single bar by successive 
steps, in each of which a new joint is annexed by two new bars 
meeting there, is called a ‘ simple ’ frame. Since each additional 
joint involves the addition of two new bars, the total number of 
bars is 2 (u ~ 2) + 1 = 2n — 3, if n be the total number of joints. 
It is otherwise obvious that a frame built up in this way is just 
rigid, and that the critical case referred to in Art. 39 will not arise 
unless two, adjacent bars are in the same line. 

The stresses in a simple frame can be found graphically by 
considering the equilibrium of the various joints in a proper 
succession. We begin at a ‘ single ’ joint, e.g. the joint last added 
in the process of construction above explained. At this point we 
have three forces in equilibrium, viz. the known external force, 
and the tension or thrust of each of the two bars which meet 
there. These latter forces can accordingly be found from a triangle 
of forces. We may next imagine the bars in question to be 
removed, their place being supplied by the tensions or thrusts 
which they exert at their other extremities, and which must now 
be reckoned as known external forces acting on the ‘ simple ’ frame 
which remains. This frame, again, has at least one single joint; 
the directions of all the forces ■which act at this joint are given, 
and the magnitudes of all but two of them are now known. Hence 

* Two frames are said to possess the same ‘straoture’ when they differ only in 
the lengths of the various bars. Thus tho structure o£ the frames in Figs. 76 ye r- 
the samo. 


L. B. 
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the polygon (or triangle) of forces for this joint can he constructed, 
and the stresses in the two bars which meet there can be 
determined. The process can be continued, until all the stresses 
in the frame have been found. 

41. Maxwell’s Method, 

The procedure above explained is straightforward, but it 
involves the construction of a number of disconnected polygons, 
and the stress in each bar is represented twice over. An im- 
■portant simplification was introduced by Maxwell, who shewed 
that in a great variety of cases the various polygons can be fitted 
together into a single diagram, in which the lines corresponding 
to the external forces form a closed pol}'gon. 

The method mil be best imderstood from a few examples, and 
after a little practice will be found very easy. We will suppose 
that (as is usually the case) the external forces act at joints which 
are situate on the external contour of the frame; and we will 
further assume for the present that there is no crossing of bars. 

If we distinguish the several compartments of the frame, and 
also the compartments into which the surrounding space is divided 
by the lines of action of the external forces, bj' letters A, B , ..., 
these compartments will be represented by points in the force- 
diagram, and any line AB in this diagram will be parallel to the 
line separating the compartments A, B in the frame-diagram. 
This is in fact Bows notation (Art. 34), as applied to the kind 
of question where it was first used. 

Ex. 1. A. quadrilateral frame stifTcncd by a diagonal bar is subject to 
equal and opposite forces at the joints not on this diagonal. 

We begin in each case by drawing the polygon of external forces, the fide? 
being taken in the order of the forces as they occur round the contour. In 
the present instance this pob-gon consists of the two vectors XY, YX in tbe 
second diagram. The triangle of forces for the upper joint, viz. XYA, u 
constructed by drawing lines XA, YA through X and Y, respectively, 
parallel to the correspondiug bars of the frame; and it is to be observed that 
this triangle indicates the sense as v,-eil as the magnitude of the forces at this 
joint, viz. these are represented by the vectors XY, YA, AX®. In the farce 

* The student should drasr the diagram step by step, follov.-ing th.o indication! 
in the text. It is useful to mirk the sense of the various forces at a joiat hj 
arrowheads in the frame-diagram, as wo proceed. 



40 - 41 ] 


THEORY OF FRAMES 


99 


way we constnict the triangle YXB corresponding to the opposite joint, the 
forces there being represented by YX, XB, BY. Again, the left-hand joint is 



I 



in equilibrium' under three forces, of which two are already represented in the 
force-diagram, viz. by the vcotora BX, XA. The remaining force, viz. that 
exerted by the diagonal bar, must accordingly be represented by AB. The 
forces at the remaining joint are then given by BA, AY, YB. 

Incidentally the process indicates which bars are in tension and which 
in thrust. In the present instance the diagonal bar acts as a tie, and the 
remaining bars as struts. 

It is impoi tant to notice that the construction of the figure would have 
been impossible if the conditions of equilibrium of the external forces had 
not been fulfilled. For instance, if the two external forces, though represented 
by the vectors XY, YX, had not been in the same line, the line AB in the 
force-diagram would not have come out parallel to the diagonal bar. 

Bx. 2. The frame in Fig. 76 (p. 100), which resembles a common form 
of roof-truss, but is pmq)osely drawn unsymmetrical, is assumed to be in 
equilibrium under three forces acting as shewn. 

The triangle A'I’X of the extr.aneous forces having been constructed, we 
can at once form the triangles BXA and BB Y corresponding to the two lower 
joints. Proceeding nest to the upper joint, we notice that three sides, viz. 
AX, XY, YB, of the corresponding polygon of forces have been found,) the 
I'emaining force at this joint is therefore represented by BA. Hence if the 
data and the drawing are correct, this line in the force-diagram must 
necessarily come out parallel to the diagonal bar in the frame. The triangle 
of forces for the remaining joint is ABZ. 

The success of the method depends as before on the accuracy of the data ; 
in p.articular it is essential that the lines of action of the three extraneous 
foi'ces should bo concurrent, or parallel. 
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It Tril! be foond on ciamination that the two outer Lars in the ^ 
m thrust find the others in tension, as indicated bj- the artowhsada. 


X 




Fig, 76. 

42. Further Examples. Parallel Forces, 

When the external forces are parallel, as in the case of a roof 
or a girder loaded vertically at one or more joints, and resting 
freely on tvro supports, the polygon of forces consists of segments 
of a vertical line, and the force-diagram simplifies. 

Ex. 1. The frame in Fig. 77 is supposed to be loaded, and supported, 
.-rymmetrically. 



The citemal forces ere represented by XF, YZ, ZV, YT7, WX in the 
force-diagram. The triangles irYd, FTrZ> are first constructed. It is found 
that tbe points A and D coincide, but this is an accident, due to tie 
syrnrcctrj- of tbe frame and the loads. The polygon XYBA, corresponding to 
the second joint from the left, can then be completed, by (Irarring lines throajl 
the points T and A jiarallel to the directions of tbe two untnown siresees at 
this joint Similarly for the polygon ZVEC. The figure is completed by 
joining €B. 

Ex. 2. The fin- 1 diagram of Fig, 7S represents a bridge loaded uuequiiiy 
at tv.'o upper joints. 
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If the loads are given by the vectors XY, YZ, the pressures of the supports 
will bo represented by 7N, VX, where V is some point in XZ. The precise 
position of this point can be found by taking the moments of the given loads 
about the points of support, or graphically by taking a pole 0 in the force- 
diagram and constructing a corresponding funicular polygon (Art. 35). The 
success of the subsequent construction will depend on F being placed 
correctly. The triangles VXA, ZVD, DFCcan then be drawn in this order. 
The polygon TZDGB is ne.vt completed, and it only remains to join AB, If 
the loads are equal, and the three upper bars equal in length, the points B and 
G will coincide. This indicates, what is otherwise obvioirs, that there is then 
no stress in the diagonal bar. 


A X 



D Z 

Fig. 78. 


If two bars cross, it is convenient to imagine them pinned 
together at the intersection. This introduces one new joint nnd 
two new bars, so that the condition for determinateness (Art. 39) 
is not impaired. In the diagram of forces the stresses in the four 
bars which meet at this new joint will be represented by the sides 
of a parallelogram*. 

Ex. 3. The annexed frame is assumed for simplicity to bo symmetrical, 
and symmetrically loaded. The external forces are given by XY, YZ, ZV, 
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V W, WX. Wo construct the triangles WXA, VWC, TZD, and coiinilctc ths 
parallelogram WABC, which gives the stresses at the crossing point Finally 
we draw BD. ^ 

More elaborate examples of ' simple ’ frames will be found in 
books on Graphical Statics and Technical Mechanics, but tin; 
method of treatment is the same in all cases. 

43. 'Reciprocal Figures. 

It will be noticed that in each of the above examples the two 
diagrams fulfil to a certain extent the definition of reciproml 
figures given in Art. 34. The relation is however not quite 
complete ; thus in Fig. 77, for instance, there are in the frame no 
closed polygons answering to the points X, Y, Z, V, IK of the 
force-diagram. 

Two complete reciprocal diagrams are however obtained if wc 
take a pole 0 in the force-diagram, join it to the comers of the 
polygon of the external forces, and constmet the corresponding 
funicular in the frame-diagram, as in Fig. 80. Each figure is now 


X 




Fig. 80. 

the orthogonal projection of a closed plane-faced polyhedron; the 
vertices of one polyhedron correspond to the faces of the other, 
and the lines representing corresponding edges are parallel*. 

It is seen that either figure, and in particular the completed 
frame-diagram, may be taken to represent a self-strained frame, 
and that the stresses in the several bars are given by tlic corre- 
sponding lines in the other figure. This is remarkable, since the 

• Ii. Cremona, l.e. ante, p. 82. The letter O corresponds to the quadrilatrral 
formed by the four outer lines in the left-hand figure. 
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relation between the numbers of bars and joints, in the com- 
pleted frame-diagram, is that which ordinarily ensures statical 
determinateness. We have in fact here hit upon a method of 
obtaining ‘critical forms’ in endless variety. (See Art. 39.) 

44. Method of Sections. 

Whenever a frame possesses a ‘single’ joint, the stresses in 
the bars which meet there can be found graphically, and if the 
frame which remains when these two bars are removed also 
possesses a single joint, the process can be continued as explained 
in Art. 40. 

In the case, however, of a frame which is not ‘ simple,’ in the 
sense of Art. 40, we arrive at length at a form which possesses no 
single joints. The method then comes to a stop; at a double 
joint, for instance, we should require to construct a force-polygon 
of which three sides are known only in direction. Various methods 
of meeting this difficulty have been devised, some of them special 
to particular types of frame. 

In some cases recourse may be had to the ‘ method of sections.’ 
This is applicable whenever the frame can be regarded as made 
up of two distinct portions' which are connected by three bars. 
For a reason given in Art. 15 (p. 32) we will suppose that the 
lines of these bars are not concurrent or parallel. 

If an ideal section be drawn across any frame so as to divide it 
into two parts, the extraneous forces on either portion must be in 
equilibrium with the forces exerted on it by the bars cut across*. 




* Henoo in the ioroe-ditxgmra of ft ‘simple’ frame the lines representing the 
external forces on either side, together with those corresponding to the stresses in 
the bars out across, must form a closed polygon. This gives a test of the correctness 
of the drawing. 
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And if a motion, can be drawn meeting three bars only, the for&cs 
which they esert can be nniqnely determined, by Art 21, so as to 
be in eqnilibrinm with the resultant of the external forces or. 
either side. In this way the stresses in the three bars in question 
are ascertained* ; and if each portion of the finine (apart from 
th^e bam) is itself a simple frame, the solution can be completed 
by the previous method. 

46^ Idetbod of Interchange. 

It is not, however, always possible to draw a section falSUing 
the above condition. A more general metnodf rests on the fact 
that a jnst rigid frame, of any structure, can be converted into 
a simple frame by a series of operations, each of which consistsin 
removing a bar and replacing it by another occupying a different 
position in the frame. 

We will suppose that we have a just rigid frame of n joints, 
none of which are single. There must, by Art. S8, he at least one 
joint A where only three bars meet. If one of these bars, say 
AB, be removed, the frame becomes deformable, but it may be 
made rigid again by inserting s bar of suitable length connecting 
two other joints, say G and E. The joint A is now a single one, 
and the two remaining bars which meet there contribute nothing 
to the rigidity of the rest of the structure, which therefore now 




Fig. 82. 

forms a just rigid frame of n — 1 joints. The same process of 
replacement may be repeated, if necessary, on this latter frame, 
and it is not difficult to see that in this way the original frame 
will at length be transformed into a 'simple' one having its 

• This niEthod is due to k. Bitter (166.3). He detemines the stress fa each cf 
the three bars hy tshing moments about the faterseciioa of the ifaei of the claer 
trro. 

t Due to Ij. Heaceherg, Statih &er tViTTtn S<jiUvjt, 1665. 
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n joints in the same relative positions, but a different arrangement 
of bars. 

We will confine ourselves, however, for simplicity, to cases 
where one operation of the above kind suflSces. An interesting 
example is that of a frame whose bars form the sides of a 
hexagon ABGBEFA and the three diagonals AB, BE, OF 
(Fig. 82). 

In the process devised by Henneberg we begin by finding, on 
Maxwell’s plan, the stresses produced in the modified frame by 
two distinct systems of external forces. The first system is that 
of the actual external forces (not indicated in the figure). Suppose 
that these produce in the inserted bar OE a tension P, and in the 
remaining bars tensions Q, Ft, .... The second system consists 
merely of two equal and opposite unit forces at A and B, tending 
to produce approach of these points. Let the tensions thus evoked 
be p in OE, and q,r, ... in the remaining bars. We infer that the 
tensions produced by the combined action of the given extraneous 
forces, and of any two equal and opposite forces T urging the 
points A and B towards one another, will be P -VpT in OE, and 
Q + qT, R + rT, ... in the remaining bars. The value of T is 
as yet arbitrary; we choose it so that 

PfipT^O (1) 

The bar OE is now free from stress and may be removed without 
affecting the equilibrium. We have in fact determined the 
stresses which are consistent with equilibrium in the original 
form of the frame; viz. the tension in AB is 

. _ P=-P/P, (2) 

and those in the remaining bars are given by the expressions 

Q - qPfp, R - rPjp, (3) 

It will be noticed that the process fails if p = 0. The tensions 
are then infinite, unless also P = 0, in which case they are inde- 
terminate. The vanishing of p is in fact an indication that we 
are dealing with a ‘ critical form ’ (Art. 39). 

A method of determining the stress in any one bar of a just 
rigid frame, independently of the stresses in the remaining bars, 
will be explained in the next Chapter, where also the subject of 
critical forms will be more fully considered. 
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46. Case of External Forces acting on the Bars. 

Up to this point the external forces acting on the. frame have 
been supposed to act exclusively at the joints, viz. on the pins. 
When external forces are applied to tlie bars themselves, the stre.ss 
in each bar will no -longer consist of a purely longitudinal tension 
or thrust. To find the reactions at the joints we may proceed 
as follows. 

The resultant W of the external forces on any bar may be 
replaced by two components P,Qui lines through the centres of 



Fig. 83. 


the pins at its extremities.* This can be done in an infinite 
number of ways, but in practical cases the forces in question 
are generally due to gravity, and therefore vertical, and the two 
components P, Q are then most conveniently taken to lae vertical 
also. 

We first alter the problem by transferring these forces P, Q 
from the bars to the pins. The stresses in the bars, in the 
problem as thus modified, are supposed to be found as before, by 
a reciprocal diagram or otherwise. We have next to infer from 
the results thus obtained the directions and magnitudes of the 
reactions in the original form of the question. To find the 
pressure exerted by any bar AB on the pin at A we compound 
with the force in AB, given by the auxiliary diagram, a force 
equal to P; for in this way the conditions of equilibrium of each 
pin will obviously be satisfied. Conversely, to find the pressure 
exerted by the pin A on the bar AB we combine rvith the force 
given by the diagram a force equal and opposite to P. 

This question arises in practice in connection with ‘thrcc-jointcd' etrac. 
tures, of which a rudimentary form is shewn in Fig. 84. It is required to 
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find the magnitudes and directions of the reactions at the joints when given 
loads are 'placed anywhere on the atructui-a. 

For the present purpose the structure is sufficiently represented hy two 
bars AG, CD, and we may suppose the loads on the two members to be 
reidaced by their resultants IFi, Wq. These resultants may again be 
replaced, as above explained, by P,, §, acting vertically at A, C, and Pz,Q2 
acting at C, B. The auxiliary diagram in the figure is a portion of the 
reciprocal diagram constructed on the hypothesis that the loads act on the 
pins. In particular XY represents the force Qi+Bq acting on the pin C, 
YZ the thrust exerted on this pin by the bar BO, and ZX the thrust exerted 
on it by the bar AG. If we compound with ZX the vector XV, which 
represents Qi, we get the actual pressure ZV exerted by the bar AG on the 
pin C. The directions and magnitudes of the true reactions at A and B are 
then easily determined from the consideration that the three forces on each 
bar must be concurrent, and must he related hy a triangle of forces. 


X 



Fig. 84. 

On account of the practical importance of this problem several other 
graphical methods of solution have been devised. The following construction 
(see Fig. 85) may ho noticed as an application of the geometrical property of 
funiculars proved in Art. 33. 

Let IT be the resultant of ir, and Wq, its line of action being determined 
graphically or otherwise. It is evident that any triangle having its vertices 
on the lines of action of TTi, Wq, W, respectively, will be a possible form of 
funicular triangle for the three equilibrating forces IF,, Wq, — IF. As a 
particular case, the lines of the ,three reactions at A, B, C will constitute 
such a triangle. The problem therefore resolves itself into the construction of 
a funicular triangle whose sides shall pass through three given points A,B, G, 
If we take any point L' on the line of action of IF, and draw All, BIl, 
meeting the lines of action of IF,, IF^ in H' and K', respectively, we obtain 
auxiliary funicular triangle E'E'U. By the theorem referred to, the ' 
sections of the sides of this triangle with the corresponding 
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desired funicnlar must bo collinear. Wo therefore produce AB to 

meet iu X, and through X draw XG meeting the lines of action of If,, in 


L 



E and E, respectively. If we now draw AH, BE to meet in L, EEL is the 
triangle required. The magnitudes of the reactions arc then easily found. 


EXAMPLES. IX. 

1 — 9, Determine the stresses in the foUowing fraroes, when loaded and 
supported as shewn. Where there ore several loads these may in the first 
instance be taken ns equal ; but a diagram should afterwards bo made for the 
case of unequal loads. 
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-10. A frame is composed of five light rod-s, hinged together, forming a 
quadrilateral ABOD •with the diagonal BD. Find, by a diagram dra'wn to 
scale, the stress in BD ■when the frame hangs from A, and a weight of 50 lbs, 
is suspended from C, ha-ving given 

A5=18, BG^U, CZ)=15, DA=2i, BD=l^.' 

11. A plane frame consists of four sides AB, BC, CD, DE of a regular 
hexagon, and the five bars connecting the vertices A, B, G, D,E to the centre 
0. The comers A, E are pulled outwards with equal and opposite forces P; 
find the stress in each member, and indicate which members are in tension 
and which in thrust. 

12. Determine graphically the ratio of two forces in equilibrinm acting 
at the two inverse points of a Peaucellier linkage {Infinitesimal Calculvs, 
Fig. 107). 

13. Four bars are jointed so as to form a quadrilateral ABGD, and are 
in equilibrium under the action of four forces applied to the joints. The lines 
of action of these forces are produced so as to form another quadrilateral 
PQRS; prove that the diagonals of PQ/l.? pass respectively through the inter- 
sections of opposite sides of ABGD. 

14. Four rods jointed at their extremities form a cyclic ’.'i-' 

If the opposite joints be connected by strings prove that the tensions of ’ 
strings are inversely proportional to their ^ 
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15. A BG is a triangle of jointed bars, and three links connect the comers 
Af B, G with the orthocentre. Prove that if the frame thas formed he self- 
strained, the stress in each bar is proportional to the length of the opposite 
bar, i.e. the one which it docs not meet. 

16. If 1)6 the number of single joints in a just rigid frame, and n, the 
number of double joints, prove that 

17. If p joints of a plane frame of w joints are attached to fixed points 
in the same plane by links, how many bars must the frame consist of in 
order that the whole structure may be just rigid ? 

Sketch the cases «=4, p=4 ; n=5, p=4. 

18. Prove that if a chain formed of a number of uniform links of equal 
weight hangs freely between two fixed pwints, the tangents of the angles 
which successive links make with the horizontal are in arithmetic progression. 

19. A rhombus ABGD formed 1^ four uniform rods each of weight If, 
jointed at their extremities, is suspended from A, and is prevented from 
collapsing by a light horizontal strut BD. Find the thrust in BD, and the 
reaction at G, having given the inclination a of AB to the vertical 

[2 irtan a, is W tan o.] 

20. Six equal uniform bars, each of weight If, are jointed together so as 
to form a regular hexagon ABCDEF which hangs from the point A and is 
kept in 6ha],)c by strings AG, AD, AE, Find the tensions of those strings. 

y3ir,2ir,V3if] 



CHAPTER VI 


WORK AND ENERGY 

47. Work of Forces on a Particle. 

The ‘ work ’ done by a force acting on a particle, in any infinitely 
small displacement, is defined as the product of the force into 
the orthogonal projection of the displacement on the direction of 
the force. Hence if be the force, Ss the displacement, and 0 the 
angle between the directions of F and 8s, the work is F. Ss cos 0, 
Since this may bo written as Ss.Fcos0, we may also say that 
the work is the product of the displacement into the component 
of the force in the direction of the displacement: If the displace- 
ment is at right angles to the force the work vanishes*. 

The total work done by two forces acting on a particle in any 
infinitely small displacement is equal to 
the work of their resultant. For, let 
the vectors OA, OB represent the two 
forces, OC their resultant, and let OH 
be the direction of the displacement 8s. 

The proposition follows at once from 
the fact that the sum of the orthogonal 
projections of OA, OB on OH is equal 
to the projection of 00. It is not 
essential to the proof that Ss should be in the same plane with 
OA and OA." The result can obviously be extended to the <5ase of 
any number of forces acting in any given directions. 

* Tho notion of ‘wort-,’ under ono desiRnntion or another, waa developed 
gradually. The ttame (‘travail’) appeara to have hoen definitely established by 
G. Coriolis (1829). 
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In the same way we see that the total work done by a force in 
two or more successive small displacements of a particle is equal 
to the work done by. the same force in the resultant displacement. 

These relations have a concise expression in the notation of 
the theory of Vectors. Given any two vectors P, Q, the product 
of the absolute value of either into the projection of the other on 
its direction is called the 'scalar product*,’ and is denoted by 
(PQ), or simply by PQ. Thus if P, Q be the absolute values, and 
6 the angle between the directions of the vectors, we have 

PQ=PQcos 6 ( 1 ) 

In particular the scalar square of a vector is the square of its 
absolute value; whilst the scalar product of two perpendicular 
vectors is zero. 

Since, by the definition, 

PQ = QP, (2) 

we see that scalar multiplication of vectors follows the commutative 
law. Moreover, the theorem above proved shews that 

P(Q + R+...) = PQ + PR+..., (3) 

so that the distributive law also holds. The scope of Vector 
Algebra is thus greatly extended. 


For example, referring to Fig. 2, p. 3, and writing AB=P, AD=:Q, and 
therefore AC= P+Q, we have 

(P + QF = (P + Q)P + (P+Q)Q ' . 

= P^ + 2PQ + Q2 (4) 

by application of the commutative and distributive laws. This is equivalent 
to 

AC- ==AJ!^ + HAD. AD cos DAB + An'‘. (5) 

Again, we have 

(P + Q)» + (P - Q)' = 2 (P2 + Q2) (6) 


which expresses that the squares on the diagonals of the parallelogram ABCB 
are together equal to the sum of the squares on the four sides. 

Other examples will present themselves in Chap. vin. 


48. Principle of Virtual Velocities. 

It follows from the preceding theorem that when the forces 
acting on a particle are in equilibrium their total work in any 

• It was called by H. Grassmann (1844) the ‘ inner ’ product. 
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infinitesimal displacement is zero. In symbols, if P denote any 
one of the forces, and 8p the component of the displacement in 
the direction of P, we have 

2(p.sp)=o (1) 

This is an equation between infinitesimals, and is to be under- 
stood on the oi’dinary conventions of the Differential Calculus. 
The sum S(P.Sp) vanishes, not because the quantities Sp them- 
selves tend to the limit zero, but in virtue of the ratios which 
these quantities ultimately bear to one another. The equation 
therefore holds if the resolved displacements Bp are replaced by 
any finite quantities having to one another the ratios in question. 

For instance they may be replaced by the resolved velocities of 
the particle in the directions of the several forces, in any imagined 
motion of the particle through the position of equilibrium. Thus 
dividing by the element of time Bt, we have 



where the quantities dpjdt are the resolved velocities in question. 
They were called by the older writers*, the ‘ virtual ’ or effective 
velocities of the particle; and the theorem embodied in the 
equation (1) or (2) is accordingly known as the principle of 
'Virtual Velocities.’ 

The physical significance of the principle can hardly be appre- 
hended without some reference to Dynamics. The equation (2) 
expresses that whenever a particle in motion passes through a 
possible position of equilibrium, the rate at which the forces are 
doing work upon it is for the moment zero. By a theorem of 
Dynamics it follows that the kinetic energy is at that instant 
stationary in value. An example is furnished by a simple 
pendulum consisting of a particle connected with a fixed point 
by a light rod. There are two positions of equilibrium, and in 
the passage through these the kinetic energy is in one case a 
maximum, in the other a minimum. 

• The first complete statement appears to be due to John Bernoulli (1717). By 
the time of Lagrange (1788) the word ‘ virtual ' had come to bo used in a different 
sense, as indicating the hijpothetical oharacler of the displacements dp. Many 
recent -writers, following G. Coriolis (1834), have designated the principle, in the 
form (1), ns that of ‘virtual work,’ with the same altered meaning of the adjective. 

8 


I.. B.' 
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It is to be noticed that the equation (1) is not only a con- 
sequence of the ordinary conditions of equilibrium of a particle, 
but includes these, if regard be had to the arbitrary character of 
the displacements. In other words, if the total work done by 
a system of forces acting on a particle is zero for all infinitesimal 
displacements from a given position, that position is one of 
equilibrium. For if there were a resultant, the work would not 
vanish for a displacement in its direction. Moreover, it i.s sufficient 
that the equation should hold for two,, or three, independent 
displacements, according as the question is one of tiyo or three 
dimensions ; for the most general displacement can he compounded 
of’these. 

In applying the principle it is often convenient to take the 
displacement at right angles to the direction of one of the forces, 
in which case the corresponding Sp vanishes. In this way an 
^ unknown reaction may be eliminated. The process is of course 
equivalent to resolving the forces in the direction of the di.splace- 
ment. 


Es. 1. A weight W IB maintaiued in equilibrium on a Bmooth plane of 
inclination a by a force P which acts (1) horizontally, or (2) up the plane, 

(1) If wo imagine the weight to receive a displacement 6j up the plsnc, 
the projections of its on the directions of the forces P end If are 8s cos a and 
— its sin a. Hence 

Pds cos a — W6s sin n = 0, (3) 

the work of the normal pressure being zero, since it is at right angles to 8.' 
Hence 

P=W tan a, (b 

(2) In the second case we have 

P6s- 11^83 sin 0 = 0 , 

or Tl''8in a. (3) 


if the resolved displacements in (1) be 

Q' 


Again, it is sufficient 
calculated accurately to the first- 
order of small quantities. Thus 
in the case of a force P acting 
from a fixed point 0, the corre- 
sponding term in the equation 
is P Sr, to the first order, if r 
denote distance from 0. For if 
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the displacement bo from Q to Q', and Q'iV be drawn perpendicular 
to OQ, we have 

Fp = QIir=OM-OQ = OQ'-OQ = Sr. 

to the first order. 

Ex. 2. A particle of weight W is constrained to lie on a smooth vertical 
circle, and is urged towards the highest point 
A by a constant force P, for example by means 
of a §tring passing over a smooth pulley at A 
and carrying a weight P which hangs verti- 
cally ; to find the positions of equilibrium. 

If r denote the distance of the particle from 
A, z its Vortical depth below the level of A, 

8 the angle which r mokes with the vertical, 
then in an infiiutcsimal displacement along the 
arc the work of the normal pressure will vanish, 
and wo shall have 

-P8r+ TF82=0 (C) 

Now, jf 0 bp the diameter, 

r=ccoad, 2=rcosd=ccos2d, 
fir=-csind8d, S2=-2cco3dsind8d, 


whence ■ (/’-2If co3d)8ind=0 ,..(7) 

This is satisfied by 6—0, as wo should expect, and again by 

cosd=i 72 ir, (8) 

but the latter position is imaginary if P>2 W, 

49. Potential Energy. 


When a particle subject to given forces undergoes a finite 
displacement, the total work is to be found by integration of the 
amounts done on it in traversing the various elements 8.9 of its 
path. 

Let us suppose that we have a particle moveable in a certain 
‘field of force.’ By this is meant that some of the forces, at all 
events, which act upon it are definite functions of its position. 
Besides these, we contemplate the action of other forces which may 
be applied arbitrarily, and which we distinguish as ‘extraneous.’ 
Let us suppose that the particle is guided by suitably adjusted 
extraneous forces so as to pass from some standard position A to 
another position F, along some prescribed path. We may imagine 
the operation to be performed with infinite slowness, so that the 
extraneous forces are always sensibly in equilibrium ivith those 
. 8—2 


A 
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due to the field. The work done by the extraneous forces can 
then be calculated, and is definite for the particular path. 

If the constitution of the field be quite arbitrary, the amount 
of work required may, and in general will, 
be different for different paths from A to P. 

If it be less for one path than for another, 
then if the particle were made to pass from 
4 to P by the former and retnm to A by 
the latter, the net amount of work required 
for the complete circuit would be negative. 

The work done by the reaction of the particle 
on the external agency would therefore on the whole be positive. 
The process might be repeated indefinitely, and we should have in 
a field of this character an inexhaustible source of work. 

The quest of the ‘ per 2 )ctual motion ’ has, however, long been 
given up as hopeless; and it is accordingly recognized that in the 
case of any natural field of force the work icqmred to briag a 
particle from rest in one position to rest in another, in the manner 
above explained, must be independent of the particular path taken. 
A field fulfilling this condition is said to be ‘conservative*. 

In a conservative field, then, the work required to bring a 
particle from rest in a standard position A to rest in any other 
position P is a function of the position of P only. This definite 
capacity for doing work against external resistance, which the 
particle possesses when at P, over and above what it possesses 
when at A, in virtue of its position only, is called its 'statical or 
‘ potentialf ’ energy. The particular position A whicii is our zero 
of reckoning is of course arbitrary ; a change in it lias merely the 
effect of adding a constant to the energy. 

The simplest instance of a conservative field is that of ordinary 
gr.avity. If W be the weight of a particle, and z its altitude above 
a fixed horizontal plane, the work required to move it through a 
•space Bs is WSz, where Sz is the projection of Bs on the upwar 
vertical Hence by integration the potential energy is 



• Since the law of Conservation of Energy can be shewn to hold in it. 

t This name was introdneed in 1653 by W. J. M. Bankino (1820-7-). 
of engineering at Glasgow 1866-72. 
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where the constant depends on what is regaided as the standard 
position. 

Again, if a particle is urged always towards a fi.'ced point 0 by 
a force ^ (r) which is a function of the distance r only, the work 
required to give it an infinitesimal displacement (in any direction) 
is, by Art. 48, ^ (r) Sr. Hence for the potential energy V we have 
the formula 

V=( (l>(r)dr, ( 2 ) 

J a 

where the lower limit refers to the arbitrary standard position. 

Ex. 1. In the case of an attractive force varying as the distance, putting 
(j)(r)=iir, we have 

r=i/tr 2 +a (3) 

Again, for an attraction varying as -the invorae square of the distance, 
putting (^(r)=p/r-, we find 

r^-^+0. ( 4 ) 

In each case the potential energy increases \vith increasing distance. 
The reverse would be the case if the forces were repulsive. 

It is an immediate consequence of the above definition that the 
work done by the forces of a conservative field in any displace- 
ment whatever of a particle is equal to the decrement of the 
potential energy. Hence, by the principle of virtual velocities, the 
necessary and sufficient conditions of equilibrium, if there are no 
extraneous forces, are summed up in the formula 

SF=0 (5) 

In words, the potential energy must be stationary for all in- 
finitesimal displacements. 

Ex. 2. A particle is attracted to several centres of force Oj, O 3 , ... by 
forces pirj, ... proportional to the distances ri, r^, ... from these 
points, respectively. 

Wo have , (G) 

It will appear later (Chap, viii) that there is only one position of the particle 
satisfying the condition 8 F= 0 , viz. the mass-centre of a systoin of particles 
with masses proportional to pi, pj, ..., situate at Oi, Oi, ..., respectively.. 
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The fownula (5) will also hold even if.thei-o are frietionless 
constraints, provided the displacements be such as are consistent 
■with the constraints. For instance, if a particle subject to gravity 
be constrained to lie on a smooth surface, the possible positions of 
equilibrium are where the tangent plane is horizontal. 

If there are extraneous forces, i.e. forces in addition to those of 
the field, acting on the particle, and if we denote these generically 
by P, the principle of virtual velocities takes the form 

S(P.Syj)-SF=0; (7) 

i.e. the work done by the extraneous forces in any infinitesimal 
displacement from a position of equilibrium is equal to the incre- 
ment of the potential energy. 

50. Application to a System of Particles. 

The principle of virtual velocities can be extended at once to 
any system of particles provided we take account of all the forces 
acting on each. These forces must include those which are due 
to the mutual actions of the particles, as well as, the forces 
extraneous to the system. 

The infinitesimal displacements contemplated may be quite 
arbitrary and independent for the several particles, but it is usually 
convenient so to arrange them that some unknown reaction or 
reactions shall disappear from the equation. 

The work done by the mutual action between two particles 
depends on the change of length of the line (r) joini n g them. If 
two points A, B be slightly displaced so as to occupy the positions 
A', B', and if «, B be the orthogonal projections of A', B' on ABi 
we have 



A a B 

Fig. 90. 

5/3 - = a/3 - .419 = A'B' cos 0 - AB, (1) 

where 6 is the small angle between AB and A'B', This is equal 
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to A'B' — AB, or Sr, to the first order of small quantities. Hence 
if we have two particles at A and B exerting equal and opposite 
forces R on one another, the total work of these in the small 
displacement will he 

R.Aa — R.BB = ~RSr, (2) 

to the first order, provided the forces R be reckoned positive when 
attractive. 

The mutual action therefore disappears from the equation of 
virtual velocities if the displacements he adjusted so that the 
distance AB is unaltered. In particular, we can eliminate in this 
way the tension of a straight string connecting the particles, 
whether the string he physically ‘ inextensible ’ or not. A similar 
inference can easily he made in the case of two particles connected 
by a string passing over a smooth peg, or a smooth surface of any 
fonn, provided we assume that the tension is the same throughout 
the length*, and provided the displacements he such as the. 
particles could undergo if the string were inextensible. 

In calculating tlie work done by gravity, we may imagine the 
whole mass of the system to be collected at the centre of .gravity, 
and to receive the-displacement of this point. For if If,, W^, ... 
be the weights of the several particles, and Zn z^, ... their depths 
below some fixed horizontal plane of reference, the work done by 
graVifey in a small displacement will be 

WM+ W,8z,+ ... = 11 ^ 2 + ...) 

=8KTra+-Tr,+..;)0} 

= (lFr+T7,+ ...)85 (3) 

if 5 be the depth of the centre of gravity. 

Hence if gravity be the only force which does work in the 
displacement considered, we shall have Sz — 0. Thus in the case 
of the funicular •polygon (Fig. 20, p. 23) where a number of weights 
are attached at various points of a string whose ends are fixed, the 
depth of the centre of gravity of the whole system is stationary 
for all small displacettients which do not involve change of length 
of the strings. 


* A formal proof of thiB is given in Chap. 
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Ex. 1. Two weights P, § rest on two smooth planes whose inclinations 
are a, jS, being connected by a string which 


liasses over a smooth x^ulley, the free por- 
tions being parallel to the planes*. 

If the particles receive equal displace- 
ments hi along the planes, P downwards 
(say) and Q upwards, the projections of 
those on the downward vertical will be 
6s sin a and —Ss sin 13, respectively. Hence 
for equilibrium we must have 

P6sain Q — Q8ssin^=0, ,..(4) 


A 



Fig. 91. 


or Psina=<2sin^ (5) 


The normal reactions of the planes, and the tension of the string, are omitted 
from the equation for the reasons explained. 


Ex. 2. Two particles P, <2 are connected by an moxtensible string passing 
over a smooth peg S. Q bangs freely, 
whilst P rests on a smooth curve in 
a vertical plane through the peg. To 
determine the form of the curve so 
that P may be in eqitilibrium in all 
positions on it 

Let r denote the distance SP, z the 
depth of P below some fixed horizontal 
line. In a small displacement in which 
the string is xm extended, § will ascend 
through a space hr, whilst P will 
descend through a space hz. Hence 
for equilibi ium 

Pdz-Qhr=^0, (6) 

if the displacement of P be along the Pig, 52. 

curve. Since this relation is to hold 

at every point of the curve, we find by integration 

Pz=Qr+coD3t., 

or r=^{z-c), (■) 

where c is some constant This is the equation of a conic whose focus is S 
and whose directrix is a horizontal lino z=c, the eccentricity being P/6- 

* E. Torricelli (16G4) quotes this problem as an example of his principle tbs' 
the centre of gravity cannot descend. 
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51. Work of a Force on a Rigid Body. 

The work of a force, acting on matter of any kind, in any 
infinitesimal displacement of its point of application, is defined as 
the product of the force into the orthogonal projection of this 
displacement on the direction of the force. Or, again, it is equal 
to the product of the displacement into the component of the 
force in the direction of thn displacement. 

It is important to notice that in the case of a body which is 
displaced without change of dimensions this definition will give 
the same result, to the first order, whatever point of the body 
in the line of action of the force be regarded as the point of 
application. For let A, B (Fig. 90) he any two points of the body 
in the line of action of a force B, acting (say) in the sense from A 
to B. If these points are displaced to A’ and B', the work as 
calculated from the displacement of A is R.Aa, and as calculated 
from the displacement of B it is R.B^. We have seen that if 
A'B' = AB these expressions are equal, to the first order. 

It is evident, also, that the total work of two or more con- 
current forces, in a small displacement, is equal to the work of the 
single force which is their geometric sum, acting at the point of 
concurrence, the proof being the same as in Art 47. 

It follows from these results that the total work of any system 
of forces, in any infinitesimal displacement of a rigid body, is the 
same as that of any other system to which it is statically equivalent 
on the principles of Chapter iii. For the only assumptions there 
made were, those of the transmissibility of force, and of the 
geometrical addition of concurrent forces. 

Thus in the case of a plane system of forces the work done in 
a pure translation Set is ASa, where X is 
the sum of the components of the forces in 
the direction of Sa. 

Again, the work done in a rotation SO 
about any point 0 is NS9, where 86 is the 
angle of rotation, and N is the sum of' the 
moments of the forces about 0. For if P 
be one of the forces, and OM the perpen- 
■ dicular from 0 on its line of action, the 


O 
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displacement of the point if of the body will he OMM at 
right angles to OM, and the worh of P is therefore P.0i/.S5; 
i.e. it is equal to the product oi W into the moment of P about 0. 
It is easy to see that this result will hold in all cases provided 
the usual conventions he observed as to the signs to be attributed 
to moments and angles of rotation. 


The particular case of a couple is important. The work of a 
couple in a displacement of pure translation obviously vanishes. 
In the case of a rotation about any point 0 it is equal to NW, 
where N is the sum of the moments about "0 of the two forces 
constituting the couple, i.c. it is the constant moment of the 
couple (Art. 24), 


52. Principle of Virtual Velocities for a Rigid Pody, 

It follows from Art. 51 that if a plane system of forces acting 
on a rigid body be in equilibrium, the total work in any infini- 
tesimal displacement is zero. For the work is equal to that of 
the resultant force of the system, which by hypothesis vanishes. 

Conversely, we can shew that if the work of a plane system 
of forces be zero for three independent small displacements of 
the body in the plane of the forces (and therefore for all such 
displacements) the forces must be in equilibrium. The three 
independent displacements may consist, for example, of pure trans- 
lations in two assigned directions, together with a rotation about 
an assigned point. We learn that the sum of the resolved parts 
of the forces in each of the assigned directions is zero, and that 
the moment of the forces about the assigned point also vanishes. 
This is one form of the conditions of equilibrium investigated in 
Art. 23, and the other equivalent forms may be arrived at in a 
similar way. 

As in the case of. a system of discrete particles, it is possible 
by a proper choice of the arbitrary displacement to eliminate 
certain classes of reactions. Thus if a point of the body be Con- 
strained to lie on a smooth curve, the work of the normal reaction 
of the curve in any small displacement consistent with this 
constraint will be of the, second order. Again, if the body can 
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turn freely about a fixed point 0, the reaction there does no work 
in a rotation about 0. 


Again, if the displacement be such 
that a surface fixed in the body rolls 
(without sliding) on a fixed surface, the 
reaction, whether normal or tangential, 
at the contact may be ignored in form- 
ing the equation of virtual velocities. 
For the displacement of that point (A') 
of the body which was originally in 
contact with the fixed surface (at A) is 
of the sefcond order’*. 

The normal component of the reac- 
tion will disappear even if the small 
displacetnent be such that one surface 
slides over the other, as well as rotates, 
provided it remain in contact. The 
point of contact now changes from its 
original position A to an adjacent posi- 
tion B, but if A' be the new position 
of that point of the body which was at 
A, the projection of AA' on the normal 
at A will be of the second order. This 
principle is specially useful in the case 
of contact between smooth surfaces. 


O' 




Fig. 95. 


Ex. 1 . A bar AB rests with its ends oa two smooth inclihed planes 
(Fig. 40, p. 50). 

■ If the bar be slightly displaced in a vertical plane so that its ends slide 
on the two inclines, the instantaneous centre / is at the intersections of the 
normals at B. The displacement of the centre of gravity O is therefore 
at right angles to 10. But the work of gravity must be zero, since no vfork 
is done by the remaining forces, viz. the reactions at A, B. Hence 10 must 
be vertical. The analytical solution can be completed as in Art. 23, Ex. 3. 

Ex. 2. A ladder rests with its upper end against a smooth wall and its 
foot on the ground (rough) ; to find the horizontal pressure at the foot. 


* It is assumed here that the reaction is equivalent to a single force, the couple 
of rolling friction (Art. SO) being neglected. 
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Let I be tbe length of the ladder, 6 its inclination to the vertical, a the 
distance of its centre of gravity G from the foot. If its 
vreight, jP the hoiiaontal component of the reaction of 
the ground. The height of G above the ground is therefore 
acosd, and the distance of the foot from the wall is fsind. 

If the ladder be sUghtly displaced so as to remain in 
contact with the wall and the ground, the normal com- 
jwnente of the reactions do no work, and the equation of 
virtual velocities reduces to 

— lf6(acosd)-i?B(fsind)=0 (1) 


whence 


t:. X ^ 

■ bin 6 . ,.w. 


•(2) 



Ex. .3, A bar AB rests on a smooth curve and the end A is restricted, 
by a frictionless constraint, to motion in a 
vertical line ; to find the form of the enrve in 
order that the bar may he in equilibrium in 
any position. 

Since the height of the centre of gravity G 
must he stationary in all positions, the locus 
of G must be a horizontal line. The required 
curve is therefore the envelope of a straight 
line AG ol constant length whose extremities 
move on two fixed straight lines at right angles 
to one another ; Le. it is one branch of a foiU’- 
cusped hypocycloid (astroid). 



63. Extension to a System of Higid Bodies. 

The principle can he extended to any ^stem of rigid bodies, 
connected together in any way, provided we tahe account of the 
mutual actions between the bodies. Any such action consists of 
two equal and opposite forces, each of which may contribute to 
the equation of virtual velocities. 

As in Art. 50 the displacements of the various bodies may be 
arbitrary and independent, but it is often convenient to restnet 
them so that they shall be compatible with the various constraints 
and connections to which the system is subject. 

Thus if two of the bodies be connected by a string or a light 
rod, and if the hypothetical displacement be such that the 
distance between the points of attachment is unaltered, the 
corresponding stress may be left out of account. 
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Again, the reaction (whether normal or oblique) between two 
bodies in contact will disappear from the equation, provided the 
displacement contemplated be such that one surface rolls without 
sliding relatively to the other. For the displacement may be 
supposed effected in two steps, in the first of which one body 
moves into its new position and the other moves with it, without 
relative displacement, whilst in .the second step this latter body 
assumes its new position. It is evident that in the first step the 
work of the two equal and opposite pressures on the two bodies 
will cancel, since their points of application have the same dis- 
placement; and we have seen (Art. 52) that in the second step 
the work of one pressure is of the second order, whilst that of the 
other vanishes absolutely. 

In the same way it is seen that the normal pressures between 
two surfaces -will do on the whole no work even if there is a 
relative sliding of one surface over the other in the displacement 
considered For this reason the reactions at smooth joints may 
be ignored in forming the equation of virtual velocities. 

Wc are thus able to imagine a great variety of mechanical 
systems to which the principle of lurtual velocities can be applied 
without any regard to the reactions introduced by the various 
connections or constraints, provided the hypothetical small dis- 
placements be such that none of these connections or constraints 
are violated. In many such cases the only forces that rernain in 
the equation will be those of gravity, and we may then infer that 
for equilibrium the depth of the centre of gravity of the system 
must be ‘stationary’ (cf. Art. 50). 

£x. I. A bc-im is aiippnrtod on two equal cylindrical rollers, which rest 
with their axes horizontal on an inclined 
plane, the surface-s in contact being sufB- 
oiontly rough to prevent slipping. To find 
the force which must be applied to the 
be.im, parallel to the plane, for equili- 
brium. 

The instantaneous centre of each roller 
is at the point of contact with the plane.’ 

Hence if each roller turns through an 
angle 86 , the displacement of the beam 
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will be 2a SB, where a is the radius of the roller, whilst the displacement 
of the centre of the roller will be a SB. Hence 

P.2aS6— I7.2o6d.sina— Tr'.afid.sina=0, (jj 

where W is the weight of the beam, and W' that of the pair of rollers ; or 

2?'=(Tr+iTr)Bina. (2) 


Ex. 2. Four equal light bars are jointed together so as to form a 
rhombus ABGD ; the whole hniigs from s fixed point A, and is kept in 
shape by a light horizontal strut DD. A weight W hangs from C. To find 
the thrust in BD. 


We may imagine the strut BD to be removed, 
equal and opposite forces S acting outwards at 
B and D. The frame is now deformable, and 
if the inclination 6 of the bars to the vertical 
were increased by SB, the distance BD would bo 
increased by S {2a sin B), where a is the length of 
a side, whilst the increment AC would be 
S (2o cos 6). Hence 

S. 8 (2a sin 6) +W. 5 (2a cos 6) =0, (3) 

or iSssTTtanfl (4) 

If the weights W of the bars AB, BO, CD, 
DA are taken into account we must include in 
(3) a term 4 IF'5 (a cos 6), since the depth of the 
centre of gravity of the whole below A is a cos 6. 
The result is 

B={W+2W')laD 6. 


provided we introduce two 
A 



Ex. 3. A chain of four uniform links AB, BC, CD, DE, Jointed at B, 0;D, 
hangs from two points A, E at the same level. Let the weights of AB, DD 
be each = Wi, and those of BG, CD each = W^. Also let AB=DE!=a, 
BG==GD=h, BO that the arrangement is symmetrical about the vertical 
through O, It is required to determine the form in wl.'ih the chain 
hangs. 



If B, (p be the inclinations of AB, DO respectivoly to the vertical, the 
depth of the contra of gravity of the chain below AE is 
Il^j.^acosd+ ir 2 (a cos cosij)) 

Wi+ ll'j ’ , 
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If a small vertical displacement be given to the point C, the deformation 
will be symmetrical, and the condition that the depth of the centre of gravity 
should be stationary reduces to 

( iri+2ir2)oBin 6S0+ IPiJsin (ps<f=0 (6) 

The angles 6, <j) are connected by the relation 

2aein d + 26sin ^=c, (7) 

where e is the distance AJS, which is supposed fixed. Hence, diflerentiating, 
we find 

acosd&6+bcoa^S<j)=0 (8) - 

Eliminating the ratio of Sd to between (6) and (8), we find 

(iri+2Tr2)t.and= Fitanc^ (9) 

' This relation, combined with (7), determines the angles 6, <p. If lFi= IFj, 
we have 

tan d=Jtan <j) (10) 

54. Application to Frames. 

The principle of Virtual Velocities is specially convenient in 
the theory of frames, since the reactions at smooth joints and the 
stresses in inextensible bars may be left out of account. 

In particular, in the case of a frame which is just rigid (Art. 
38), subject to external forces at the joints only, the principle 
enables us to find the stress in any one bar independently of the 
rest. If we imagine the bar in question to be removed, the frame 
becomes deformable, but it will remain in equilibrium in its actual 
shape provided we introduce two equal and opposite forces S, to 
replace those which were exerted by the bar at the joints Avhich 
- it connected. lii any infinitesimal deformation of the frame as 
thus modified, the work of the forces S, together with that of the 
original extraneous forces, must vanish. This determines S. The 
method has already been exemplified in Ex. 2 of Art. 53, 

This procedure is particularly useful when the frame, although 
just rigid, is not ‘simple’ in the sense oT Art. 40, and when, 
accordingly, the method of reciprocal diagrams is not available for 
a complete determination of the stresses in it. The analytical 
calculation would, however, usually involve a good deal of intricate 
trigonometrical work; and, to evade this, graphical devices have 
been introduced. For this purpose the infinitesimal displace- 
ments of the various joints are replaced by finite lines proportional 
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to DE, vre see that the virtual velocities of the points D, E will ho repre- 
sented on the same scale by the lines DU, EE', similarly turned through 
a right angle. Finally, if we draw E'F' parallel to EF, the lines EE'^ FF' 


E 



will indicate in the same way the virtual velocities of E and F. The equation 
of virtual velocities is tlicn formed by faking moments about C’, D‘, E', F" 
in the case of the osternal forces which act at C, D, E, F, respectively, and 
about O', F in the case of the two equal and opposite foivcs S which wo have 
supposed introduced at G and F to replace the cfi’ect of the ramoved bar OF. 

55. Critical Forms. 

The principle lends itself natumlly to the discussion of the 
critical forms wliich hnvo already been alluded to (Art. 39). 

■ A ‘critical form’ is characterized by the property that, although 
the frame has a struclni'e which is ordinarily sufficient, and just 
sufficient, for rigidity, j’ct in consequence of some special relation 
between the lengths of the hiu-s it admits of an infinitely small 
deformation*. The simplest instance of all is that of a frame of 
three bare AB, BG, GA when the three joints A, B, G fall into a 
straight line. A small displacement of the joint B at right 
angles to AG would involve changes in the 
lengths of AB, BG which are of the second 
order, only, of small quantities. Another ex- 
ample is that of two rigid frames connected by 
three links which arc concurrent or parallel, as in 
the annexed figure. (See .ibrt. 15.) 

Some questions oi this tjpa were treated by A. E. MSbius, Lehrluch der 
Stdtihf 1837. 



Pig. 101. 


u a 


0 
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The mothiyl of MOllcr-Breikn crjilajnccl in Art. 54 leads to a grapliical 
criterion for the occurrence of a critical form. Thas in the heiagonal frame 
of rig. 103, if an infinitesimal deformation i.s iwasible vrithout removing the 
bar 0/'] the inetant.ancoa'i centre of C'A’ relative to yf/? will be at the intcr- 
f'<’ction of A/'’ and DC, and finco CC, FF' represent the virtual velocities 
of the points C and F, turned each" through a right angle, C'F must be 
parallc! to OF. Conversely, if this condition bo Eatiaficd, an infinitc.rimal 
dcfomiation is po'^-iblo. 

The re-nlt may l>e gencralirc-l into the atatement that a ju.st rigid frame 
b.'i-s a critic.'il form whenever a frame of the aamo Btnictnrc can be designed 
evitb corrcfiionding bars parallel, but without complete geometrical similarity. 
Tims if, in Fig. 103, C'F h.apjien.e to be parallel to CF, a frame having the 
sh.ape of the hcragon AliC'DE'F V!\lh its three diagonals AZf, BE', C'F' 
fulfils the description. 

In the larticular type of frame here chosen for illastration the condition 
for a critic,al form may be eipresscd in another interesting way. T>et the 
pains, of opjjosite aides of the hexagon AliCDEF intersect in X, T, Z, 
respectively, as abeam in Fig. 105. If the frame be slightly deformable, 


A 



X —-,y. - 2 

Fi(f. lo.";. 

X will be the instantaneous centre of AD relatively to BE, V that of BE 
.datively to OF, and Z that of CF relatively to AD. It follows from the 
kincmatica! tii(;o.''cm of the 'three centres' (Art. 17) that X, T, Z must 
!« collinear. By Paseal's theorem, this is the condition that the six points 
A, B, C, D, E, X should lie on a conia Eenco a frame who^o bars form the 
fiides of a hexagon and its three diagonals will admit of an infinitesimal 
deformation if, and only if, a conic can be described through its six joints. A 
particular <».se is where tijc hexagon has its opposite sides parallel ; this 
indndos of course the regular hexagon. 

56. Bclf-strcBsed Frames. 

When a frame hag a critical form it may bo in a state of stres? 
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independently of the action of external forces. Suppose as before 
that one of the bars is removed. If there are no external forces, 
the equation of virtual velocities reduces to 

S.Ss = 0, ! (1) 

where S is the tension in the bar removed, and Ss is the diminu- 
tion of distance between the joints which it connected. In a 
critical form we have Ss = 0, and the equation is accordingly 
satisfied by an arbitrary value of S; and a consistent system of 
stresses in the remaining bars can then be found by preceding 
rules. A simple instance is that of the triangular frame with its 
three joints A, 5, (7 in a straight line. The links AB, BG may 
be in tension, and AG in thrust, to any equal amounts. 

The same oouclusion may be reached by the giapbical method of Art. 55. 
Thus in the case of Tig 103 it is evident that if C'F' be parallel to CF any 
two equal and opposite forces acting at C and F will have equal and opposite 
moments about C" and F', respectively, and will accordingly cancel in the 
equation of virtual velocities. 

Again, we may verify that the condition that the hesagonal frame of Fig. 
105 should be self-stressed is that the intersections X, Y, Z of pairs of opposite 
sides should be collinear If the bar AD is in stioss, it is in equilibrium 
under four forces in the lines AB, AF'and DG, DE, due to the stresses in the 
corresponding bars. Eearranging, we have certain forces in AB and DE in 
equilibrium with forces in AF and DC. The resultant of the first pair, which 
acta through X, must balance that of the second pair, which acts through Z. 
Again, the bar BE is in equilibrium under forces in BA, BG and ED, EF. 
Hence, rearranging, wo have forces in BA and ED in equilibrium with forces 
in BG and EF. The resultant of the first pair, acting through X, must 
balance that of the second pair, acting through Y. The forces of the first 
pair are, however, exactly equal and opposite to those which act on the bai- 
AD in the lines AB, DE, and whose resultant has been shewn to act in the 
lino XZ. The points X, Y, Z must therefore be collinear. Conversely, it is 
easily seen that if this condition be satisfied, a consistent set of stresses in 
the bars of the frame can be assigned* 

We have seen in Art. 43 how self-stressed frames of n joints 
and 2n — 3 bars may be devised in abundance. It may be noticed 
that these all fulfil the graphical criterion (Art. 55) of a critical 
form; thus in Fig. 80 any number of funicular polygons can be 

* Tlie theory of self-stressed frames of n joints and 2n - 3 bars was . ‘ * 
by M. W. Oroflon (1878) to whom the above example is due. 
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constructed with corresponding sides parallel, in virtue of 
Culmann’s theorem (Ai’t. 33). 

The possibility of a state of self-stress implies that the stresses 
due to given external forces are indeterminate, since a distribution 
of internal stress of arbitrary amount may be superposed without 
altering the conditions of the problem. 

It is more important to remark that the stresses in question 
are also in general theoretically infinite. To see this, imagine one 
of the bars of the frame to be removed as before, and replaced 
by two equal and opposite forces S at its ends. If P denote an 
external force, and Bp the displacement of the joint on which it 
acts, resolved in the direction of P, the equation of virtual work 
takes the form 

S(P.8p)-j-S.8s = 0, (2) 

where the summation includes all the joints. If the frame were 
merely displaced as a rigid body we should have 2 (P.8p) = 0, since 
the external forces are assumed to be in equilibrium, but in the 
supposed deformation the sum X (P. Bp) will not in general vanish. 
It follows that the equation (2) cannot be satisfied by a fim’te value 
of S, since Ss = 0 by hypothesis. This merely means that if the 
material of the frame were absolutely unyielding, no finite stresses 
in the bars could withstand the external forces. With actual 
materials, the frame would yield elastically, until its configuration 
is no longer exactly that of a critical form. The stresses in the 
bars would then be comparatively great, but finite. Frames which 
approximate to a critical form are of course to be avoided in 
practice, on account of the excessive stresses, and consequent 
abnormal extensions or contractions, which would be called into 
play. 



Fig. lOG. 


67. Potential Energy of a Mechanical System. 

The idea of potential energy, which has been afready developed 
in Art. '49 for the case of a single particle, may now be extended. 
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Let AB^Za, CA=c, GB=r, and let 0 denote the angle CAB. If I be 
the length of the string, the depth of B below O is I— r. 

The potential energy of the system is therefore 

V= H'a cos d+iV+ const. (1) 


.( 2 ) 


Hence - Wasind + i>^ 

Since j^=c’+4a^ — 4caco3d, r ^=2casmfl, ...(3) 


dV (2Pc ^ 


.(4) 



This vanishes for 6=0, 6=ir, and again if 

r=2PclW. (5) 

There are therefore two vertical positions of equi- 
librium, and there may be an inclined one, but the latter is impossible if 
(5) makes 

r>c+2a, or <c~2a (6) 

Hence, in order that the inclined position may he ppssiblo we must have 


ir^2^c’ 


and >g--. 


.(7) 


To examine the stability, we differentiate again. Taking account of (3), 
we find 





a cos d - 4 


Pc^di 


sin' 6. 


.(8) 


When (6) is satisfied this is negative, and F is accordingly a maximum. 
Hence the inclined position of equilibrium, when it exists, is unstable. It is 
easily proved, further, that in this cose the vertical positions are both stable, 
in virtue of the conditions (6). If however the inclined position is impossible 
owing to the ratio PjW being too great, the upper position (6=0) is stable 
and the h < r (6=7r) unstable. The contrary holds if the ratio P/ W be too 
small. 


ncking Stones. 

criterion for the 
'-al plane, with 
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well to mention, again, that friction, in the case of a relative 
sliding of two surfaces', is an exception. 

If the extraneous forces which act on the system he denoted 
, genetically by P, the work which they do in a small displacement 
will be 2 (P.Bp), where Bp is the resolved part of the displacement 
of the point of application-of the force P in the direction of P. 
Since the work done by the forces intrinsic to a conservative 
system is -SF, the principle of virtual velocities takes the form 


2(P.8jp) = SF. ; (2) 

-'If there are no extraneous forces, we have simnlv 

SF=0. (3) 


i.e. for equilibrium the potential energy must be stationary for all 
infinitesimal displacements consistent with the constitution of the 
system. 


68. Stability of Equilibrium. 

The question as to stability of equilibrium belongs essentially 
to Kinetics, since it involves the consideration of what happens 
when a slight impulse, or a slight displacement, is given to the 
system. It appears that in the case of a conservative sj’stem the 
criterion of stability is that the potential energy must be a 
minimum, i.e. it must be less in the configuration of equilibrium 
than in an}' adjacent configuration. For example, whenever 
gravitational enei'gy is the only form of potential energy involved, 
the height of the centre of gravity of the system must be a 
minimum. Thus the form assumed by a chain hanging between 
two fixed points is such that the centre of gravity is as low as 
possible. 

We consider a few examples of the .application of the above 
criterion. 

Ex. 1. Take the case of a bar resting on two smooth inclines (Fig. 40). 
If the bar be displaced in a vertical plane so that its ends slide'on the two 
inclines, the locus of G is an arc of an ellipse whose centre is in the inter- 
section of the two planes (Ait. 1C, Ex. 2). Since this arc is convex upwaids, 
the equilibrium is unstable. 

Ex. 2. A uniform bar AB of weight W can turn freely about a fixed 
point A , whilst the end B is attached by a string passing over a small pulley G, 
vertically above A, to a hanging weight P. We will suppose that GA > AB. 
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Let AB—2a, CA^c, CB—r, and let 6 denote the angle CAB. If I be 
the length of the string, the depth of P below Gial — r. 

The potential energy of the system is therefore 

F= TITicos d+/¥+ const. (1) 


,.(2) 


Hence - H'ctsindd-/’^ 

dS d6 

dt' 

Since r®=c’+4a^-4cocosd, r^=2casind, ...(3) 

we have ~ I ~r — 9'^ ) ® d (4) 

This vanishes for 6=0, d = ir, and again if 

r=2PclW. (5) 

There are therefore two vertical positions of equi- 
librium, and there may he an inclined one, hut the latter is impossible if 
(5) makes 

r>c+2{i, or <c-2a (6) 

Hence, in order that the inclined position may be possible we must have 
P 1 a' . I a 

+ >2-5v 



To examine the stability, we differentiate again. Taking account of (3), 
we find 


de-~ 


9^^ a cos d - 4 


PM 

■fi 


sin® d. 


,( 8 ) 


When (6) is satisfied this is negative, and V is accordingly a maximum. 
Hence the inclined position of equilibrium, when it exists, is unstable. It is 
easily proved, further, that in this case the vertical positions are both stable, 
in virtue of the conditions (6). If however the inclined position is impossible 
owing to the ratio PjW being too gi’oat, the upper position (d=0) is stable 
and the lower (6 = v) unstable. The contrary holds if tho ratio PpVhe too 
small. 


59. Rocking: Stones. 

A general criterion for the case of a rigid body moveable 
parallel to a vertical plane, with one degree of frecdoin, when 
gravity is the only force to be taken into account, may be 
established as follows. 

We have seen that the whole series of positions of the body 
which are kinematically possible is obtained if we imagine a 
certain crrrve fixed in the body to roll on another curve fixed in 
space, these curves being the ‘pole-curves’ of Art. 16. Since 



136 


STATICS 


[VI 

for equilibrium the altitude of the centre of grarity G must be 
stationarj', G must He in the same vertical vrith the point of 
contact I of the two curves. Again, it is knora from the theorj’ 
of ‘roulettes’ (Inf. Gale. Art 165) that the locus of G will be 
concave or convex upwards according as 

cos ^ 1 _ 1 

■~ir 

where R, R' are the radii of curvature of the two curves- at I, 
■>y is the inclination of the common 
tangent at I to the horizontal, and 
h is the height of G above I. The 
signs of R, R' are to be taken positive 
when the cun-atures are as in the 
standard case shewn in the figure. 

Hence for stability the relation (1) 
must hold, with the upper sign of 
inequality. This gives a limit to the 
height A of G above I. 

Since, by hypothesis, the reactions on the body, in any posi- 
tion, do no work in an infinitesimal rotation about I, they must 
be equivalent to a single force through I. 

f- 

"We may arrive at the same criterion in a more intuitive 
manner as follows. If the body be turned from the position of 
equilibrium through a small angle 80, say to the right, so that 
the point of contact changes from I to I', we have, \>y Art. 15, 



where Ss = II\ The consequent horizontal displacement of G 
■will be hS6, and if this be les than the horizontal projection of Ss, 
viz. Ss.cos ■&, the vertical through the new position of G will fall 
to the left of I', and the moment of gravity about I' vrill there- 
fore tend to restore equilibrium. The condition 'for stability is 
therefore 



• Ss.cos-^ >AS0, 
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This gives the theory of ‘ rocking stones,’ so far as it can be 
treated as a two-dimensional problem; the pole-curves are then 
identical with the profiles of the surfaces in contact. 

Ex. 1. In the case of a body resting on an inclined plane we have 
/E'=co, and the condition is 

h <. R cos (4) 

i.e. the centre of gravity of the body must be at a lower level than the centre 
of curvature of the surface in contact with the plane. 

Ex. 2. A uniform bar AB hangs by two equal crossed strings from two 
fixed points C, D at the same level, such 
that GD—AB, and the bar is supposed re- 
stricted to the vertical plane through CD. 

The circumstances are a little different 
from those assumed above, since it is now 
the lower pole-curve which is moveable ; it 
is ehsily seen however that the condition of 
stability is ' " 



whore h is the depth of the centre <? of the 
bar below the point of contact J. If 

A/)=2JC=2o, AB=CD=Zc, 

the pole-curves are by Art. 16, Ex. 1, equal ellipses of semi-axes a, 6, where 
6=A=v’(“°-e®)' Also R=R' = 0 .-/ 6 . Hence (5) gives c< 6, i.e. the depth of 
0 below OD must exceed CD. ■ 



Fig. 109. 


EXAMPLES. X. 

(Virtual Velocities*.) 

1. Two uniform rods AB, BO are freely jointed at B, and hang vertically 
from A. If a horizontal force P be applied at C, the inclinations 6 , <f>oi A B 
and BG to the vertical are given by 

2-P 2jP 

where JFi, 11 j are the weights of the two rods. 

• Several of the examples at the ends of Ohaplers i and m are also suitable for 
treatment by this method; for instance. Examples II. (p. 25) 10, 13, 14, 16, and 
Examples V. (p. 63) 2, 10, 14, 16, 20, 21, 24. 
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2. A parallelogram ABOD is formed of four rods jointed together. 
Equal and opposite forces F are applied inwards at A and G, and a 
string connects B and D. Prove that the tension of the string is equal to - 


3. Four equal uniform rods of length a are freely jointed together so as 
to form a rhombus. The system rests with a diagonal vertical, the two upper 
rods being in contact with two smooth pegs at a distance 2c apart, at the 
same level Find the inclination of the rods to the vertical; and prove that 
if this inclination be 45° the pegs must be at the middle points of the upper 
rods. 


4. Prove that a pressure F applied to the piston of a steam-engine pro- 
duces a couple F. OR applied to the fly-wheel, where OR is the intercept made 
by the line of the connecting rod on that diameter of the fly-wlieel which is 
perpendicular to the axis of the cylinder. (See Fig. 25, Art. 15.) 

5. A bar is subject to smooth constraints such that its upper end can 
move in a vertical line and its lower end on a given curve. Find the form of 
the curve in order that the bar may be in equilibrium in any position. 

6. A light bar of length I rests with its lower end in contact with a 

smooth vertical wall; it passes over a smooth peg at a distance o from the 
wall; and carries a weight IF suspended from the upper end. Find the 
inclination 6 of the bar to the vertical in equilibrium, and the pressures on 
the wall and peg. [sin’0=c/i.] 

7. Four equal uniform rods, each of weight If, are jointed so as to form 

a square ABCD; the side AB is fixed in a vertical position with A upper- 
most ; and the figvwe is kept in shape by a string joining the middle points of 
AD, DO. Find the tension of the .string. [7'= 5 66 IF.] 

8. Six uniform bars, jointed together, hang from a fixed point A, and form 
a regular hexagon ABCDEF, which is kept in shape by light horizontal struts 
BF, GE. Prove that the thrusts in these are as 5 : 1. 

9. Six equal bars are freely jointed at their extremities forming a regular 
hexagon ABGDEF which is kept in shape by vertical strings joining the 
middle points of BG, GD and AF, FE, respectively, the side AB being held 
horizontal and uppermost. Prove that the tension of each string is three 
times the weight ofa bar. 

10. A frame consists of five bars forming the sides of a rhombus ABGD 
with the diagonal AO. If four equal forces P act inwards at the midde 
points of the sides, and at right angles to the respective sides, prove that the 
tension in A <7 is 

P COB 26 
Bind ’ . 

where 6 denotes the angle BA C. 
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'11. The sides of a quadrilateral ABCD of jointed rods are suiyect to 
* a uniform normal pressure p per unit length, all directed inwards, the 
quadrilateral being kept in shape by a diagonal bar AG. Prove that the 
stress in AO, reckoned positive when a thrust, is 
\p.A <7 (cot B + cot D). 

12. Four bars are freely jointed at their ends so as to form a plane 
quadrilateral ABOD, and the O 2 )posite comers are connected by tense strings 
4 0, BD. If T, T' bo the tensions in these, prove that 

T.AO T'.BD 
OA.OO~ OB.OD' 

0 being the point where the strings cross. 

13. The middle points of opposite sides of a jointed quadrilateral are 
connected by light rods of lengths I, V. If T, T' be the tensions in these rods, 
prove that 

T T' 

14. A plane frame of jointed rods is in a state of stress, but is subject to • 
no external forces. If r bo the length of any rod, and R the stress in it, 
reckoned positive when a tension, prove that '£(Rr)==0. 

16. If in the preceding question, the frame be subject to given loads 
applied at the joints, and to the vertical pressures of supports, prove that 
S(«r)+2(n»=0, 

_ where y denotes the altitude of any joint above a fixed horizontal plane, and 
' W the external force at that joint, reckoned as positive when it is a load, and 
negative when it is a supporting pressura 


EXAMPLES. XI. 


(Potential Energy; Stability.) 

1. Examine the stability of the various positions of equilibrium in the 
problem of Art. 48, Ex. 2. 

2. A pendulum hangs by a string from the circumference of a horizontal 
circular cylinder of radius a, the string being wrapped round the cylinder ; 
and I is the length of tlio free portion when \ ertic.al. Provo that the potential 
energy is, in dynamical measure. 


I rtiff , 1 mr/a 


2 I 


e B 




where t is the arc described by the bob fiom the lowe.st position. 

Hence shew that the tangential force necessai-y to maintain the bob in 
any position is 

^3 , I ■! ■ 

I ’ 2 P 

and verify this result independently. 
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3. A cylinder of circular section rolls along a horizontal plane, the centre 
of gravity not being on the axis. Apply the criterion of Art. 58 to distinguish 
Ijeturecn the stable and unstable positions of equilibrium. 

4. A wheel with a cylindrical axle can turn about its axis of symmetry, - 

but the wheel is loaded so that its centre of gravity is at an eccentric point. 
Given weights are suspended by strings wrapped round the circumferences 
of the wheel and the axle respectively. Find the locus of the centre of 
gravity of the system, and point out the stable and unstable positions, when 
equilibrium is possible. / 

5. An open cylindrical can whose height is 1 ft. and diameter 1 ft is 

poised on the top of a sphere. Find the least diameter of the sphere con- 
sistent with stability, [g-g jjj,] 

6. A solid of uniform density is made up of a right cone and a hemisphere 

having a common base. Find the greatest admissible ratio of the height of 
the cone to the radius of the hemisphere in order that the solid may stand 
upright on a table. [1‘732.] 

7. One end of a uniform bar of weight IT rests on a smooth horizontal 
plane, and the other on a smooth plane of inclination a. A string attached 
to this end passes over a small smooth pulley at the upper end of the inclined 
plane, and carries a weight P hanging freely. Prove that there is equilibrium 
in all positions of the bar provided 

sina=:2P/Tr. 

8. A uniform plank of thickness ih rests across the top of a fixed circular 
cylinder of radius a, whose axis is horizontal. Prove that the gain of potential 
energy when the plank is turned, without slipping, through an angle 6 in 
a vertical plane parallel to its length is, 

W{a6 sin B—(_a+k) (l-cosfi)}, 
and deduce the condition of stability. 

9. A plank of thickness 2a rests horizontally across the top of a horizontal 
cylinder of radius a, so that the equilibrium is (to a first approximation) 
neutral. Piove that it is really unstable. 

10. A cylinder whose section is an ellipse of semiaxes a, b rests with 
its axis horizontal on a rough plane of inclination a j prove that if 

sin a (o--5-)/(a- + 6*) 

there are two positions of equilibrium, that one being steble in which the 
diameter of the cross-section which is parallel to the plana is greater than the 
vertical diameter. 

IL One elliptic cylinder rests on another equal one, the lengths being 
horizontal, and the minor axes of the cross-sections in the same vertical 
plane. Provo that for stability the eccentricity of the cross-sections must 
exceed 1/J2. 
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12. A uniform solid hemisphere rests with its curved surface in contact 
with a rough inclined plane; find the greatest admissible value of the in- 
clination a. If a be loss than this value is the equilibrium stable ? 

13. A uniform square plate rests in a vertical plane, with its two lower 
sides on two smooth pegs at a distance c apart in the same horizontal lino. 
Prove that if c is less than one-fourth the diagonal of the square there is only 
one such position of equilibrium and that it is unstable. Also that if c 
exceeds the above value there are three positions of equilibrium, of which 
the symmetrical position is stable (for displacements in the vertical plane) 
and the .others unstable. 

14. A rectangular picture-frame hangs from a small perfectly smooth 

pulley by a string of length 2(i attached symmetric-ally to two points on the 
upper edge at a distance 2c apart. Prove that if the depth of the picture 
is less than there are three positions of equilibrium, of which 

the symmetrical one is unstable. 

If the depth exceed the above value the symmetrical position of equili- 
brium is the only one, and is stable. 

15. A uniform elliptic plate of semiaxes a, h rests in a vertical plane on 
two smooth pegs P, Q at the same level. Provo that unsymmetrical positions 
of equilibrium are possible if PQ lies between V2a and iJ2b. 

Examine the stability of the various positions of equilibrium. 

16. A cylinder whose section is a segment of a parabola lests on another 
whoso section is an equal parabola, the generating lines being parallel and 
horizontal ; and the axes of the sections are vertical and in the same straight 
line. Prove that if the upper cylinder be made to roll through any angle, 
every position will be one of neutral equilibrium, provided the centre of 
gravity bo at the focus of a cross-section. 



CHAPTER Yir 

ANALYTICAL STATICS 

60. Analytical Reduction of a Plane System c 
Forces. 

The general theorems relating to a plane sj'stem of forces have 
been proved in Chap. Ill in the manner which appears most 
direct and instructive. It remains to give the analytical treat- 
ment by the methods of Coordinate Geometry. This will not, of 
course, lead to anything new in the way of results, but the formulae 
obtained are of some interest in themselves, and are moreover 
important \vith a view to later applications in Dynamics. 

Let (oj, yi), y^, ... be the rectangular coordinates of any 
points Aj, A,, ... on the lines of action 
of the respective forces. The force at 
Aj is supposed to be specified by^ its 
components (A,, T,) parallel to the co- 
ordinate axes, that at A, by its com- 
ponents (X 2 , Yi), and so on. If we 
introduce at 0 two equal and opposite 
forces +Z, along Oa;, we see that the 
force Xi at A, is equivalent to an equal 
and parallel force at 0, together with 
a couple whose moment is — yjXj. In the same way the force Y, 
at Ai is equivalent to an equal and parallel force at 0 together 
with a couple a\Fj. 

Since couples in the same plane are compounded by addition 
of their moments, we see that the force (Xj, F,) can be trans- 
ferred fi-om A I to 0 provided we introduce a couple of moment 
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m, F, — This moment, it may be noticed, is the moment of 

the original force about 0. If we deal with the remaining forces 
in the same way, the given system is finally replaced by two forces 
P, Q along the coordinate axes, and a couple of moment N, viz. 


we have 

P = S(X), Q = 2(F) (1) 

N = ^{xY-yX) (2) 

The two forces P, Q can be compounded into a single force P, 
in a direction making an angle 0 with Ox, provided 

F = R cos 0, Q = Rsin0, (3) 

whence P’ = P- + Q’, tan 0 = Q/P (4) 


The given system is thus reduced to a single foi'ce P acting 
through an arbitrary origin 0, and a couple whose moment is the 
sum of the moments of the given forces about 0. It is evident 
that the magnitude and direction of the force P are the same 
whatever point 0 in the plane be taken as origin (cf. Art. 21). 

6 1 . Conditions of Equilibrium. 

For equilibrium we must liave P = 0, iV = 0, the former of 
which requires that P = 0, Q = 0, by Art. 60 (4). We are thus led 
to the three equations 

S(X) = 0, S(F) = 0, S(a!F-yX) = 0 (1) 

which constitute the algebraic form of conditions stated in Art. 23. 

When the force P does not vanish, we can by a change of 
origin secure that the couple shall vanish. For if O' be a point 
whose coordinates are (f, rj), the moment of the couple, when the 
forces are referred to 0' as a new origin, will be 
W'=2{(a.-?)F-(y-7,)Zj 

= iV- Q^ + Py (2) 

This will Vanish provided 0' lies on the straight line whose equa- 
tion relative to the original axes is 

Q^-Pv = N,^ : (3) ' 

where f, 17 are now regarded as current coordinates. This is the 
equation of the line of action of the single resultant to which the 1 
system is always reducible unless P=0, Q = 0 simultaneously 
(Art. 21). 



144 


STATICS 


[VU 


If the given forces are all ‘parallel, making (say) an anqle 6 
with Ox, we may put ' , 

X, = Si cos 6, Fi = S, sin (9, Z, = S^ cos 6, F, = S, sin 0, 

where >5,, Si, ... are the scalar quantities representing the given 
forces. Hence 


P = 2(-Sr).cos9, Q = l(S).sme ( 4 ) 

'iV= 2 (a;, Si). sin O-t (yS).cos 6, (5) 

and the equation (3) of the line of action of the resultant, when 
2 {S) does not vanish, becomes 


{2 (xS) - f .2 (-ST)} sin 0 - {2 {yS) - rj.t {S)} cos 0 = 0. 
This'passes through the point whose coordinates are 
, 2 ^ ^ %(yS) 

^ 20?)* ^ 2(iS) 


.(U) 


.(7) 


whatever the value of 0. This is the theorem as to the ‘ centre ’ 
of a system of parallel forces, of given intensities and acting at 
given points, which we have already met with in Art. 22. 


62. Virtual Velocities. 

Suppose that in consequence of an infinitesimal displacement 
the lines in a plane figure, of 
invariable form, which were ^ 
originally coincident with the 
coordinate axes Ox, Oy, assume 
the positions O'x', O'y'. Let Sa, 

S/3 he the coordinates of 0' rela- 
tive to Ox, Oy, and let 50 be 
the angle through which the 
figure has been turned, i.e. the _ 
angle which O'x' makes with Ox. 

Then, by projections, we find that 
the coordinates of that point in the figure which was at (a:, y) have 
become 

5a + ;r cos 80 -y sin 50, 8^ + ir sin 60 + y cos 80, ...(1) 


or x+Sx — ySd, y-\-S^-^xS6, (2) 

to the first order. Hence the component displacements of the 
point in question are 

Sx = Sa—yS0, Sy = S/3 + ^^0 
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It may be noticed that by equating these to zero we should obtain 
the coordinates of the instantaneous centre (Art. 15). 

If the point (a, y) is the point of application of a force (X, Y), 
the work of this force in the above displacement, being equal to the 
sum of the works of its two components (Art. 47), is 

Xhx + FSy = XSa+ YB0 + (xY-yX) Se (4) 

Hence the total work of a plane system of forces acting on a rigid 
body, in an infinitesimal displacement parallel to the plane of the 
forces, is given by the expicssion 

S (XBx + YBy) = 2 (X).Sa +2 (F).S/3 + 2 (xY- yX) BO, (5) 

= PBa + QB^.+ XB6, ( 6 ) 

in the notation of Art. 60. We thus verify that the work is the 
same as that of the single force (P, Q) acting at 0, and the couple 
X, to which the system was proved to be statically equivalent 
(cf. Art. 52). 

If the forces are in equilibrium, the work vanishes. Conversely, 
if the total work is zero for three independent small displacements 
of.the body, and therefore for all such displacements, we must 
have 

P=0, Q = 0, W=0 (7) 

i.e. the forces must be in equilibrium. The principle of virtual 
velocities is therefore implied in, and implies, the ordinary condi- 
tions of equilibriunn 


63. Scalar and Vector Products, 


It raay.be worth while to point out the relations between 
some of the analytical expressions which have here presented 
themselves, and the theory of scalar and vector products. 


If r denote the position-vector OA (Art, 5) of a point A 
relative to the origin, we may write 

r = ai + yj, (1) 

where 1, j are two unit vectors parallel to the positive directions 
of X, y, respectively. As reg.ards scalar products wo have by- 
Art. 47 

i’ = l, ij=0 ■' 

u a 
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this plane ; viz. if Q be cither of the forces of the couple, and P the position- 
vector of any point on its line of action relative to any point on the line of 
action of the other force, the vector in question is [PQ]. The theorem of 
Art. 24 shows that the law of composition of couples in the same plane is 
identical with that of addition of parallel free vectors. 

It can be shewn that the distributive law 

[P(Q + R)] = CPQ] + [PR] (10) 

holds in all cases ; but we are only concerned bore with the case where the 
three vectors P, Q, R are all in the same plane, and the products are 
accordingly all vectors perpendicular to that plane. The proof is then mathe- 
matically equivalent to that of Art. 20, where it was shewn that the -sum of 
the moments of two forces about any point is equal to the moment of their 
resultant. 

Let us now take rectangular axes Oa:, Oy, in the plane of the paper, in 
their usual relative positions, and let Oz be a.third axis drawn normal to the 
paper and towards the reader. If i, j, k be three unit vectors respectively 


parallel to these axes, we have, by the definition, 

[ij] = -[ji] = [k]. [i»j = 0, [P] = 0 (11) 

If r he the position-vector of a point (x, y) with respect to 0, and Q be a 
force through (*, y), we may write 

r = *i+yj, Q = A-i.brj ( 12 ) 

Hence [rQ] = [(ai+jd)(^i + rj)] (13) 

or, developing the product by the distributive law, and making use of the 
relations (11), 

[rQ)=(^F-yX)k, (14) 


in agreement with the analytical expression for the moment obtained in 
Art. 60. 


EXAMPIiES. XII. 


1. A lamina is moved in its own plane so that the point which was at 
the origin of rectangular coordinates becomes the point (a, /3), and is turned 
through on angle 6 ; prove that the coordinates of the centre of rotation are 

J(a — /3cot^d), i 03-)-ocottfl). 

2. Lot 0 V , Oy bo the rectangular axes fixed in a moving lamina, and 
Ox, Oy fixed rectangular axes in the same plane with it. Let 6 be the angle 
which oy makes with Ox, and let the coordinates a, /3 of O’ relative to Ox, Oy 
be given functions of 6. Provo that the coordinates of the instantaneous 
centre relative to Ox, Oy are 


dii 

»C=Q ;;; , 

dd' 




da 

dO' 
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3. A Itiiuiiia recciyes iDfinitcfiinial rotations wj, ta 2 t about points whoso 
coordinates, relative to rectangular axes in its plane, are (xj, y,), (r., vj), ..., 
respectively. Prove that the diaplaccment is equivalent to a rotation S(u) 
about the point whose coordinates are 

2 (my) 

2(<a}’- S{<b) ■ 

If 2 (ci)=0, find the components of the equivalent translation. 

4:. Two forces P, Q acting through two given points A, B have a resultant 
iJ. Prove that if they be turned through any angle, in the same sense, about 
A, B, respectively, the resultant will also turn about a fixed point G (called 
the ‘astatic centre’). Also that 

P-.Q-.R=BG-.CA :AB. 

Deduce the existence of an astatic centre for any plane system of given 
forces acting through given points. 

5. Prove that if the forces' of a plane system be turned through 90', in 
the same sense, about their respective points of application, the equation of 
the line of action of their resultant becomes 

where (A), Q=2(F)l M=S (xZ+yF). 

6. Prove that if a plane system of forces in equilibrium be turned about • 
their respective points of application through an angle a they will be 
equivalent to a couple of moment Main a. 

7. Prove analytically the existence of an astatic centre (sco Ex. 4) for 
any plane system of forces acting at given points, and shew that its co- 
ordinates are 

IfPA-NQ MQ-NP 

P-A-Q- ’ P-1-1^ ' 

in the notation of Art. 60 and Ex. 6. 


8. If the coordinates of the n joints of a plane frame bo 
yi)i (^2) yj)> •••> i^nj yn)t 

and if the equations which express that the lengths of the bars are 
constant bo 

<^= 0 , ^^= 0 , (^’’= 0 , «•«, 

prove that the principle of virtual velocitic-s leads to n pairs of equations of 
the type 

where F, nro the components of external force on the rth joint, and X, X, 
X", ... are undetermined multipliers. 
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9. Show that tho preceding equations include the conditions of equihbrium 
of tho external forces, and so are equivalent to 2n— 3 independent relations. 

Shew also that tho equations are identical with those obtained by con- 
sidering' the equilibrium of each joint separately. 

10. Deduce from tho fomulao of Ex. 8 the analytical condition that a 
frame of n joints and 2n- 3 bars should bo capable of self-stress; and shew 
that it is identical with tho condition that tho frame should admit of an 
infinitesimal deformation. 



CHAPTER VIII 

THEORY OF MASS-SYSTEMS 
64. Centre of Mass. 

We consider in the first instance a system of isolated points 
■Pii not necessarily in one plane, with which are 

associated certain coefficients th,, tth, vin, respectively. In 
the application to Mechanics these coefficients are the masses of 
particles situate at the respective points, and it will accordingly 
be convenient to speak of them in this way; hut it is to be noticed 
that so far as the geometrical theory is concerned there is no 
necessity for the coefficients to be alKof one sign. We shall 
however exclude ,the case where the sum + inj-f ... -j-mn, or 
2 (wi), vanishes*. 

In such a system there is one and only one point G, called the 
‘mass-centre,’ which is such that 

2 (m.GP) = 0 (1) 

This is to be understood as a vector equation, and expresses that 
the geometric sura of the vectors drawn from 0 to the several 
points Pj, Pj, ..., Pni multiplied respectively by the corresponding 
scalar quantities ..., m„, is to be zero. 

To prove the statement, we take any point 0 and construct by 
geometrical addition a vector OG such that 



This determines a certain point G, and we then find 
2 (m.GP) = S (m (GO + OP)j = 2 (m).GO + 2 (m.OP) 

= 2 (m).GO -P 2 (m).OG = 2 (m).GG = 0, (3) 

so that the condition (1) is fulfilled. 

• This excluded case occurs in the theory of MnguLliBm. 



( 34 ] 


THEOKY OF MASS-SYSIEEE 


Again, if G' also satisfies (1) we have 
2 (m) . GG' = 2 {m (GP + PGO) = 2 (m.GP) - Sfc.G? = : 
i.e. G' must coincide with G*. 


It is easily seen that the position of the msss-vszTr? x " 
altered, if for any group of particles in the system we smssErrse s. 
single particle whose mass is equal to the total mass <f ihi rxmz 
situate at the mass-centre of the group. Thus if H’bi 
centre of the group wii, nh, and G that of 

we have, by (2), 

mi.GPi'+mj.GPa-l- ... +to,.GP, = {m^ + mt + ...-i-:n,}GE. 


Hence in forming the sum on the left-hand side of fl), fh 
particles nii, nu, .... m, may be replaced by a single parddie 
mass Tnx + m^+ ... +mi situate at H. This principle is trsed 
constantly in the determination of the mass-centres of pardcdtr 
systems. 

If the particles be displaced in any way, so that mj corner te 
P/, m, to Pi, and so on, and if G' be the new position of the meiv- 
centre, then 

2(7a.PP') = 2(TO).GG' (.5^ 

This is obvious at once if we write 


PP' = PG GG' + G'P' 

and remember that in virtue of the fundamental definition 

2(m.PG) = 0, 2(m.G'P') = 0 

The theorem (5) has an important application in Dynamics. 


£x. 1. In the case of three equal particles situate at A, B, G, wo have 

GBH^GC=2aA', (8) 

where A' is the middle point of BC. Hence, Since by hypothesis 
'GA-PGB+GC = 0, 

wo havo AG=20A', 

i.e. O lies in the line AA' at the point of triseotion furthest from d. 

* The definition of the mass-centre by means of the vector equation (S) 
given by H. Grassmann, Ausdehmmgslehre (1844). The more usual plan 
to define the centre of gravity of a system on the lines of Art, 
deduce the formula (1) as a consequence. This formula, in 
protation (Art. 65), is attributed to Leibnitz. 


u' 
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Mor 0 generally, if wij, bo the masses of any three particles situate 

at Cy the mass-centre of tn^y is at a point A!, in BG such that 

jTij. BA'=»J3.A'0; ' ■ (10) 

and the mass-centre of mi, m^, OTj is at a point Q In AA' such that 

»«i-AG=(»i,-i-»i5)GA' (11) 

Again, wo have 

LQBG : B.ABO=QA' ; AA'=m, : mj-fmj-f juj, (12) 

and therefore BOBC : hGOA : BOAB=mi (13) 

It is easily seen that by giving suitable values (positive or negative) to 
the ratios m, : OTj : Wj we can make 0 assume any assigned position in the 
plane of ABG. Wo have here the notion of the ‘barycentric*’ or ‘areal’ 
coordinates of Analytical Geometry. For instance, if nij : «t 2 : mi<=a \h-.c, 
it appears from (1 3)'lhat O is equidistant from the sides of the triangle ABG, 
i.e. it is at the centre of the inscribed circle. If m,+m 2 +m 3 = 0 , Q is at 
infinity. 


Ex. 2. In the case of four equal particles at A, B, Gf D, wo have 

GB.hGC-faD=3.QA', ! (14). 

where A' is the mean centre (Art. 4) of B, G, £>. Hence G lies in A A', and 
is such that AG^^AA'. 

Again, if.F, E be the middle points of any two opposite edges of the 
tetrahedron ABGD, say AB and CD, E is the mass-centre of the two particles 
at A, B, and F that of the two particles at G, D. Hence Q coincides with the 
middle point of EF. 

If the particles at A, B, C, D have any given masses mi, m^, mi, 
respectively, and if A' be the mass-centre of TOj, Wj, Wj, the mass-centre of 
the whole system is at a point 0 in AA' such that 

»i,.AG=(»«a-fwi3-i-7n4) GA'. (16) 

It is readily found that the volumes of the four tetrahedra which have G as 
a common vertex, and the triangles BCD, ACD, ABD, ABC, respectively, 
as bases, are to one another as the masses 7rti, nij, nta, mi. Also by a 
suitable choice of the ratios mi •.mi •.m 3 '.mi we can make the mass-centre 
assume any assigned position in space. In particular, if the masses are 
proportional to the areas of the Opposite faces. O' is at the centre of the 
sphere inscribed in the tetrahedron ABGD. 


65. Centre of Gravity. 

The formula (2) of Art, 64 may be interpreted as shewing that 
"^-resultant of system of concurrent forces represented by 
?n„.P„0 will be represented by 2(m).G0; 
jtement holds, of counse, if the forces and the resultant 

\ The name given by the inventor, A F, filbbius (1827). 
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be altered in anj' the same ratio. Now if we imagine the point 

0 to recede to infinity in any direction, the vectors GO, PjO, 

PjO, ..., P„0 will ultimately be to one another in a ratio of 
equality ; and we learn that a system of parallel forces proportional 
to nil, nti, mn, acting at P„ P„ ..., /*„, have a resultant 
proportional to X(m) and acting always in a line through the 
mass-centre G, whatever be the direction of the forces. 

We infer, as in Art. 22, that so far as the attractions of the 

Earth on the various particles of a body of invariable form can be 

regarded as a system of parallel forces proportional to the respective 
masses, they have a resultant equal to their sum acting always 
through the mass-centre. In other words,' the mass-centre is 
under these conditions also a true ‘centre of gravity.’ 

This proof of tho oxistonoe of a centi’e of gravity, since it depends on an 
approximation, has of course its limitations. These are however practically 
quite unimportant, except in some questions of Physical Astronomy. The 
most interesting exceptional case is that of the Sfoon’s attraction on the 
Earth. This may be reduced with sufficient accuracy to a single force, but 
there is no one point in the Earth throu^ which the line of action always 
passes. It is true that the distance of this line from tho mass-centre is never 
very great, amounting at most to a few hundred feet, but the effects of tho 
deviation happen to be cumulative, and are responsible mainly for tho slow 
change “in the direction of tho Earth’s axis of rotation which makes itself 
appareiit through tho 'precession of the equinoxes.’ 


66. Formulee for Mass-Centre. 


If through 1\, Pj, ..., P„ we draw a system of parallel planes 
meeting a straight line OX, drawn in a given- direction through a 
fixed point 0, in' the points if„ Mi, Mn, respectively, the 
collinear vectors OMi, OMj, OM„ may be called (as in Art. 6) 
the projections of OPi, OPj, ...,OP„ on OX. Let these projections 

be denoted algebraically by w, a;„, the sign being positive or 

negative according as the direction is that of OX or the reverse. 
Since the projection of a vector-sum is the sum of the projections 
of the several vectors, we infer from Art. 64 (2) that 

2(m) 


•( 1 ) 


if X be the projection of OG. 



. statics j-ym 

In particular, if 0 coincide with G, we have 

2(n2a;) = 0 (2) 

^ .If the projections be orthogonal, the sum 2(«za;) is called the 
linear moment, or ‘ first moment,’ of the mass-system Avitli respect 
to the plane a; = 0. 

■ 2 
In the particular case where the masses are all equal, the 
formula (1) reduces to 


x = -'Z (cc). 

n ' ' 


This formula shews that the distance (positive or negative) of 
the mass-centre from any plane is the arithmetic mean of the 
distance of" the several particles from that plane. Since the 
relations are purely geometrical, it is convenient to have a name 
which shall have no explicit reference to mass, and the point G 
is accordingly called, in the present case, the ‘centre of mean 
position,’ or the ‘mean centre,' of the points Pj, P,, P„. This 
~ term is also naturally extended to the case of points continuously 
and uniformly distributed over an area or a volume. 


If the masses, though unequal, be commensurable, each may 
bo regarded as made up by superposition of a finite number of 
particles, all of the same mass, and the above interpretation will 
still apply. And since incommensurable magnitudes may be 
regarded as the limits of commensurables, the formula (1) may in 
all cases be interpreted as shewing that the distance of the mass- 
centre from any plane is in a sense the mean distance of the whole 
mass from that plane. 

It follows from (1) that if the Cartesian coordinates of 
Pj, Pj, ..., Pn relative to any axes,- rectangular or oblique, be 
(.CC„ yl, z^), yi, Z,), .... Vn, Zn), the mass-centre {x, y, z) is 
given by the formulae 


S (nix') _ 2 {my) _ _ ^{mz ) 

2 ( ot ) ' 


(4) 


We shall have occasion to consider also the case of projection 
on a plane, by parallel lines drawn in some fixed direction. It is 
evident at once that the geometric sum of the projections of any 
series of vectors will be equal to the projection of their sum; and. 
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further, that the projection of a vector m.OP is m times the 
projection of OP. Hence if our s}'stem of points P,, P,, P„ be 
projected by parallel lines on to a j)lane, the mass-centre of a 
system of particles mi, m„ situate at the respective pro- 

jections will coincide with the projection of the mass-centre G of 
the original system. This result is, indeed, already contained in 
(4); for if the projecting lines be supposed parallel to Oz, the 
symbols a:, y in the numerators of the expressions for x, y are the 
coordinates of the projection of the particle m. ' 

' 67. Continuous Distributions. Simple Cases. 

If we have a continuous distribution of matter instead of a 
finite number of discrete particles, the summations of Art. 66 
are to be replaced by integrations. There are, however, a number 
of simple cases where the position of the mass-centre can be found 
by more or less elementary considerations. 

I 

Ex. 1. Thus the moan centre of a straight line, of the area of a rectangle, 
a parallelogram, an equilateral triangle, or a circle, the vohimo of a parallele- 
.piped, a regular tetrahedron, or a sphere, considered in each case as representing 
a uniform distribution of matter, is obviously at the geometrical centre. 

Ex. 2. Again, if a triangular area ABG be divided into infinitely narrow" 
strips parallel to BG, the moan centre of each strip will lie on the median 
line AA', and the mean centre of the whole is therefore in AA'. IVe infer 
that it is at the point of concurrence of the three medians, and so (by 
Art. 64, Ex. 1) coincides with the mass-centre of -three equal particles situate 
at A, B, G. 

Ex. 3. The volume of a uniform tetrahedron- ABCD may be divided 
into thin laminoe by planes parallel to BGD. The mean centre of each of 
these laminas is in the line A A' joining A to the mean centre of the triangular 
area BCD. Hence the mean centre of the whole lies in AA’. Similarly it 
lies in BB', CC', and DD', where B’, G', D' are the mean centres of the 
triangular faces opposite B, C, D, respectively. The mean centre O of tho 
volume therefore coincides with that of the four vertices A, B, G, D (Art. 64, 
Ex. 2); in particular it divides AA' so that A(7=JAA'. 

From this we can derive tho general case of a pyramid, or a cone, on 
a plane base. Tho sections of tho solid by planes parallel to the base will 
bo geometrically similar, and tho mean centre of tho whole will therefore 
in tho lino Oil drawn from tho vertex 0 to tho mean centre H of tho 
tho base. Again, in the case of a polygonal base, the pyramid can be 
into triangular pyramids having a common vertex-^ 
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eaCli of thcsQ is in ft plane drawn parallel to the base at a distance from 0 
equal to three-fourths the altitude of the figure. Since a curve of any shape 
may be regarded as the limit of a polygon,' the statement applies also to a 
cone on any plane base. Hence in all such cases the moan centto of the whole 
is a point in Oil mch that OQ~\OII. 


Ex. 4. Again, it is known that the area of any zone of a spherical surface 
bounded by parallel circles is proportional to the distance between the 
planes of these circles. Hence if such a zone be divided by equidistant 
parallel planes into infinitely narrow annuli, the areas ot these will be equal, 
and the mean centre of the whole area of the zone will therefore lie on its 
axis, half-way between the bounding planes. In particular the mean centre 
of the curved surface of a hemisphere bisects the axial radius. 


Ex. 6. The volume of a hcmispheio may be regarded as made up of 
infinitely acute pyramids, or cones, having theirfvertices at the centre 0 of the 
spherical surfaca If we imagine the mass of each of these to be transferred 
to its centre of mass, we get a uniform hemispherical sheet of 'radius |«, 
where a is the radius of the solid hemisphera And the distance of the 
mass-centre of this from 0 is | a. 


68. Integral Pormute. 

We denote by p the ‘volume-density’ at a point P whose 
coordinates are {x, y, z). By this is meant that the mass con- 
tained in an elementary space Bv containing P may be taken as 
ultimately equal to pSv, If the axes are rectangular, we may put 
Sv = SxSySz, and in any case Sv is equal to SxBySz multiplied by 
some constant factor depending on the mutual inclinations of the 
axes. Since the position of the mass-centre is unchanged when 
all the masses are altered in the same ratio, we have, finally, 

■ _ fjfxpdxdydz - jjjypdxcdydz ^ ^ JJfzpdxdydz 
jjjpdxdydz ’ ^ Jffpdxdydz ’ fjjpdxdydz 

as the general formulae applicable to continuous distributions. 

If the density be uniform, p goes outside the integral signs, 
and cancels. 

The adaptation of the formul® (1) to special problems furnishes 
a number of excellent exercises in integration ; but except in a 
few of the simpler cases the results are interesting firom a 
geometrical rather than from a mechanical point of view. For 
this reason only a few of the leading cases are treated here 



67 - 68 ] 


thkory of mass-systems 


157 


If a finite niass be supposed concentrated in a line, -and if /jl be 
the ‘ line-density,’ Le. the mass per unit length, the mass m of a 
particle is represented by jiSs, where Ss is an element of arc. Thus 
in the case of a plane curve 


_ fxfids jyiids 

J/ids ’ ^ Jfids 

It is convenient here to adopt rectangular axes, 


.( 2 ) 


Ex. 1. In the case of a uniform circular arc, if the origin be taken at 
the centre, and the axis of x along the medial line, we have y=0. Also, 
writing x=acos6, 8s=aSd, we have 


jrds=j a C03 a. a do— 2a- sin a, jdt=2aa, 
if 2a be the angle which the whole arc subtends at the centre. 


Hence 


,_sino 

a 

For the semicircle we have and x^2ajx-=-(jZla, 


.(3) 


If a finite mass be concentrated in a surface, and if cr be the 
‘.surface-density,’ i.e, the mass per unit area, we put m = erSS, 
where SS is an element of area. In the case of a plane distribution, 
referred to coordinate axes in its own plane, SS bears a constant 
ratio to SxSy, viz. it is equal to Sa:Sy sin a, where m is the inclina- 
tion of the axes. Hence 


.(4) 


_ f/^<rdxdy Jjyadxdy 

, ' jjadxdi/ ’ jjcrdxdy 

whether the axes be rectangular or oblique. 

If <T be constant, and if the plane area has a line of sjnnmetry, 
then taking this as axis of x and a perpendicular to it as axis of y, 
the mass-element riiay be taken to be proportional to ySx, where 
y is the ordinate of the bounding curve. Then 


f- _ 

" \ydx ’ 


y = 0. 


.( 5 ) 


Ex. 2. For a segment of the parabola 

y’=ar, 

bounded by the double ordinate x=A, we have 


..(6) 


and therefore 
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Ex. 2, For a eemicircular area of radius a, rre have 

j^xydx= ^ a?) dx=cfl sin B cos* 6dB=\a\ 

ydx^\^a\ 


f: 


whence 


i=4a/3r=’4244a. 


..( 8 ) 


In the case of a homogeneous solid, if the area of a section by 
a plane peipendicular to Ox be denoted bj /(x), the a;-coordinate 
of the mass-centre of the volume included between two such 
sections is given by the formula 


._ J^f(x)dx 

ff(x)dx> 


taken between the proper limits of x. 


,(9) 


In the case of a solid of revolution, taking the axis of x 
coincident with the axis of qrmmetiy, we have /(x) = if y be 
the ordinate of the generating curve. Hence 

fxu-dx 




x=- 


.( 10 ) 


Ex. 4. In the case of a right circular cone, the origin being at the vertex, 
y varies as x, so that 

xf j* ^dx-- 3 ?dx=-\k, (11) 

as already proved In Art. 67, Ex. 3. 


Ex. 6. For a hemisphere of radius o, putting ^’= 0 * - s*, we have 


and therefore 



o*, J (d^—x^dx=ga\ 




,(12) 


as in Ajt. 67, Ex. 5. 

The same formula gives the mass-centre of the half of the elhpsoid 


£:4.r4.!:=i 


..(13) 


which lies on the positive side of the plane yx. For the section by a plane 
a: = const, is an ellipse of semiaies 

&^/(l-r*/o*) and Cs/(1 

and therefore of area 7 zhc{l~x’-la^, so that in this case also f{x) varies 
as a?~x\ 
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Ex. 6. In the paraboloid generated by the revolution of the curve (6) 
about the axis of x, the area of a circular section varies as x. Hence for the 
segment out off by a plane x=h, we have 

£•= j x^-dx— j xdx=^h (14) 


69. Theorems of Pappus. 

The following properties of the mean centre are to he noticed, 
although their interest is mainly geometrical. 

1®. If an arc of a plane curve revolve about an axis in its 
plane, not intersecting it, the surface generated is equal to the 
length of the arc multiplied by the length of the path of its mean 
centre. 


Let the axis of a; coincide with the axis of rotation, and let 
y be the ordinate of the generating curve. The surface generated 
in a complete revolution is, by a formula of the Integral Calculus, 
equal to 2'7r/ycfe, the integration extending over the arc. But if 
y refer to the mean "centre of the arc, we have 


y = 



by Art. 68 (2). Hence 


27r j yds = 2wy x J ds (1) 


which is the theorem. 


2“. If a plane area revolve about an axis in its. plane, not 
intersecting it, the volume generated is equal to the area multi- 
plied by the length of the path, of its mean centre. 

If hS be an element of the area, the volume generated in a 
complete revolution is 27r/yd)S. But if y refer to the mean centre 
of the area, we have 

y^lydS-^jdS. 

Hence 2TrJydS=2TryxJdS, .....,..(2) 


which is the theorem. 
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The revolutions have been taken to be complete, but this is 
obviously unessential*. 


The theorems may be used conversely to find the mean centre 
of a plane arc, or, of a plane area, when the surface, or the volume, 
generated by its revolution is known independently. 

Ex. 1. The surface of the ring generated by the revolution of a circle 
of radius h about a line in its own plane at a distance a (>l) from its centre 
is 2nbx2ira, or ; and the volume of the ring is nb^^SiTra, or 

Ev. 2, In the case of a semicircular arc revolving aljout the diameter 
joining its extremities, we have 

jra>c2jry=4n-«*, 

whence y=2alir. 

Again, for a semicircular area revolving about its bounding diameter, 

2 jry = j 

whence ff^iaJSir. 

Cf. Art. 68, Exx. 1, 3. 


70. Quadratic Moments. 

We proceed to the consideration of the 'plane,' 'polar,' nnrl 
‘axial’ ‘quadratic moments’ of a mass-system. Of these the 
axial moments alone have a dynamical importance, but the others 
are useful as subsidiary conceptions. 

If hj, /ij, ..., hn he the perpendicular distances of the particles 
nij, uij, ..., rrin from any fixed plane, the sum S (m/t’) is called the 
‘ quadratic moment with respect to the plane.' 

If Pi>P 2 , •■•>Pn ho the perpendicular distances of the particles 
from any given axis, the sum 'Zivip'^) is called the ‘quadratic 
moment with respect to the axis.'* In Djmamics it is also known 
as the ' moment of inertia’ about the axis. 

If r,,r 3 , be the distances of the particles from a fixed 

point, or ‘pole,’ the sura 2(mr“) is called the ‘quadratic moment 
with respect to the pole. 

If w'e divide any one of the above quadratic moments by the 
total mass 2(m), the result is called the ‘mean square’ of the 

• These theorems are contained in a treatise on tfeohanics by Pappns, who 
flonrished at Alexandria abont a.p 300. They were given nn new by Gnldinna, <?/ 
centre gravitatif {m5-m2). (Ball, Hutorg of Uathematict.) 
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distances of the particles from the respective plane, axis, or pole. 
If in the case of an axial moment we put 

2(m) 

the linear magnitude k is called (in D 3 mamics) the ‘radius of 
gyration ’ of the system about the axis in question. • 

If we take rectangular axes through any point 0, the quadratic 
moments with respect to the coordinate planes are 

= B' = 'Z(my% G' = % (niz-); (2) 

those with respect to the coordinate axes are 

= 2 {tu (if + «’)], B = '2. [m (z'^ -t a;’)} , = 2 {m (a’ + yi )] ; 

(3) 

whilst the quadratic moment with respect to the origin is 

Jo = 2 {m (a’ -J- y’ -t 2-)) (4) 

We notice that 

A=^B' + G', B = G' + A',. G = A' + B’ (5) 

and" J, = A' + B' + G' = i(A+B + G) (6) , 


Another important type of quadratic moment is that of 
‘deviation-moments,’ or ‘products of inertia.’ The sum l,(inxy), 
for example, is called the product of inertia with respect to the 
- (rectangular) planes a; = 0, y = 0. 


7 1 . Two-Dimensional Examples. 

In the case of bodies whose mass is distributed over lines, 
surfaces, or volumes, the summations are of course to be replaced 
by integrations. In some cases the work is simplified by the 
relations (.5) and (6) of the preceding Art. 


£x. 1. To find the radius of gyration (c) of a uniform thin straight bar 
about a line througii its centre perpendicular to the length. 

If 2a ho the length, we have 


j x^-dx 




The same result evidently holds for the radius of gyration of a rectangular 
plate about a lino through the centre parallel to a pair of edges, if 2a be the . 
length of the plate perpendicular to this lino. 
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Ex. 2. The moment of inertia of a uniform thin circular ring of mass if 
and radius a about its axis is evidently 

G=Ma'‘ (2) ' 

By Art. 70, (5), wc have, on account of the symmetry, 

0=A'+B'=2d', (3) 

where A' is the moment of inertia about a diameter. Hence 

A‘=^Ufa\ (4) 

Ex, 3. To find the radii of gyration of a uniform circular plate about its 
axis, and about a diameter. 


If wc divide the disk into concentric circular annuli, the area of one of 
these will be represented by 2jrr5r, and its radius of gyration by r. Hence, 
for the radius of gyration (»c) about the axis, 



r^.^nrdr 

naf 




,(6) 


The formula (3) applies hero also to shew that for a diameter we have 

<c*=ia2. (6) 


To find the radius of gyration (k), about the axis of x, of the 
.area included between a curve 


= 0) 

the axis of x, and two bounding ordinates, wc may divide the area 
into elementary strips yBx. The square of the radius of gyration 
of a strip is Jy’. Hence 


^ ^ iffdx 

Jydx jydx ’ 

the integrals being taken between proper limits of x. 


,( 8 ) - 


Et. 4. To find tho radius of gyration (i) of a triangular area about 
the side EC. 

Tho area of a strip parallel to EC, at a distance y from it, may be 
represented by {h-y)jh.aii/, where h is the perpendicular from A to BO. 
Ilenco 

^- 2 =.^ j\h-y)rfdy-riah = llA ( 9 ) 

It is easily seen that this is the same ns for three equal particles at tho 
middle points of the sides. 

Ex. 0. To find the radius of gyration (k) of tho area bounded by the ellipse 

.J* 

( 10 ) 

a} 0* 
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with rcsj) 00 t to the axis of x. AVo have, by (8), 

''*'“ 5 / y^^x-h\:na\) ( 11 ) 

If wo put a; = a cos (f , y = 6 sin this becomes 

= ( 12 ) 

OTT J 0 

Similarly, for the radius of gyration about tbo minor axis wc slioulil find 

(13) 


72. Three-Dimensional Problems, 

The following problems in three dimensions are of interest. 

Ex. 1. The polar quadratic moment of a uniform thin spherical shell 
with respect to its centre is evidently 

Ja=Ma\ (I) 

whore a is the radius. The origin being at the centre, wo have, in the 
notation of Art. 70, 

Jo = ^'+if'+f?'=3A', (2) 

on account of the symmetry. Hence the moment of inertia about a 

diameter is 

C^A■i■II'=2A’=^^faK ( 3 ) 

Ex, 2. In the case of a uniform solid sphere, wo divide the volume into 
concentric spherical shells. The volume of one of those may bo represented 
by 4Trr’3r, Hence, using the result (3), we find, for the radius of gyration 
about a diameter, 

f ja-. (4) 


A general formula for the radius of gyr.ation, about its axis, of 
a uniform solid of revolution is obtained as follows. Dividing the 
solid into circular lamince by planes perpendicular to the axis, 
which is taken as -axis of w, the volume of any one of these may 
be represented by where y is the ordinate of the generating 

curve, and the square of its radius of gyration by J'y’ (see Art. 71, 
Ex. 3). Hence 


]y'‘dx 


(5) 


Ex. 3. To find the radius of gynation of a right circular cone about its 
axis, wo pul 

y=ia[h).x, 

whore a is the i-adius of the base, and A the altitude. Thus 
] a- P P 

*^’ = 2 A-- (C) 


n— 2 
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Ex. 4. For a solid spliore of radius a, • 

J“(a2-:r2)v.c=|a2 (7) 

as in (4), above. A similar result can be obtained for an ellipsoid of 
revolution. 


Ex. 5. In tbo case of a uniform ellipsoid bounded by the surface 
x^ ifl 



. since its section by a piano perpendicular to x is an ellipse of area 

■nhc (1 - x^Ja"), 

tbo mean square of the distances from the plane x^O is 

rbc j ^ (9) 

Tbo relations (6) of Art. 70 then shew that the squares of the radii of gyration 
about the principal axes of tbo ellipsoid are 

-c2’=J(cHa2), (10) 


73. Comparison of Quadratic Moments with respect 
to Parallel Planes or Axes. 

Let (x, y, z) be the rectangular coordinates of any particle m - 
of the system, and let us ■rn-ite 

x=x+^, y = y + v, 2 = ^ + ?, (1) 

where x, y, s refer to the mass-centre, and f, ■t], f therefore denote 
coordinates relative to the mass-centre. By Art. 66 (2) we have 
S(?)/f) = 0, 2(mj?) = 0, 2(?nD = 0 (2) 

Hence . 

2 (mix’) = 2 {to (x + = 2 (m).x' -i- 2*. 2 (mf) + 2 (niH 

= 2(TO).*=-l-2(m^*), (3) 

hy (2). If we divide hy 2(7 Ji) we have the theorem that the 
mean square of the distances of the particles from any plane 
exceeds the mean square of the distances, from a parallel plane 
through the mass-centre 0, by the square of the distance of 0 
from the former plane. 

A similar formula holds for 2(TOy'), and by addition we find 

2 (to { x ‘ + 2/=)} = 2 (to).(»» -1-^=) - 1 - 2 {to (P + ('i) 

Since a? + is the square of the distance of a point from the axis 
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of z, this expresses that the moment of inertia about any axis 
exceeds the moment of inertia about a parallel axis through 0 by 
the product of the mass into the square of the distance between 
the two axes. Or, if k denote the radius of gyration with respect 
to any axis, /c that with respect to a parallel axis through (?, and h 
the perpendicular distance between these axes, then on division by 
S (m) we have 

/j* = + /r (5) 

This relation is often useful in Dynamics, e.g. in the theory of the 
Compound Pendulum. 

Again, as regards products of inertia, we have 
S (may) = S {?ii (« + (f + 1 ,)] 

= 2 (m).^+ y 2 (?wf) + » 2 (mt)) + 2 (m^rj) 

= 2(m).a^l-2(m^^), (6) 

with a similar interpretation. 

Ex. 1. The radius of gyration of a rectangle .ibout a side is given by 

(7) 

if 2a be the length perpendicular to that side. 

Ex. 2. The radius of gyration of a uniform circular disk of radius a 
about an axis through a point of the oircumforonce normal to the plane of 


the disk is given by 

k^—a,^+^a^=^a^ (8) 

' Similarly, the radius of gyration about a tangent line is given by 

/,2=a*+|a“=Ja2. (9) 


74. Lagrange’s Theorems. 

The preceding results may be generalized into the formula 
2 (x, y, z)} = 2 (m').<j>{x, y,z) + 1 {mj) (f, y, f)}, ...(1) 

where <f) (x, y, z) denotes any homogeneous quadratic function of 
X, y, z, with coefficients which are constants, i.e. they are the same 
for all particles of the system. For the various terms are of the' 
types Ax^ and Oxy, and the result follows by (3) and (6) of Art. 73 

Thus, taldng the case of 

<f) (x, y, z) = .v* + if + z\ (2) 

we get a theorem relating to polar quadratic moments, viz. 

2 {m (a? + y’ + s’)] = 2 (m).($’ + y ’ + s’) + 2 (m (p + ij’ + f’)), 

(3) ■ 


or, in our previous notation, 

2(m.0P’) = 2(7)i).0(?’ + 



( 
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This formula is due to Lagrange*. When witten in the form 


S(m.OP^) S(m.gP0 

2 ( 7 a) S (7/7) 


+ OG^, 


(5) 


It expresses that the mean square of the distances of the particles 
from any point 0 exceeds the mean square of their distances from 
the mass-centre (J by Ot?. The mass-centre is therefore the point 
the mean square of whose distances from the various particles of 
the system m leastf. 


Another interesting theorem, also due to Lagrange, may be 
obtained as follows. If in (4) we make the point 0 coincide with 
Pii'Pii Pn ill succession, we obtain 

0 + m,.P,Pi‘ + ...+ m„.P,P„^ = 2 (777. f?P^) + 2 (7?i). GPr^, I 

m^.PJ\^ + 0 + ...+m„.P,P„^=X(m. GP^) q- 2 (m). I 


m„,P„P,“-f-7n„.P„P,’-i- ... +0=^t(m.GP) + 2(m).GP„\ I 

( 6 ) 

If we multiply these equations by uii, Wj, ..., Tti„, respectively, and ' 
add, we find, on division by 2, 

2 (mm'.PP'^) {m. GP% (7) 

where in the summation on the left hand each pair of particles 
m, m' is taken once only. This result, written in the form 
1(711. GP) l(vim'.PP'‘) 

2(m) - {2(7n)l» ’ 

expresses the mean square of the distances of the particles from 
the centre of mass in terms of their masses and mutual distances. 

• J. L. Lagrange (173S-1813). Tfie theorems (4) and (7) were given in a 
memoir of date 1783. 

t This theorem has an interesting application in the Theory of Errors. Snppose 
that a number of independent measurements of the position of a star are made, and 
that Px, Pg, ... are the positions given by the observations, as marked on a chart. 
The question arises, what point best represents the whole series of observations? 
If G were the true position, GPj, GPz, ... would be the 'errors* of the several 
observations. On the 'theory referred to, that point is to be chosen which makes 
the sum of the squares of the errors least, i.e. (by the theorem in the tert) the mean 
centre of the points Pj, Pa, .... This is on the supposition that the obaervationa 
are judged to be equally good. If not, different 'weights* mj. mj, ... are attached 
to them by estimation, and the mass-centre ia taken. 
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Ex. Considei’ing the case of four equal particles at the vertices of a 
regular tetrabedrou, wo infer that the radius R of the circumscribing sphere 
is given by 

if a bo the length of an edge. 

The proof of Lagrange’s two theorems can be put in a very concise form if 
wo make use of the notion of the scalar product of two vectors (Art. 47). 

We denote the position-vector of any one of the points Fu Pi Pn 

relative to 0 by r, with the proper suffix, and that of the same point relative 
to the mass-centre 0 by p. The vector OQ is denoted by ?. The formulae 
(1) and (2) of Art. 64 may accordingly bo written 

2(™p)=0 (9) 


Then, since 


_ 2 (mr) 



r=OP=OQ+GP=r-fp, 


( 10 ) 


we have 2(Hi.r-) = 2 {m(r-f p)-}=2 (nt). r--l-2r 2 (n!p)-l-S(mp2) 

=2(m).P-t-2(rVi (H) 


Since the scalar square of a vector OP is simply the square of its length, viz. 
OP^, this formula is identical with (4). 

Again, consider the expression 

2{mj»'(p-p7} (12) 

whore the summation includes every pair in, in' of particles once only. If we 
expand this, the coefficient of p,^ is seen to be 

wipua «h • 2 (»«) - uijV 


' and so on. Ilonoe the expression (12) is equal to 


2(7»). (»IjPi*-1-»J2p/ 4-... -b>7J,ip7) — {7«ipi-f WjPj-1-... +»!„p„)’ 


the latter part of which vanishes, by (9). Hence 

2 {nun' (p— p')'}=2()n) . 2 (mp*). . 
Since ^ (p-p')3=(OP-OP7=PP'2=PP'2, 

we see that (13) is equivalent to (7). 


.(13) 

,(14) 


75. Moments of Inertia of a Plane Distribution. 
Central Ellipse. 

Some further theorems relating to plane distributions, and in 
particular to plane areas, are important not only in Dynamics, but 
also in Hydrostatics and in the theory of Elasticity (see Arte. 95' 
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To compare the moments of inertia with respect to different 
lines through any point 0, in the 
plane, denote by {x, y) the coordi- 
nates of any particle m with respect 
to rectangular axes through 0. The 
perpendicular distance of m from a 
line OP making an angle 6 -with Ox 
is then xsin6 — y cos 0, and the 
moment of inertia with respect to 
OP is therefore Fig. ns. 

r—'2,[m{ycos6 — XBm0y] 

= S (my’).cos’ 0-21 (mxy ) cos 0 sin 0-^1 (ma:’).sin» 0, ...(1) 
or, if we write 

A^l {my% Hf=l (mxy), B^l (ma?), ( 2 ) 

1 = A cos’ 0 — 2H cos 0 sin 0 + B sin’ 0 (3) 

Here A, B denote the moments of inertia about Ox, Oy, and H is 
the product of inertia with respect to these axes. 


Now consider the conic 

Ax‘ —2Tf.xij + By^ = Me^ (1) 

where M, = S (m), is the total mass, and e is any convenient linear 
magnitude. The intercept r which this conic makes on the line 
OP is found by putting x = rcoB0, y = r sin 0. Hence, by com- 
parison with (3), 



This conic therefore indicates the relative magnitudes of the 
moments of inertia about different diameters, viz. these moments 
-are inversely proportional to the squares of the respective 
diameters. Since / is an essentially positive quantity the conic 
must be .an ellipse; it is called the ‘momental ellipse’ at 0. 

If this ellipse be referred to its principal diameters as axes, its 
equation will be of the form 

+ = ( 6 ) 

Since the coefficient H is now zei’o, we leam that there is always 
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one position of the coordinate axesi-r'C/Jr-r-VcL ■; .<r ■' 

inertia S {mxy) vanishes. The sjies thne 

the ‘ principal axes nf inertia’ of the jiane -aL-'.-ri-Er-- ■'.'.t-.'-s 

the corresponding moments of inertia are -eaTiee -.hc 

moments.’ 

In the particular case where the prin'/pel •tioT.frri-.f £ . p % 
equal, the momental ellipse is a circle; the met.tee/ o’' 
about all diameters of the circle are eq’ial, and eate ^ 

principal axis. 

Let us now write, further, ' 

_ A = m\ B = Mo?, 

so that a“ and 6’ denote the mean squares of 'Xe e-VX d- ^ 
ordinates, respectively, of the particle.^, relatively to the 
axes at 0. The special momental ellipse thus obte'Ded'l;^*- . 0 ^ 
equation 


5 ! 4 . 1 ’ 
a’‘ U‘ 


= 1 , 


'***f**f»^-} f' 


and if h denote the radius of gyration about OP, we have try, ry, 



If p be the perpendicular from 0 on a tangent parallel te OP 
have pr = ah, by a known property. ' 

of conics, and the relation (9) be- 
comes 

k=p, (10) 

simply. In words, the radius of 
gyration about any axis through 
0 is one-half the breadth of the 
ellipse (8) in the direction perpen- 
dicular to that axis. 

The case where 0 coincides with the mass-centre 0 is of cour«> 
the most important. The ellipse (8) is then called the 'centra' 
ellipse’ of the plane system. With its help we can construct thl 
radius of gyration about any axis through G, and thence, by thi 
theorem of Art. 73 (5); the radius of gyration about any parallel mi. 




170 


STATICS ' ,‘[Vin 


Ex. 1, In the case of a rectangular area, if the coordinate axes be taken 
paraUel to the sides (2a, 26), the equation of the central ellipse is 


jSIj. y 


(H). - 

It is therefore similar to the ellipse which touches the sides of the rectangle 
at their middle points. 


Ex, 2. The central ellipse for an area in the shape of an equilateral 
triangle, a square, or any other regular polygon is necessarily a circle ; for 
on ellipse cannot have more than two axes of symmetry unless it be a 
circle. 


In the case of the equilateral triangle, it is easily proved from the result 
of Art. 71, Ex. 4, that the mean square of the distances from a line through 
the centre parallel to a side is if 2a be the length of the side. The 
equation of the circle is therefore 

( 12 ) 

Another geometrical representation of the relations between' 



moments of inertia about different axes may be noticed. If on 
the minor axis of the central ellipse we take two points H, H 
such that • 

( 13 ) 


where tt is supposed > h, and if with either of these points (say H) 
as centre we describe a circle of radius a, the radius of gyration 
about any axis through Q is one-half the chord intercepted by the 
circle on this axis*. For if 9 denote as before the angle which 
^ This construction ifl due to 0, Mohr {1670). 
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any line QP makes with the major axis, the square of half the 
length of the chord is 

a* — GH^ cos- 6 = a? sin“ 9 + ¥ cos’ 0, 
which is, by (3) and (7), the square of the radius of gyration 
about GP. 

It appears from Art. 73 (6) that Hy is a principal a.xis at H. 
And since the square of the radius of gyration about an axis 
through H parallel to Ox is (a’ — Z>’) + 1’, the momental ellipse at 
■ H (or H') is a circle. 

76. Transformation by Parallel Projection. 

Reference has already been made (Art. 66) to the method of 
parallel projection, by which (in particular) a plane mass-system 
may be transformed into another such system, with the centres of 
mass corresponding to one another. 

Some simple geometrical properties of this kind of projection 
may bo rocallod. The pr<yecfcions of jparalJel line.^ are themselves 
parallel, so that parallelograms project into parallelograms. Hence 
equal and parallel lines project jnto equal and parallel lines, so 
that all lines having any given direction have theiv lengths altered 
in a constant ratio, this ratio varying however (in general) with 
the direction. 

Again, an ellipse projects into an ellipse, and conjugate 
diameters into conjugate diameters. For if PGP', BCD' be any 
two conjugate diameters of the original ellipse, and QY any 
ordinate to PGP' (parallel to DP’), we have 
QF’ PV.P'V 

' Gn^~ CP'- 

Now, in the projection, QV and OD, being parallel, are altered in 
the same- ratio, and the same holds with tegard to P F, P' F, GP. 
Hence the relation (1) remains true if the letters be supposed to 
refer to the projections of the original points. The locus of the 
projection of Q is therefore an ellipse of which the projections of 
PP', DD' are conjugate diameters. 

In particular, the projection of a circle -is an ellipse, and any 
two perpendicular diameters of the circle project into conjugate 
'diameters of the ellipse. Hence, since the principal axes of an 
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ellipse are conjugate, there must he one pair of mutually per- 
pendicular directions in one figure which project into mutually 
perpendicular directions in the other. 


If we adopt these as the directions of coordinate axes in the 
two planes, the origins 0, 0' being at corresponding points, the 
relations betw'een the coordinates of any other pair of corre- 
sponding points P, P' -ivill he of the form 


X - ox', y = /3/ (2) 

where a, /3 are the constant ratios in which lines parallel to Ox, Oy 
are respectively altered *. Thus, the circle 


= (3) 

corresponds to the ellipse 



provided a - ad, h - /3d (5) 

It follows that the mean squares of distances from the axes 
OV, Oy will be related to the mean squares of distances from 
Ox, Oy, respectively, in the same way as the squares of any other 
lines having the respective directions, since 

2 (7«x“) = a’2 (ma;'’), h/nuf) — ....'..(G) 


Ex. 1. We have seen (Art. 68) that the mean centre of a semicircular 
area is on the radius peipendicular to the bounding di.'imotor, at a distance 
4/3jr of its length from the centra Since areas are altered by parallel pro- 
jection in a constant ratio, the mean centre of a serai-ellipse, cut off by any 
diameter, lies in the conjugate semi-diameter, at a distance of A/Zw of its 
length from the centre. 


Ex. 2. The mean squares of the distances of points within the circle 

x^-l-y^=c'* 0) 

from the coordinate axes are Jc'^, Jc"*; hence for the elliptic area 


- - 4-^-1 


.(8) 


the mean squares of the distances from Oy, Ox will be | o’c^, or j Ir, 
re.spcctively. (Of. Art. 71, Ex. 5.) 


* It is to be observed that the fonnnlto (2) represent a ttansfoniinlioaBomcifhat 
more general than that of parallel projection in that they include the case where a 
uniform magnification or diminution of scale, of any amount, is superposed. 

In the particular case of orthogonal projection, it the axis of x be parallel to 
the common section of the planes, we have tt=l,/S=co8fl, where 0 is tlie angle 
between the planes. 
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77. Properties of the Central Ellipse. 

Now considering any mass-system, let it be projected (e.g. by 
orthogonal projection) so that its central ellipse, having its centre 
at G, becomes a circle. Its principal axes Gx, Gy, say, will project 
into a pair of perpendicular diameters G'x', G'y' of the circle. 
Moreover, since 

2 {inx'y') = ^ S {mxy) = 0, (1) 

G'x', G'y' will be principal axes of inertia of the projected system 
at G'. Again, in this latter distribution, the mean squares of the 
distances from G'x', G'y will be equal, by Art. 76. The circle in 
question will therefore be the central ellipse of the projected 
system, and any diameter will be a principal axis at G'. 

Let us now, changing the notation,-take coordinate axes Gx, Gy 
coincident with any two conjugate diameters of the original central 
ellipse, and let G'x', G'y' be the corresponding axes in the pro- 
jection. These latter lines will, as we have seen, be mutually 
perpendicular, and since they are principal axes we shall have 

2(fKa;y) = 0 (2) 

The relations between corresponding points in the two planes will 
still be of the form 

x = ax', y=/3y'. (3) 

Hence if the lengths of the semi-diameters of the original ellipse 
in the directions Gx, Gy be a, h, respectively, we shall have 

a = ac', h = ^c', (4) 

where c' is the radius of .the circle in the plane x'y'. Hence, if M 
denote the total mass of either system, 

S (/aa;-) = a’2 {nix"^) = i/aV = Ma?, "j 
2(wzy’) = (8’2(7»y'’)=il/yS’c’ = Jl/t'*; J • 

whilst, from (2), 

2(w«y) = 0. (6) 

The properties (5) and (6), which are thus proved to hold with 
respect to any pair of conjugate diameters of the central ellipse 
of a plane distribution, h.ave an application in Hydrostatics 
(Art. 95). , 
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In the above discussion we might have started from the fomml® (2) of 
Art. 76 as defining the relation between the two figures to bo compared, 
without anj reference to projections. As already’ stated, these fonnula 
represent a transformation more general than that of parallel projectioa 

A similar method of transformation may be u-sed in three dimensions, the 
formulas being 

«=aar', 2=y2' (7) 

It is easily proved that mass-centres transform into ma.ss-centr&s, and there 
are obvious relations between the mean squares of distances from the co- 
ordinate planes in the two systems. In this way the principal moments of 
inertia of a uniform solid ellipsoid can be derived from those of a sphere. 

78. Equimomental Systems. 

Two distributions of matter are said to be ‘equimomental’ 
when the moment of inertia of one .system about an}’ axis whatever 
is equal to that of the other. In the case of plane distributions 
the conditions for this are that the two sj’stems sliall have the 
same total mass,- the same mass-centre, and the same central 
ellipse. 

Ex. Tlie ma-ss-centre (7 of a uniform triangular plate coincides with 
that of a system of three particles, each of one-third the mass of the plate, 
situate at the middle points of the sides. Again, we have seen (Art. 71, 
Ex. 4) that the plate and the three particles have the same moment of incrlin 
about any side. By Art. 73 (6), the same Btatemcnl holds with regard to the 
lines drawn through O' parallel to the sidca Hence the central ellipses of the 
two systems have three diameters, and therefore six points, in common 
They are accordingly identical, and the two Sy.slcms arc equimomental. 

79. Graphical Determination of Linear and Quadratic 
Moments. 

The construction of Art. 36 may be applied to find the moments 
of a plane system of particles with respect to a line in their plane, 
the masses being represented by forces p.arallel to the given line. 

• If we denote by x the distance (positive or negative) of a 
particle m from the given line, the quadratic moment of the 
system, viz. or 2 may be found by attributing to 

each particle a (positive or negative) mass equal to the moment mx 
of the original mass as above found, and repeating the process. 
The construction of a second force-diagram and funicular polygon 
may however be avoided by the use of a planimeter. 
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Thus, suppose we have four particles numbered 1, 2, 3, 4, 
whose masses are indicated by the corresponding lines in the 
force-polygon (Fig. 116), these being drawn parallel to the line p 
with respect to which the moments are required. Take a pole 0> 
and construct the corresponding funicular ZABOD and let 
the sides meet p in the points H, K, L, M, .... The moment "of 
the first particle with respect to jp is represented on a certain 
scale by HK ; to obtain its quadratic moment we multiply by the 
perpendicular distance of A from p. The result is represented by 
twice the area of the triangle A fflf; and so on. The quadratic 



moment of the system is accordingly represented by twice the 
area AH EDGE A. The areas are of course to be taken positively 
in all cases. 

If some of the masses lie on one side of p and some on the 
other, the quadratic moment of each set is to be taken, and the 
results added. This is illustrated by Fig. 117, where the quadratic 
moment in question is represented by the sum of the shaded 
areas. It appears that the quadratic moment.is least, for different 
parallel positions of p, when p passes through the point A' in the 
figure, which is the intersection of the extreme sides of the 
funicular, i.e. when p goes through the mass-centre of the given 
system of particles. Of. Art. 73. 
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The graphical methods of finding linear and quadratic moments 
are used as modes of approximation in cases of plane figures of 



complicated or irregular outline. For this purpose the areas are 
diifided into strips parallel top, preferably of equal breadth. Cf. 
Art. 37. 


EXAMPLES. XIII. 

(Mass-Centres.) 

1. A cylindrical vessel of radius a and length I is made of thin sheet- 
metal ; it is closed except for a round hole of radius 6 at the centre of one 
end. Find its mass-centre. 

2. Three rods of the same material and cross-section, of lengths 3, 4, 5 ft., 
respectively, are put together in the form of a right-angled triangle. Find the 
listances of the centre of gravity from the two shorter sides. [1| ft., 1 ft] 

3. A uniform wire, bent into the form of a triangle ABC, hangs over a 
•smooth peg at A ; find where a plumb-line suspended from the peg will cross 
the side BG, having given BO='J, CA =6, AB=b. [Distance from 5=3'G4.] 

4. Prove that the mean centre of a trapezium divides the line joining the 
middle points of the parallel sides in the ratio 2a -f 6 :a-f 26, where a, h are 
the lengths of the parallel sides. 

5. A BCD is a uniform quadrilateral lamina; 0 is the intersection of the 
diagonals, and P, Q are points in BD, AC such that QA~OG, PB~CD. 
Prove that the centre of gravity of the plate coincides with that of the 
triangle OP^. 
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6. Prove that the mean centre of the area of a pkne quadrilateral 
coincides with the mass-centio of four equal masses to at the coi’nera and 
a mass -m at the intersection of the diagonals. 

7. The upper surface of a trough is a rectangle of sides a, 6 ; the sides 
are equal traperiums meeting in an edge c, parallel to a; and the ends are 
equal triangles. Prove that when the trough is filled with water the centre 
of gravity of the water is at a depth 

a+e , 

4a+2c’^ 

whore A is the depth of the trough. 

8. If a tetrahedron be bisected by a plane parallel to a pair of opposite 
edges, the distance of the mean centre of either half from this plane is 
where A is the shortest distance between the edges in question. 

9. Find the mass-centre of a homogeneous sphere containing a spherical 

cavity whose surface touches that Of the sphere ; and deduce the position 
of the mass-centre of the thin shell which remains when the radii are 
nearly equal. * 

10. The mass-centre of a homogeneous hemispherical shell whose inner 
and outer ridii are a and 6 is At a distance 

3 

8 a^+ab+b^ 

from the centre of the curved surfaces. 

11. A sphere of radius a is divided into tuo segments by a plane at a' 
distance c from the centre. Prove that the distances of the mass-centres of 
the two segments from the geometrical centre are 

3(a±c)» 

4 (2(i+c)‘ 

12. A uniform solid hemisphere is perforated by a cylindrical hole whose 
axis passes through the centre and is at right angles to the base. Prove that 
the distance of the mass-centre from the base is gA, where A is the length of 
the hole. 


13. Find the mass-centre of a solid spherical sector, Le. the portion cut 
from a sphere (of radius o) by a right cone (of semi-angle a) having its vertex 
at the centre. [Distance from vertex=|a cos^ia.] 

lA Find the mass-centre of a thin wedge cut from a solid sphere by two 
planes meeting in a diameter. 

Also the mean centre of the curved surface of the wedge. 

[The distances from the straight edge are and Jira, where a ‘ 
the radius.] 


h. e. 
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15. Prove that the mass-centre of the segment of the elliptic paraboloid 

p g 

cut off by a plane ar=A is at a distance gA from the vertex. 

What is the corresponding result when the section is made by an oblique 
plane 1 


16. If a circular disk of radius a, whose thickness varies as ^(l-r’/a^, 

where r denotes distance from the centre, be bisected by a diameter, find the 
centre of gravity of either half. [Distance from centre = | a.] 

17. Find the mass-centre of a circular disk whose (small) thickness varies 

as the distance from a given tangent line. [Distance from centre=Ja.] 

18. Prove that the distance i of the mean centre of any area on the 
surface of a sphere from a plane through the centre is given by the formula 

x_S 

a~S’ 

where 5 is the area, and 2 its orthogonal projection on the plane in question. 

Apply this to find the mean centre (1) of a hemispherical area, (2) of a 
spherical lune. 

19. A thin uniform rod of length I is bent into the form of a circular 
arc whose radius a is large compared with 1. Prove that the displacement of 
the mass-centre is -^P/a, approximately. 

20. Water is poured into a vessel of any shape. Prove that at the 
instant when the centre of gravity of the vessel and the contained water 
is lowest .it is at the level of the water surface. 

21. A groove of semicircular section, of radius h, is cut round a cyh'nder 
of radius a ; prove that the volume removed is 

Also that the surface of the groove is 2»r^a6- 

22. If a lamina receive infinitesimal rotations w, , wj, ..., in its own plane, 
about points Px, Pi, respectively, prove that the result is equivalent to a 
rotation 2 (a) a^ut the mass-centre of a system of particles whose masses are 
proportional to cii, caj, ..., situate at Pi, P 2 , 


EXAMPLES. XIV. 

(Quadratic Moments.) 

1 . The square of the radius of gyration, about the axis, of a solid ring 
whose section is a rectangle with the sides parallel and perpendicular to the 

where a, b are the inner and outer radiL 
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2. Find the radius of gyration of a truncated solid cone about its axis of 


symmetry. 


r, 

L'‘ “l0a3-&3-J 


3. A disk is cut from a solid sphere by two parallel planes at equal distances 
c from the centre. If k be its radius of gyration about the axis of symmetry, 

, 15a*-)0aV+3(;* 

“ " W(3a.^-a‘) ' 

4. Find the radius of gyration of a segment of a uniform thin spherical 
shell, with respect to the axis of symmetry. 

[k^ = Jo* (1 — cos a) (2 +003 a), where a is the radius of the sphere, and a the 
angular radius of the segment.] 

5. A uniform solid sphere has a cylindrical hole bored axiglly through it. 
Prove that the square of the radius of gyration about the axis of the hole is 

— |/t!, if a be the radius of the hemisphere, and 2A the length of the hola 

6. The density of a'^obe of radius o at a distance r from the centre is 
qmove'that the square of the radius of gyration (c) abopt a diameter is 

If the moan density he twice the surface density, prove that J5a®. 

7. Find the radius of gyration (r) of a solid circular cylinder of radius a, 
and length 2/i, about an axis through its centre at right angles to the length. 

If a cylindrical bar bo 20 cm. long, and the diameter of its (circular) 
section bo 1 cm., prove that is gre.ater than if the thickness had boon 
neglected in the ratio lOOlSTh. 

8. The square of the radius of gyration of a solid anchor ring about 
its axis is 

whore b is the radius of the circular section, and a that of the locus of. 
its centre. 

9. If k bo the radius of gyration of an anchor ring about a diameter of 
the circle through the centres of the cross-sections, prove that 

where a is the ravlius of the aforesaid circle, and b is the radius of the 
cross-section. 


12—2 
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10, Tbo radius (k) of gyration of a uniform circular arc of radius a and 
angle 2(x about au axis through its mass-centre, perpendicular to the plane of 
the arc, is given by 



And the radius of gyration (i) about a parallel axis through the middle 
point of the arc is given by 

11. Two regular polygons of p and g sides, respectively, are inscribed in 

two circles of radii a and b, whose centres are at a distance c apart ; find the 
sum of tho squares of all the straight lines which can be drawn from a vertex 
of ono polygon to a vertex of the other. {jJ2(“®+6*-}-cr).] 

12. Two regular tetrahedra are inscribed in a sphere of radius a. Prove 
that tho sum of the squares of all the straight lines which can ho drawn from 
a vertex of tho ono to a vertex of tho other is 32a’. 


13. Apply Lagrange’s second theorem (Art 74) to prove that the mean 
square of tho mutual distances of tho points inside a spherical surface of 
radius a is 


EXAMPLES. XV. 

. (Plane Distributions.) 

1. Prove that if the coordinate axes bo the principal axes at any point 0 
of a piano system, tho product of inertia with respect to other rectangular 
axes Oaf, Ot/ is 

(4 - B) sin 6 cos 0, 

where 0 is the angle xOaf, and A, B are the principal moments at 0. 

2. If as in Art. 76 A, B, H denote the moments and product of inertia of 
a plane system relative to axes Ox, Oy, prove that the product of inertia with 
respect to any other rectangular axes Oaf, Oy having the same origin is 

i{A- jB)6in ^6+ IF cos 25. 

Hence find the directions of the principal axes of inertia at 0. 

3. ABO is a uniform triangular plate, G being a right angle ; and 

OA=^a, GB’='b. Find tho angles which tho principal axes of inertia at 0 
make with CA. _ 

4. Find tho eccentricity of the momental ellipse at the comer (I) of a 

square, (2) of an equilateral triangle. [e’=Tl «’=l-3 
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5. Find the radias of gyration of a rectangle, whoso sides are a, b, about 

a diagonal. P,, 1 a-b- "| 

L'" "6a5+F2'J 

6. Find the radiu-s of gyration of a triangular plate about an axis through 
its centre of mass, normal to its plane. 

7. Find the squares of the radii of gyration of a regular hexagonal plate 
of side a, (1) about a diameter, (2) about a side, (3) about an axis through 
a vertex normal to the plate. 

8. Prove that the radius of gyration of a regular polygon of n sides about 
an axis through its centre perpendicular to its plane is given by 

where R, r are the radii of the circumscribed and inscribed circles. 

9. The central ellipse of a rhombus is similar to the ellipse having the 
diagonals as its principal axes ; and the ratio of linear dimensions is l/,/6. 

10. Prove that the central ellipse of a parallelogram is similar and 

similarly situated to the clh'pse which touches the sides at their middle 
points. ■ / 

H. Prove that an ellipse can -be described to touch the sides of any 
given triangle at their middle points. Shew that the central ellipse of the 
triangular area is concentric, similar, and similarly situated to this ellipse; 
and find the ratio of the linear dimensions. Ji -JB.] 

12. Prove that there ore in general two and only two points in a plane 
mass-system for which the momental ellipse is a circle. 

13. If S, S’ be the foci of the momental ellipse at any point 0 of a plane 
lamina, the radius of gyration about any diameter varies as the chord of the 
auxiliary circle drawn through S {or S') perpendicular to this diameter. 

14. Prove thal'lhe radius of gyration of a plane system about any line in 
the plane is given by 

i'-a^+Piri, 

where pt, p- are the perpendiculars on the line from the points J7, E' of 
Fig. 115, these perpendiculars having the same or opjrosite signs according a.s 
H, E' are on tho same or on opposite sides of the given line 

15. Provo that in a parallel projection of a plane mass-^stem the central 
ellipse projects into tho central ellipse, although the directions of the principal 
axes do not in general correspond. 

16. Prove that a plane distribution of matter is equimomental with a 
system of four equal particles situate at the extremities of any pair of con- 
jugate diameters of tho ellipse which is obtained by magnifying the central 
ellipse in the ratio ,J2:L 
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FLEXIBLE CHAINS 

80. Tangential and Normal Resolution. 

The perfectly flexible string, or chain, of theory is conceived 
as a line of matter such that the mutual action between any 
two adjacent portions reduces to a stress in the direction of the 
tangent. This stress is' of the nature of -a tension resisting separa- 
tion of the two parts; we shall denote its amount by T, The 
forms assumed by the curve on these somewhat ideal sup- 
positions will give a good representation of the case of a chain 
of loose links, or even of a wire rope, if the curvature be not 
c.xcessive. 

The physical assumption which we make is that for equilibrium 
the forces acting on an infinitesimal element 5s of the length must 
fulfil the same conditions as in the case of a rigid body. Among 
these forces must of course be included the forces exerted by the 
adjacent portions on the ends of Ss. As a necessary consequence, 
the ordinary conditions of equilibrium will be satisfied for any 
finite portion of the string. 

We shall consider only cases where the form assumed by the 
string, is that of a plane curve. It 
is often useful to resolve the forces 
acting on an element hs in the direc- 
tions of the tangent and normal, 
respectively. If PQ, be the element 
in question, and if "tlr denote the 
angle which the tangent (drawn in 
the direction of s increasing) makes 
with some fixed direction, the incli- 
nation of the tangents at P, Q is 8-^. 

The tangential forces T and T -f ST at 
P and Q, respectively, when resolved 
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along the tangent at P give a component (T + ST) cos — T, 
whilst the component along the normal at P is (T + ST) sin 
Hence, to the first order of small quantities, the tangential and 
normal components are 

ST and (1) 

respectively. 

jEe. The simplest application of this process is a dynamical one. If we 
have an endless chain of uniform line-density m, in the form of a circle of 
radius a, revolving about its centre in its own plane with circumferential 
velocity v, the mass of an element is maS\lr, and its aeceleration towards the 
centre is r’/a, whence ^ 

. v^a, or T=mv‘‘ (2) 

It will bo understood that T is hero given in dynamical measure. 


81. String under Constraint. Friction. 

We may'apply the method to the case of a string stretched over 
a smooth curve, and subject to no external forces except the pressure 
of the curve. The normal pressure on an element Ss will ulti- 
mately be proportional to Ss; we denote it by PSs. .Hence, 
resolving along the tangent and normal,’ we have 

8P = 0, PS-^-PSs = 0, (1) 

- f ( 2 ) 

where p, = ds/di|r, is the radius of curvature. The former of these 
equations shews that the tension T is the same at all points, and 
the latter gives the normal pressure (per unit length) when T is 
known. 


When friction is operativerwe have in addition a tangential 
force which we may denote by FSs. We will suppose, for definite- 
ness, that this acts in the direction opposite to that of s increasing. 
We have then 


or 


ST-FSs = 0, 



TSf -BSs = 0, (3) 

c) 


If the string is in limiting equilibrium we shall have P= fiR at 
all points, where p. is the coefficient of friction. T^hus 

1 _ 

Tdf~^‘ 


ds ds’ 
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whence log y = + const., T — T^e’‘'^, ,...(6) 

if be the tension corresponding to ^^ = 0. 

Thus if a rope be wrapped n times round a post, a tension at one end can 

balance a tension times aa great at the other. For instance, if ,.=-2, 
n=5, the limiting ratio of the tensions 'is 635. 


82. Constrained Chain subject to Gravity. 

We next take the case of a chain* in contact with a smooth 
curve in a vertical plane, the weight being now taken into 
account. 



/T f 5T 


The weight of an element Ss may be-denoted by wSs, where w, 
the weight per unit length, is not for 
the moment assumed to be constant. 

If -\jr now denote the inclination of the 
tangent line to the horizontal, the tan- 
gential and normal components of the 
downward force wSs will be —wSs sin 
and ivSs cos respectively. Hence 
the conditions of equilibrium are 

SF— wSs sin -ik = 0 1 . 

t- = 0/ 


or 


TSijr — JlSs — wSs cos : 

dF . , 

= W sm -dr, 
as 


F 

It= WOfJSdr.' 

p 


.( 2 ) 


The form of the curve being supposed given, the former of these 
equations, combined with the terminal- conditions, enables us to 
find F, and the second equation then gives R. 


If the chain be uniform and incxtensihle w is a constant, 
Moreover, if y denote vertical altitude above some fixed level, we 
have sin ^}r = dyjds, and therefore, by (2), 


dF dy 
ds~'^ds’ 


,..(3) 


whence F = wy -F const (4) 

The difference of tension at any two points is therefore pro- 
portional to the difference of level. For instance, if a length of 

• It is convenient to nse the word ‘ chain’ when the weight or the toaas is to be 
tahen into account, and the word ‘ string ’ when this is neglected. 
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uniform chain is in equilibrium in a vertical plane, part of it in 
contact with a smooth curve, and part hanging vertically, the free 
ends must be at the same level. 

Ex. A uniform chain passes one and a half times round a smooth 
horizontal circular cylinder of radius a, and the ends hang freely; to find 
what must be the lengths of the straight portions in order that the portion 
of the chain underneath the cylinder may be everywhere in contact with it. 

At the lowest jioint of this portion we must have T>via, by (2), and 
therefore at the level of the axis of th6 cylinder T> Hwa, by (4). Hence the 
length of each vertical portion of the chain must exceed 2a. 

The above formulm cover of course the case of,a chain hanging 
freely between any two points, the only difference being that the 
pressure It is now absent. Thus we'have 

dT . , T 
^ = zy sin y, ~ — cos i|c, 

and, in the case of a uniform chain, 

T=w(y-y,), (6) , 

where refers to some fixed level 


83. Chain banging fireely. 

We proceed to consider more particularly the case of a chain 
hanging freely under gravity. It is usually most convenient to 
begin by forming the conditions of equilibrium of a finite portion. 

Consider the portion extending from the lowest point A to any 
other point P, and let tfr denote as before the inclination to the 
horizontal of the tangent at P. The forces acting on the portion 



Fig. 120. 
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AF may be reduced to tlirec, viz. a tangential force T at n 
horizontal force r„.at A, and the weight IF. For equilibrium 
these forces must be concurrent, and their ratios must be those 
given by a triangle of forces. Thus 

Tcos = T,, TF= T, tan ( 1 ) 

The former of these expresses the obvious fact that the horizontal 
component of the tension is constant. 


In the case of a uniform chain* we m.ay put 1F = ws, where w 
is the weight per unit length, and s denotes the arc AP. Wc 
write also 

T, = wg, (2) 

i.e. c is the length of a portion of chain whose weight would equal 
the horizontal tension. Hence, from (1), 


5 = c tan 1 ^, (3) 

which is the ‘intrinsic’ equation of the curve in which the chain 
hangs. 

From this the Ciartesian equation may be derived ns follows. 
If the axes of x and y be drawn horizontally, and vertically upwards, 
respectively, we have 

da; , dy . , ... 

_ = cosf. ^ = (4) 


_ UX UX UJ , « I ^ „ I 

Hence -rr = tt = i/r ,r. see® -f- = c see -f, 

df ds a-ijr 

^JL — ^ sin "Jf.c sec’ it" " 
ds dyp- 

Integrating, we have 

(c = c log (sec + tan iF) + a, 

y = C sec ‘\}r 4 fi. 

The constants of integration merely affect the position of the 
origin (hitherto arbitrary) in relation to the curve. If vfc take 
the origin at a distance c vertically beneath the lowest point, we 
have a = 0, /9 = 0. 

• The form of » freely hanging tmifonn chain nppears to hare been first ssccr. 
tained in 1G90 by James BemonUi (1054-1705). professor of mathematics at Bil« 
1687-1705. 
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On this understanding we have, from (6), 


sec -ifr + tan yp- = (7) 

and therefore sec ifr — tan ^ = e“®^' (S) 



since the quantities on the left-hand of these equations are 
reciprocals. Hence 



7/ = c sec yp = -P = c cosh - , 

* c 

(9) 

and 

s = c tan r/r = Ic = c sinh . 

ao) 


The curve defined by (9) is called the 'uniform catenary.’ 
Since cosh (a:/c) is an even function of x, the curve is symmetrical 
with respect to the vertical through the lowest point, as was to be 
expected. The linear magnitude c is called the ‘parameter’ of 
the catenary, and determines its scale, all uniform catenaries being 
geometrically similar*. The horizontal line at a depth c below 

* It 1b obvious from (9) that if a, y, e bo aUerod In tho eamo ratio the equation 
Ib etill Batisded. 
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the loTvest point (i.e. the axis of x of our present formula?) is called 
the ‘ directrix/ 


« 

84. Properties of the Uniform Catenary. ' 

From equations (1) and (9) of Art. 83 we have 

T-=wcacc'>lr = ^uy, ( 1 ) 

so that the tension varies as the height above the directrix 
Also, from ("g) and (10), 

f-=^ + c?, ( 2 ) 

a relation which is often useful. 


^ Some geometrical properties follow easily-from the figure. If 
PN be the ordinate, FT the tangent, PG the normal, NZ the 
perpendicular from the foot of the ordinate on the tangent, we 
• have 

NZ = y cosi^ = o, PZ = c tun yfr = s (3) 

Also, for the radius of curvature. 


p = ^ = 0 sec’ = y sec i/r = PG. 


.(4) 


Ex. 1. A uniform chain of given length and weight hangs between two 
points at the same level, and the sag in the middle is measured ; to find the 
pull on the points of support. 

If 2j be the length, y the height of the ends above the directrix, k the 
sag, we have 

whence c=(.t^-E)l2k {!>) 

This gives the horizontal tension wc; the vertical tension at the ends is ws, 
and the resultant tension is wy, where 

j,=c+l!=(x’+r-)/2l:. (6) 

Thus if the length be 10 ft., the weight 15 lbs., and the sag 3 ft., the 
horizontal pull is 4 lbs., the vertical pull V’S lbs., and the resultant pull 8-6 lbs. 

Ex. 2. A uniform chain of given length is stretched between two given 
points at the same level ; to find the parameter of the catenary in which 
it hangs. 

«=C8inh 

c’ 


In the equation 


.( 7 ) 
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! and X are now given, and the question ia to find e. This can only be 

effected by means of a table of hj-perbolie functions*. If we put 

xlc=u, ( 8 ) 

, fiinb u $ - in\ 

wo have = - (9) 

With the help of the tables we can trace the curve whose abscissa is u and 
ordinate (ainhtt)/u. 



The horizontal line whose ordinate is ejx (which ia necessarily >1) will 
meet this curve in two points whose abscisses are, say, ± u,. We have then 
from (8) 

c=4;/«iv i...(IO) 

If greater accuracy is required than can bo attained by a drawing, we 
may find tt by interpolation from the tables. For instance, if the span be 
100ft., and the length 120ft., we have a/r=l‘2. On reference to the tables 
we find, ns corresponding values, 

tt=l'06, (ainha)/u=l‘1981, 

«=l-07, (sinha)/a=l-2021, 

♦ Snob as is given, lor example, in J. B. Dale’s Five-Figure Tables of Mathe- 
matical Functioiu, London, 1903. 
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whence, by interpolation, Uj = 1-065. Hence c=46-95 ft., y:=.^(cS+ **) = 76 -ia ft, 
and the droop in the middle is 29-32 ft. 

The figure shews however that the method is not susceptible of any great 
accuracy when the length of the chain only slightly exceeds the span. It 
apjjcars from (9) that v is then small, and c accordingly great compared 
with X. A slight alteration in the length may then cause a considerable pro- 
portional change in the value of c. 

Ex. 3. To find the greatest possible horizontal span for a uniform wire 
of given materiaL The limitation is supposed supplied by the condition that 
the tension at the points of support is not to exceed the weight of a certain 
length X of the wire. 

At the ends we have and therefore 

X=c cosh (11) 


or, if we put 


u=xjc, .. 

X _ u 

X ~ cosh « 


.a2) 

.(13) 


As a increases from 0 to eo , the function K/(cosh u) at first increases from 0, 
and finally tends asymptotically to 0. vt must therefore have at least one 
maximum ; and the condition for this is found on diSerentiation to be 

tanb u=‘l/u (14) 

Now as u increases from 0 to oo, tanh v, steadily inweases from 0 to 1, 
whilst 1/a steadily decreases from co to 0. Hence there is one and only one 
(positive) value of v for which the expressions are equal From the tables 
we find that this is a=l-200, nearly. The required span is therefore . 


2x=2XK/cosbw=2X/sinha=l-32jX ; ...• (15) 

the length of wire is 

2« =2c siuh tt = 2X tanhii= -2X/u= 1-667X ; .(16) 


and the sag in the middle is 

X— c=X (1— seeb a)=-447X (17) 

Also, since tan^f•=sinhw=(coaha)/B=y/.^•, (18) 


it appears that the tangents at the points of support meet at the origin. 
Their inclination to the horizontal is found to be about 56’, 


85. Wire Etretched nearly hori2ontal. 

The relation between the sag, the tension, and the span of 
a wire, e.g. a telegraph w'ire, stretched nearly straight between 
two points B. 0 at the same level, is found most easily from fiist 
principles. 



FLEXIBLE CHAINS 


191 


84^86] 


T/ib I be the length, W the total weight, the horizontal 
tension, k the sag AN at the lowest point A. Taking moments 
about 0 for the portion AG of the wire, we have 
T,.k^lW.{l 


approximately, or 



( 1 ) 


The same result follows from Art. 84 (5), which reduces to 

c = s‘l2k....'. (2) 

when kfs is small. 

The tension at i? or (7 will exceed T, by wk, or Wkjl, or 
Sk^H’.Tf, This is by hypothesis a small fraction of T^. 


B 


Fig. 123, 

The calculation of the excess of the length over the span is a 
matter of Geometry. If B be the radius of curvature, and 2i|r the 
angle which BG subtends at the centre of curvature, we. have 

2Rk = ll\ (3) 

nearly. Hence 

arc BG — chord BG=2R{ifr — sin 'J^) = i R'jA = § k'/l , . . .(4) 
approximately. 

Fx. A telegraijU wire has a span of 88 ft. ; to find the sag in the middle 
if the tension is not to exceed 150 lbs., assuming that 20 ft. of the wire 
weighs 11b. 

Hero To =150, ir=4-4, f=88. Hence, from (1), f-=-32 ft 

86. Parabolic Catenary. 

Of problems relating to chains of variable line-density the most 
interesting is that of the parabolic catenary. 

We have seen already (Art. 12) that if the load on any part of ' 
a chain varies ns the horizontal projection of this part, the form 
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asstimed is that of a parabola with vertical axis*, 
thing may b6 proved more directly as follows. 


[IX 

The same 


^ Take the lowest point A as origin, and the tangent there as 
axis of w, and let x, y be the-reotangular coordinates of any other 
point P on the curve. The weight of any element of the chain 



will be v/hx, where vf is the given constant load per um’t length 
of the horizontal projection. The horizontal coordinate of the 
centre of gravity of the arc AP is therefore }x, being the same as 
for a uniform line of matter in tbb position API Hence, taking 
moments about P for the portion AP of the chain, we have 

Tt.y = v/x.\x, 

or 

which is the equation of the parabola in question. 


87. Catenary of Uniform Strength. 

In a uniform chain a limit is set to the possible span by the 
consideration that the chain would break (or be dangerously 
strained) at the points of attachment if the tension there exceeded 
a certain value. This limit could obviously be enlarged by making 
the chain lighter in tbe lower portions and stronger near the 
supports. We are thus led to the notion of the ‘catenary of 
uniform .strength,’ where the cross-section is supposed to be 

* Tliia result is attributed to James Bernoulli. 
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adjusted so as. to be everywhere proportional to the tension; 
in other words, the stress-intensity, i.e. the tension per nnit 
area of the cross-section, is assumed to be the same at all 
points*. 

We assume, then, that the weight w per unit length varies as 
the tension T, so that 

T=v,\, (1) 

where X is a certain constant length. Resolving along the normal. 


we have 

• 

rSi/r — laSs cos yjf,^ 

■: (2) 

whence 


da , 

-rr — X sec 

ay 

(3) 



f’ig. 125. 

Integrating, we have the intrinsic equation 

s = \ log (sec -I- tan -i/r), (4) 

no additive constant being necessary if the origin of s be at the 
lowest point = 0). 

* This problem seems to have been first inTesligated by Davies Gilbert i 
n a 
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To deduce the Cartesian equation, ive have 

dx dx ds - \ 

dy_d]/ds. ’ 

by (3). lienee 

x = \-^, y=X]ogseci/r (6) 

provided the origin be tahen at the lowest point. The required 
equation is therefore 

y=Xlog6ec| (7) 

We note that for ® = + \x\ we have y = co , so that the curve 
is included between two vertical asymptotes. For a given 
material the linear magnitude which determines the stress- 
intensity, cannot exceed a certain value if permanent deformation) 
or rupture, is to be avoided. Hence, however the thickness be 
adjusted, no cable can bang with a span so great as wX, whore X is 
the extreme admissible value referred to. We have seen that 
wth a uniform wire the limit to the span is 1’325 X. 

88. Law of Density for a Prescribed Form. 


By a suitable distribution of density a chain may be made to 
hang in the form of a prescribed curve. The formula 

T 

— =WCOS'l>, (I) 

' P 

of ilrt. 82, combined with that which expresses the constancy of 
the horizontal tension, viz. 

T = Toseci/r, (2) 

gives «; = ^sec?->[r. (3) 

When the intrinsic equation of the curve is given, this determines 
■m as a function of 

Ex. 1. In a parabola with aiw vertical we have 

p—Zas&Pflr, W 

if 2a be the latus-rcctum. Hence 

?'o 

W=^C031/), 


in agreement with Art. 88. 


,( 6 ) 
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Ex. 2. For a circular arc we have 

( 6 ) 

where a is the radius. This makes w infinite for as wo should expect, 

since with a finite tension the tangent can never be exactly vertical, there 
being necessarily a horizontal component TV- 


If we put w'Sx = wBs, so that w denotes, as in Art. 8C, the 
weight per unit length of the horizontal projection, then, con- 
sidering the equilibrium of a portion AP of the chain extending 
from the lowest point A, we have 


by Art. 83 (1). 
- the equation 


/. 


w'dx = To tan = To ^ 

0 


•( 7 ) 


Hence, differentiating with respect to x, we have 

® 


This equation, which may be obtained otherwise from (3), putting 
w — vf cos -f-, is of some importance. 

Ex. 3. If be constant wo find on integration 

P) 

which is the equation of a parabola with vertical axis. 


EXAMPLES. XVI. 

1. Provo from first principles that when a cord wrapped round a rough 
circular cylinder is in limiting equilibrium the tension varies in geometrical 
progression as tho angular coordinate increases in arithmetical progression. ’ 

2. Two weights 1', Q hang in limiting equilibrium from a string which 

passes over a rough circular cylinder in a plane perpendicular to the axis, 
which is horizontal. If be on the point of descending, what weight may be 
added to Q without causing it to descend ? [7^/?- 90 

3. A smooth elliptic cylinder, having the minor axis of the cross-section 

vortical, is Burrounded by an endless chain of length equal to the perimeter. 
What must bo the tension at the highest point in order that the chain may^ 
be in contact everywhere ? [w 25^)/6.] 

4. A chain hangs beneath a Bmootb cycloidal arc whoso base is horizontal ‘ 
and vertex downwards ; what must bo the tension at the cusps in order that 
the chain may be everywhere in contact 1 . 

[Cica,'if a be the radius of the generating ■ ■ ’ 

13-2 
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6. A parabola whoso axis is vortical and concavity upwards is described 
so as to touch a catenary at tho vertex, and to have tho samo curvature there. 
Doos tho parabola lio.abovo or below tho catenary ? 

If a uniform chain bo enclosed in a smooth parabolic tube whose axis is 
vertical and concavity upwards, and if it bo just free at tho verteac^find the 
pressure on tho tube at a point where tho tangent makes an angle ^ with tho 
vertical. . [A=iwsini^coa*\/^.] 


6, A length of uniform chain hangs over two or more smooth pegs in a 
vertical plane. Provo that tho catenaries formed by the various portions 
have tho sarao directrix. 


7. A uniform chain hangs between two fixed points, and various weights 
are attached to it at intermediato points. Provo that the intervening 
portions of tho chain form arcs of equal catenaries. 

8. A freely hanging chain is made up of two parts of difleront densities. 
Provo that tho cuiwaturo is discontinuous at tho junction, the curvatures 
on tho two sides being proportional to tho respective densities. 


9. A uniform chain AH of length I h.angs vertically from A. If the end 
D bo pulled horixontally by a force equal to tho weight' of a length a of tho 
chain, prove that in equilibrium tlio horizontal and vertical projections of 
AB will bo 

10. Tho end link's of a uniform chain of length I can slide on two smooth 
rods in the same vertical plane which are inclined in opposite ways at equal 
angles a to the vertical Provo that tho sag in the middle is JflanJa. 


11. Tlio end links of a uniform chain can slide on a fixed rough 
liorizonttd rod. Provo that tho ratio of the extreme siian to the length of 
tho chain in 


/.log 


1 + n /(1 


whore /. is the coefficient of friction. 


12. One end of a unifoim chain ABO of length I Is nttnehed to a fixed 
point A at a height /. above a rough table. The portion BO is straight and 
rcsl.s on the table in a verlic.al plane thi'ough A. If tho end 0 bo free, prove 
that in limiting equilibrium tho length a of tho hanging portion is given 
liy tho oqualiou 

s’ + 2/t//s - /.’+ 2/./(f. 

13. A uniform chain 20 ft. long hangs between two points at the same 

level, and tho sag in tho middle is measured and found to bo 6 ft. Find the 
parameter of tho catenary in which it hangs. Also if the total weight be 
50 lbs., ■find the pull on cither point of support. [7‘Bft.; 31-25 lbs.] 
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24. Provo that in the preceding Example the centre of gravity of the 
chain is raised through a height 

25. A uniform chain of length I hangs between two points whose 
horizontal and vertical distances apart aro h, k, respectively ; prove that 
the parameter c of the catenary is determined by 

V(f*-jl:*)=2cBinb 

Discuss the solution of this equation (graphically or otherwise). 

26. A solid of revolution has an axis of given length, and the'meridian 
has a given length ; what must bo the shape of the meridian curve in order 
that the surface may bo a maximum ? 

27. Shew geometrically that if the weight of any portion of a chain 

bo proportional to its projection on the horizontal, the subnormal (measured 
along Iho vortical through the lowest point) is constant, and thence that the 
curve is a parabola. ‘ « 

28. Provo that in the parabolic catenary the tension varies as the square 
root of the height above the directrix. 

29. The coordinates (horizontal and vertical) of tho centre of gravity of 
an arc of a parabolic catenary aro 

x=l{xi+xi), ^=J(yi+4y'+y,), 

where (x^jyt), (aii,yj) refer to tho extremities of the aro, and y is the ordinate 
half-way between y, and y,. 

30. Provo that in tho catenary of uniform strength : 

(i) Tho projection of the radius of curvature on tho vertical is 

constant; 

(ii) Tho tension varies as the radius of curvature; 

(iii) T= Tq cosh (»/i). 

31. Find tho law of density in order that a chain may hang in the form 

of a cycloid with horizontal base. [Moosec’^.] 

, 32. A uniform chain of length I rotates about tho lino AB joining its 

extremities with constant angular velocity u. Prove that if I be only slightly 
greater than tho form assumed by the chain in steady motion is 

„ 2 ,,,, , , . rrX 

am — ; 

and that the tension is iVu’a/n-* in dynamical measure, where if is tho total 
mass of tho chain. 

33. A chain whose ends are fixed at A and B revolves about AB with 
constant'angular velocity. Prove that if it has the form of a curve of sines 
having zero curvature at A and B, the mass of any portion must be propor- 
tional to the orthogonal projection of that portion on AB. 



CHAPTER X 

LAWS OF FLUID PRESSURE 


89. Density, and Specific Clravity. 

The ' mean density ’ of any portion of a substance is the ratio 
of the mass to the volume. It is therefore expressed in pounds 
per cubic foot, or grammes per cubic centimetre, or in some other 
similar way, according to the fundamental units of mass and length 
adopted. 

A substance is said to be of ‘uniform’ density if the mean 
density, of all its parts is the same. ’ When -the density is nob 
uniform, the ‘ density at a point ’ is defined as the limit to which 
the mean density in a small region containing that point tends as 
the linear dimensions of the region are indefinitely diminished. 

The 'specific gravity’ of a substance is the ratio of its density 
to some standard density, e.g. that of pure water when (under 
ordinary conditions of pressure) its density is greatest, i.e. at a 
temperature of about 4° Centigrade. 

In the metric system, the kilogramme and -the metre are 
defined practically by independent material standards, viz. by a 
particular piece of platinum, and by the length of a particular bar 
at a specified temperature. But the kilogramme was adjusted, in 
the first instance, so that its mass (or weight) should be as nearly 
as possible equal to that of a, cubic decimeter of water under the 
conditions above stated; and the agreement is in fact so extremely 
close that for almost all purposes the terms ‘ density ’ and ‘ specific 
gravity ’ may on the metric system be taken as synonymous. On 
the British foot-pound system, on the other hand, the density of 
water at its maximum is about C2'426, whilst its specific gravity 
is of course unity. 
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Fm- orflinary purposes, the variations of density vrith change of pressure 
or toiiiijeraiuiB, and in difTerent Bpecimens of the Eame substance, may in the 
case of solids and liquids bo neglected- The folloTrfng table gives, on this 
'understandijig, the specific gravities of a fevr substancea. 


0;pl)sr 

8-9 

Sca-v.ater 

1-026 

Gold 

193 

Alcohol 

•8 

Iron 

7-8 

Ether 

•73 

Lead 

lT-3 

Mercury 

1.3-60 

Piatiimui 

21 -.5 

Sulphuric add 

1-85 



Oil of Turpentine 

•87 

Stress in a Fluid. 




The mutual action of the two portions , 5 of a body, whether 
solid or fluid, which lie on the two sides of an ideal surface S 
drawm across it, consist partly of actions 'at a distance such as 
gravitational attraction, or (it may be) 
electric or magnetic forces, and partly 
of molecular forces exerted between the 
portions of the substance which are 
close to iS on either side. It is these 
latter actions that are comprehended 
in the term 'stress.' Owing to the 
excessively small range of molecular 
forces, the portions of matter immediately concerned are confined 
to two strata hounded by S and by parallel surfaces drawn veiy 
close to it on the two sides. The thickness of these strata is in 
reality far below the limits even of microscopic vision, 

Kov.' consider the portion of one of these strata which corre- 
sponds to a small area drarvn on S. It is assumed that the 
dimensions of this area may be very large compared with the 
thickness of the stratum, whilst stiil small compared v-dth ordinary 
linear magnitudes, and in particular with the radii of curvature of 
the Euriace S, Since adjacent equal areas of this description are 
then under practically the same conditions, we infer that the action 
of -d on a small area of the stratum in B is nlbimately proportional 
to the area. We therefore specify the intensity of the stress at 
any point of S by its amount per unit area in the neighbourhood 
of that point. To make the specification of the stress complete 
we must also know its direction. It may he, and in solid bodies 
generally is, oblique to the area. 
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The characteristic property of a fluid, however, is that when it 
is in equilibrium the mutual action between adjacent portions is 
everywhere normal to the common surface, or ‘ interface.’ In other 
words, a fluid in equilibrium does not exert tangential stress. 
This is of course a physical assumption; it cannot be verified 
directly, but is to be justified by the agreement of the theoretical 
results derived firom it with observed facts. 

It is to be remarked, that tangential stresses do occur in fluids 
in motion; they constitute in fact the phenomenon kno^vn as 
‘ viscosity.’ But as a fluid approaches a state of equilibrium the 
tangential component of the stress decays with more or less 
rapidity, until finally, when the permanent condition is attained, 
it vanishes altogether. 

Under ordinary conditions the mutual action inferred to is of 
the nature of a pressure, i.e. its tendency is to resist approach 
of the parts. 

The distinction between a ‘ liquid ’nnd a ‘gas’ hardly needs 
to be formally stated. A liquid occupies a definite volume, inde- 
pendent of the dimensions of the vessel in which it is contained, 
and its density is nearly constant. 'We may, in fact, as already 
stated, for most purposes neglect the compressibility of actual 
liquids. A gas, on the other hand, spreads throughout any region 
to which it has access, and is readily susceptible of very great 
variations of density. 

91.^ Uniformity of Pressure-Intensity about a Point. 

We now fix our attention on a particular plane drawn through 
a fluid in equilibrium. The ‘mean pressure-intensity’* over any 
area of this plane is the ratio of the force exerted across this area, 
by the fluid on one side upon the fluid on the other, to the area. 

As throughout the preceding pages, we shall assume for the 
most part that the forces with which we are concerned are 

* Tho ■praiure-intentity at a point ia to bo diatinguiahed from the total preesure 
on an area. It ia tme that tho word ‘ preaaare ’ la often used indifferently in 
HydroBtaticB in either of theae eenaca, but at firat It ia well to accentuate the 
distinotion. 
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expressed in gravita.tional units (Art. 6). The pressure-intensity 
■will accordingly be supposed to be expressed in.'pouiids per square 
foot, or grammes per square centimetre, or in some such v.’ay. 

If the mean pressure-intensity is the same for all parts of the 
plane, the pressure-intensity is said to be ‘uniform' over that 
plane. If it is not uniform, the pressure-intensity 'at a point’ of 
the plane is defined as the limit to which the mean pressure- 
intensity over a small area, containing the point in question, tends 
as the dimensions of the area are indefinitely diminished. 

We assume that the forces acting on any particular portion of 
fluid, including the pressures exerted on its surface by surrounding 
fluid or by the walls of a containing vessel, must fulfil the same 
conditions of equilibrium as in the case of a solid. 


It is an important consequence of the hypothesis of purely 
normal stress that the pressure-intensity at a- point P is the same 
for all planes through P. 

Suppose, in the first place, that the fluid is free from external 
forces such as gravity, so that the only forces mth which we are 
concerned are the mutual pressures between adjacent parts, and 
the pressures exerted on it at the boundaries, as, for instance, by 
the walls of a containing vessel. Consider a portion of fluid in the 
form of a prism whose ends are perpendicular to its length, and 
whose section is a triangle ABC. The pressures on the various 
elements of a plane area constitute a system of parallel forces, and 
have therefore a single resultant equal to their sum. Eesohing 
parallel to the length of the prism, we see that ijhe resultant 
pressures on the two ends must be equal, and opposite, and must 
therefore cancel in the geometric sum of the forces. It follows 
that the geometric sum of the resultant pressures on the three 
lateral faces of the prism must also vanish. These resultants, 
being parallel to the plane ABG, and normal to the sides BG, 
GA, AB, respectively, must therefore be proportional to these 
sides (Art. 23, Ex. 1), and so proportional to the areas of the faces 
on which they act. The mean ^jessaTe-intensities on these faces 
are accordingly equal. If we now suppose the dimensions of the 
prism to be infinitely small, we learn that the pressure-intensities 
at a point P are the same for ail planes through that point. 
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This latter statement holds even when the influence of external 
forces is allowed for, provided' that these forces vary (as in the case 
of gravity) ultimately as the volumes of the fluid elements on 
which they act. For when the dimensions of the prism are 
indefinitely diminished, these ‘body-forces,’ as they are sometimes 
called, are ultimately of the third order of small quantities, whilst 
the pressures on the faces are of the second. The former class of 
forces therefore ultimately disappear from the equations. 

In the case of gravity this fundamental argument may be put 
more explicitly as follows. Let the two sides AB, BG of the 
triangular section he vertical and horizontal, respectively. Let 
p be the mean density of the fluid 
forming the prism, and let p,, p,, p, be 
the mean pressure-intensities on the faces 
represented by BG, GA, AB, respectively. 

The actual pressures will be p,.BG.l, 

Pj.OA.I, pi.AB.l, wherd I is the length 
of the prism ; and the weight of the fluid 
is in gravitation measure \p.AB.BG,l, 

Then, resolving parallel to BG, 

Vi.AB.l = pi.AG.l.cosA =p,.AB.l', 
and, resolving vertically, 

Vi.BG.l — pi.AG.l.coa G + ^p.AB.BG.l 
=p,.BG.l + ^p.AB.BG.l. 

Hence p, = p^, p, ^p, + ^p.AB (1) 

With the above definitions of the symbols, these results are 
exact, whatever the dimensions of the prism. If we now suppose 
the dimensions to become infinitely small, we get 

Pl=P2=P3 ( 2 ) 

Since the plane face represented hy AG may have any direction, 
the theorem in question is verified. 

The state of stress at any point F of a fluid in equilibrium is 
therefore completely specified by a single symbol p, which denotes 
the pressure-intensity on any small area through P. 

Again, in a fluid free from body-force, the pressure-intensity is 


A 
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not only the same for all planes through a point, hut m the same 
at all points. For consider the equilibrium of a cylindrical or 
prismatic portion of the fluid, of small section, whose ends ^per- 
pendicular to the length) are at any two points P, Q. Resolving 
parallel to the length we see that the pressures on the two ends 
must be equal, and since the areas on which they act are equal, 
the intensities at P and Q must be the same. 

This suggests varioufl theorems of pure Statics. Thus we learn that a 
system of uniformly distrihutsd pressures orer any closed surface will be in 
equilibrium. If the surface be that of a polyhedron with plans faces, we 
infer that forces acting at right angles to the faces, at the respective mean 
centres, and proixirtional to the respective areas, will be in equilibrium 
provided they act all inwards (or all outwards). 

Again, if a liquid completely enclosed in a vessel is in equilibrium under 
given forces and the pressure of the walls, the equilibrium will not be affected 
by the superposition-of a uniform distribution of pressure. Conversely, if 
the presstrre at any point be increased by any means, the pressure at eveiy 
other point will be increased to an equal extent. This is the principle of the 
hydraulic pres-s. 

92 . Fluid Subject to Gravity. Conditions for Equi- 
librium. 


From this point onwards we consider more especially the case 
of fluids subject to gravity. Since the pressures on the two ends 
of a cylindrical column of small section, whose length is horizontal, 
must still be equal, we leam that the pressure-in tens! iy is uniform 
over any connected horizontal area in the fluid. 


Again, along any vertical line draivn in the fluid, the pressure- 
intensity increases downwards with a gradient equal „„ 
to the densjty. For let z denote depth below some \ 
fixed horizontal plane of reference; and consider a T 
small cylindrical portion of fluid whose length Sz is o-d 
vertical, 'and whose ends are horizontal, of small 
sectional area w. The forces which act on this are 
gravity, the pressures on the ends, and the horizontal ^ 

pressures on the sides. Resolving vertically, we see ’ 
that the upward pressure on the base must exceed the do^ward 
preraure on the top by the weight of the column. Hence if p an 
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p + hp be the pressure-intensities at the top and bottom, and p 
the density, we have 

{p Sp) <0 = pw -4- ptaSA, 


whence hp = p^z, or, ultimately, 

dp 

dz 



It may be well to repeat that a gravitational unit of force is 
here implied. In absolute (d 5 maraical) units the weight of the 
cylinder would be denoted by gptodz, and the factor g would be 
required on the right-hand side of (1). 

So far, nothing is assumed with respect to p except that it 
denotes the local density. We have seen, however, that is a 
function of the depth z only; the equation (1) shews therefore 
that the same must be true of p. In other words, in a fluid 
(whether liquid or gaseous) in equilibrium under gravity, the 
surfaces of equal density, as well as the surfaces of equal pressure- 
intensity, must be horizontal planes. 

Moreover, the density of any fluid is determined ' by the 
pressure 'and the temperature. It follows that for equilibrium it 
is also necessary that the temperature should be uniform over any 
horizontal area. If in consequence of one-sided heating this con- 
dition is violated, convection currents at once set in. 

Another important consequence is that the free surface of a 
liquid (where it is in contact with the atmosphere), or the common 
boundary of two liquids of different denrities, must be a horizontal 
plane.' For it would otherwise be possible to draw a horizontal 
plane over which the density was not uniform. The fact that the 
free surface of a liquid, such as mercury, furnishes an optically 
perfect plane mirror is a striking confirmation of the hypothesis of 
normal pressure, on which the above proposition rests. 

As already stated, the variations of density in a liquid may as 
a rule be disregarded. Hence, treating p as a constant, we have 
fr'om (1) 

p = pz + G, (2) 

where the arbitrary constant G is determined by the value of the 
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pressure-intensity at some particular level. Thus if the pressure- 
intensity at the plane r = 0 be p,, vrc have 

P^pc + p: (3) 

If the origin he at a free surface, p, is the atmospheric pressure. 

Since p has a uniform vertical gradient, it easily follows that 
the different parts of the free surface of a liquid, in communicating 
vessels, are all at the same level. 

Ex. If the height of the barometer be 76 cm^ the temperature being 
0'*C., the atmospheric pressure is 

76 X 13'C0= 1034 gms. per sq. cm. 

If the height be SO in., the pressure is 

2-5 X 13 60 X 62-43=2123 lbs. per sq. ft, 
or 14 -74 lbs. per sq. in. 

A pressure-intensity of about this value is called an ‘almosphcns.’ The 
height of a water column which would produce the same pressure-intensity is 
called the ‘height of the water-barometer.’ "With the above dsLi this would 
he about 10-3 metres, or 34 feet, reflectively. 

93. Resultant Pressure on a Plane Area. Centre of 
Pressure. 

Tlie statical effect of the fluid pressures on any plane area is 
knoivn when we know the magnitude and line of action of the 
resultant. 

The magnitude of the resultant pressure is given, in the case 
of liquids under grant}’, by the following rule : The mean pressure- 
intensity 0 %’er any plane area is equal to the pressure-intensity at 
the mean centre of the area. For let SS be an element of the area 
(S), at a depth f and let I refer to the mean centre of the area, .so 
that 

2(i.6S) = s.S. (1) 

The mean intensity in question is therefore 

= p, + pS (2) 

s s 

which is the pressure-intensity at the depth i. 
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The line of action of the resultant is determined when we 
know the point in which it intersects the plane of the area; this 
point is called the ‘centre of pressure.’ If the pressure-intensity 
were uniform, as in the case of a horizontal area, the centre of 
pressure would of course coincide with the mean centre; but in 
other cases it occupies a lower position, in consequence of the 
increase of pressure-intensity with depth. 

In determining resultant pressures,' and centres of pressure, it 
is generally proper to omit the term p,, in the formula (3) of 
Art. 92, since what we are really concerned with is usually not so 
much the absolute value of the pressure-intensity, as its excess 
over the atmospheric value. For instance, the pressure of the 
water on the side of a tank is in part compensated by the 
atmospheric pressure on the outeide. 

The position of the centre of pressure of a plane area can bo assigned at 
onco in a number of cases from the consideration that the problem is tho 
same as that of finding the mass-centre of a thin lamina of tho same shape, 
whose thickness varies as the depth below the free surface, and therefore as 
tho distance from the surface-lino in tho plane of the area. • 

Exx. In tho case of a rectangle having one side in tho surface, tho thin 
lamina has tho form of a very acute wedge. The centre of pressure is there- 
fore in the median line at tho point of triseotion furthest from tho surface. 

In tho case of a triangle having one side in the surface, tho lamina is a 
very flat tetrahedron, of which tho surface-lino forms one edge; and tho 
naass-centre is the middle point of the line joining this to tho middle point of 
the opposite (infinitely short) edge. Hence the centre of pressure of the 
triangle bisects tho median line. 

Similarly, tho centre of pressure of a triangular area having one vertex 
in ,the surface and tho opposite side horizontal is in tho median line, at a 
distance of throe-fourths its length from tho vertex. 

Other Gosos can bo deduced from these by composition. Thus, in tho 
case of a trapezium whoso parallel sides 
are a, b, tho side a being in tho surface, 
wo divide tho figure into three triangles 
wlioso areas are proportional to -Jor, ^a, 6., 

Tlio mean pressuro.intonsities over these 
areas are proportional to tho depths of 
their mean centres; and are therefore as 
1:1:2. Hence the resultant pressures on 
tho three triangles are as a ; a : 46. The T'lg- 129. 

distances of the respective centres of pressure from tho upper side have 
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been shewn to be -iA, jA, where A is the breadth of the trapcanm. 
Hence, taking moments, we find for the distance of the centre of pressure 
from the npi)er side 

'''jf^+a.-^A-i-4&.|A _ C4-3Z) 

a+a-i-46 ~2a+4l>'^ (2) 

The point lias of course in the line bisecting the parallel sides. 


94. Formulae for Centre of Pressure. 

General formnlje for the position of the centre of pressure can 
be written down from the theory of parallel forces. If we take 
rectangular axes in the plane of the area, the pressure on* an 
element SzSy will be denoted bypSa^Sy, and its moment about the 
axis of y by apSxSy. Since the moment of the total pressure is 
equal to the sum of the moments of the elementary pressures, we 
find, for the coordinates of the required point, 

f,_ ijxpdxdy _ Jfypdsdy 

fjpdxdy ’ ^ Ilpdxdy ' ' 

These formulae hold also if the axes are oblique, for if to be 
their inclination, the element of area, now a parallelogram, will be 
Zxiy sin to, whilst the distances of an element, and of the centre of 
pressure, from the axis of y will be a: sin to and f sin to. On sub- 
stitution the factor sin to will divide out. 

In the case of a liquid subject to gravity it is convenient to 
make the axis of y coincide with the line in which the plane 
of the area meets the free surface. If the axis of x be taken 
perpendicular to this, we have, ignoring the atmospheric pressure 
for the reason stated, 

p = pz=pxsiD a, (2) 

where a is the inclination of the plane to the horizontal. The 
factor sin a disappears on substitution in (1), so that 

„ i^a?dxdy _ \\xydxdy ^ „ 

^ \\xdxdy ’ ^ \\xdxdy 

qihe integrals are of the types which we have met with in 
Chapter- VIII as linear and quadratic moments, and their values in 
a number of cases have been computed. 

If the axis of a; be a line of symmetry of the area, the numerator 
in the expression for y will vanish, owing to the cancelling of 
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terms due to elements in the positions («, y) and («, — y). Also 
if k be the radius of gyration of the area about the surface-line, 
and h the distance of the mean centre of the area from this line, 
we have 

JJafda;dy=Sk\ jjxdxdy = Sh, (4) 

where S is the total area. Hence 

^ = lc‘lh, r, = 0 (5) 

If K he the radius of gyration about a line through the mean 
centre parallel to the surface-line, we have k? = K^ + h^, by Art. 73, 
and therefore 

^=^h+Kyh (6) 

Exx. In the case of a rectangle of sides a, 6, with the side 6 in the 
surface, we have 

A=Ja, E=\a\ (7) 

as before. - 

For a semicircular area of radius a, with the diameter in the surface, 

•A=4a/3ir, l^=^a\ f=^ira='685a (8) 

For a circular area at any depth 

k-‘=h’^+la\ ^=h+ia?lh (9) 

The formula (6) shews that with increasing depth of immersion the centre 
of pressure approximates more and more to the mean centre of the area, as 
is otherwise evident, since the distribution of pressure-intensity becomes more - 
and more nearly uniform. 

95. Centre of Pressure and Central Ellipse. 

The formulse (3) of Art. 94 will apply even if the axis of 
a he oblique to the surface-line, since the depth of any point 
of the area below the free surface will still be in a constant 
ratio to the abscissa a;, and the element’ of area wall be in a 
constant ratio to SxSy. 'We will suppose that the axis of x 
passes through the mean centre G, whose abscissa is, say, h. If 
we now transfer the origin to this point, writing x + h for x 
and ^ + h for the axis of y remaining parallel to the surface- 
line, we have 

jjxdxdy = 0 , jjydxdy = 0 , (1) 


L. 8. 
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and therefore 

jj(x + hydxdT/=^jja^dxdy+h^jjdxdy, 
jj(^ + h) ydxdy =JJxydxdy, JJ(x+ h) dxdy = hJJ dxdy. j 


( 2 ) 


Hence 


^ jja?dxdy Jfxt/dxdu 
^'hjjdxdy’ '^-'hjjdxdy 


The direction of the axis of a: is still arbitrary. It is convenient 
so $0 choose it that the integral fjxydxdy shall vanish. This r\-iil 
he the case, by Art. 77, if the axes of x, y are conjugate diametere 


o 



of the central ellipse of the area. The equation of this ellipse is 
then of the fonn 


where 


•(4) 


( 5 ) 

lldxdy ' ^ 


fja^dxdy 
“ “ f^dxdy ’ 

Hence, relatively to a.ves Gx, Gy through the mean centre of the 
area, of which Gy is parallel to the surface-line, and Gx is conju- 
gate to it with respect to the central ellipse, we have 

f=aYA, 17 = 0 , (6) 
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if a’ denote the mean square of the ahscissse of the points of the 
area, and — h the abscissa of the surface-line. 

The point (P) thus determined is on the same diameter of the 
central ellipse, and at the same distance from its centre, as the 
pole (P') of the surface-line, hut on the opposite side. It is there- 
fore called the ‘anti-pole’ of the surface-line*. 

Ex. 1. In the case of any regular polygon the central ellipse is a circle. 
Thus for a square, the centra of pressure is in the line through the centre. of 
the square perpendicular to the surface-line, at a distance of from this 
centre, if 2a be the length of the side. 

For an equilateral triangle of side 2a the distance is 


Ex. 2. The centre of pressure of any triangle which is wholly immersed 
coincides with the mass-centre of three particles at the middle points of the 
sides whose masses are proportional to the depths of these points below the 
free surface. 

If (Xi, y,), (xj, jfj), {Xj, ys) be the positions of these three particles relative 
to the pair of conjugate diameters of the central ellipse (of the area) above 
referred to, we have 

2(®)=0, 2(.v)=0, 2(a3^)=0, i2(®s)=a«, (7) 

whore a has the same meaning as in (5). For a system of three equal 
particles in the same positions would have the same mass-centie, and the 
same central ellipse, .as the triangular area, by Art. 78. Hence the coordi- 
nates of the mass-centre of three p.articles at the middle points of the sides, 
whose masses ore proportional to 4-1 Xi, 4-fXj, h + X;, are 


2{(4-Px)x) 
2 (4-f-x) 

2 {(4-fx).y} 
^ 2(A-hx) 


2 (.v^ _ a“ 
34 - 4 ’ 

= 0 , 



which are, by (6), the coordinates of the centre of pressure. 


( 8 ) 


96. Pressures on Curved Surfaces. 

The pressures on the various elements of a curved area 
constitute a three-dimensional system of forces, and are not 
necessarily equivalent to a single resultant. The simplest mode' 
of reduction is to resolve the pressure on each element into its 
components in three directions, ond of which may conveniently be 

* It is the pole of the surface-line with respect to 
** . 
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taken to be vertical, whilst the other two are horizontal and at 
right angles to one another. In this way we obtain three systems 
of parallel forces, each of which may be replaced by a single force. 
-The three mutually perpendicular forces to which the original 
system is thus reduced may be called the ‘resultant pressures’ in 
the directions specified. jBut their lines of action do not necessarily 
intersect, and no further simplification is as a rule possible. 


If, however, the area in question has a vertical plane of 
sj'mmetiy, it is evident that the resultant pressure in a direction 
normal to this plane wll vanish. There remain a resultant 
vertical pressure, and a resultant horizontal pressure, in the plane 
of symmetry, and these can of course be replaced by a single 
resultant. 


The rule for finding the resultant pressure in any given 
horizontal direction is veiy simple. If we , project the contour of 
the area orthogonally on a vertical plane perpendicular to this 
direction, we obtain a curve bounding a plane area S\ The required 
resultant is equal in magnitude to the pressure on S', and acts 
in a line through its centre of pressure. For let 8S be an element 
of the given curved area, and SS' its projection. 'A horizontal 
column of fluid whose ends are formed by the elements SS, SS' 
would be in equilibrium under gravity and the normal pressures 
on its surface. Resolving parallel to the length we see that the 
component of the pressure on SS in the direction of the length 
must be equal as well as opposite to the pressure on SS'. Cases 
may arise where there is more than one surface-element having 
the same projection SS', but if we take account of the sense of the 
horizontal components of the pressures on them, we find that the 
.above rule holds in all cases. 

As regards the vertical resultant pressure, we project ortho- 
gonally on a horizontal plane at the level of zero pressure (or at 
the free surface, if we leave the atmospheric pressure out of 
account). Let SS" be the projection of an element SS of the given 
area. Considering the forces which would act on a vertical column 
of fluid Avhose ends are SS and SS", we see that the vertical com- 
ponent of the pressure on SS is equal to the weight of the column 
The resultant vertical pressure is therefore equal in magnitude to 
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the weight of a mass of fluid bounded (i) by tlie curved area, 
(ii) by a cylindrical surface whose generators are vertical lines 
through the edge of the area, and (iii) by the plane of zero 
pressure; and it acts in a vertical line through the centre of 
giuvity of this mass. It will be seen that the case where more 
than one element SS has the same projection SS" is allowed for in 
the rule*. 

The resultant horizontal pressure on a closed surface, in any 
direction, will vanish. The resultant vertical pressure therefore 
represents the whole effect of the fluid pressures on the surface ; 
it is equal to the weight of fluid which would fill the included 
space, and acts through the centre of gravity of this fluid, 

jEt. To find the resultant thrust on the (outer) curved surface of nn 
immersed hemisphere. 

Let a ho tho radius, A the vortical depth of the centre, 6 the inclination 
of the plane of tho rim to the horizontal. For definiteness we will suppose 
that the hemispherical surface considered lies below this plane. The projec- 
tion of tho rim on a vertical plane perpendicular to the vertical plane of 
symmetry is an ellipse of semi-ares a and a sin d, and tho resultant horhontal 
thrust is therefore 

pA.yra’sind. ••••(1) 

The volume of liquid whoso weight is equal to the resultant vertical thrust 
consists of a hemispherical portion J tro’ and a cylindrical portion whoso upper 
end is an ellipse of semi-axes a and a cos 6, And whose lower end is a circle of 

radius a, tho mean height being A. .The resultant in question is therefore 

p (I Tra^ -(- neflh cos 6) (3) 

Since tho pressures on the curved surface act in lines through tho 
geometrical centre, the resultant of (1) and (2) must pass through this point. 

97. Work of Fluid Pressure. Potential Energy of 
a Liquid. 

When a fluid mass is slightly deformed without change of 
volume, the work done by a uniform pressure over its surface 
vanishes. 

For consider, in the first place, a fluid filling a rigid vessel 
which has a number of apertures occupied by moveable .pistons of 

* In each of tho preceding questions, the case where the contour of tho pro- 
jccled area intersects itself would require examination, but the matter is hardly 
important enough to call for further diBousBion. 
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areas SuSj,..,, Sn, and let these be pushed in through small 
spaces (positive or negative) v^, v„ j/„, respectively. If p be 
the uniform pressure-intensity, the work done is 
■y)Si . Iij + pS,. l>, ... • j'n> 
which vanishes, since 

ViSi + V 3 S 3 + ... + VnSn = 0, (1) 

by the condition of constancy of volume. 

The extension to the general case is merely a matter of 
notation. If SS be an element of area of the boundary, p the 
small extent to which it is pushed inwards, the work is 


2(pSS.p)=pl(pS8) = 0 ( 2 ) 

This is the principle of virtual velocities as now proved on the 
particular hypothesis of uniform pressure. ' • - i 


Conversely, if we were to assume as a physical axiom that the internal 
forces of a fluid mass do no work^^when the deformation involves no change of 
volume, we could infer the uniformity of pressure-intensity. Thus if, in the 
case first considered, we suppose only two of the pistons, to be displaced, we 
should have 

with 0, .....(3) 

whence Pi =Pj. 

A 

We go on to the case of a liquid subject to gravity. With our 
former notation, the work of the fluid pressures on the boundary 
of the mass considered will be 

2 (p 8/Si . i/) = 2 {{po -k ps) 8S . v} = '2,{ppSS .z), (4) 

since 2(vS)S) = 0, as before. This expression may he identified 
with the increment of the potential energy, with respect to 
gravity, of the mass considered. For the change in the potential 
energy may he regarded as due to the transfer of small amounts 
of matter from one part of the boundary to another ; and if we 
consider two elements hS^ SS 3 so chosen that 

Vi SSi = — P 3 SS 3 , (5) 

both sides being supposed positive, the removal of a weight pviSSi 
from the first position to the second involves a gain of potential 
energy of amount 

pviSSi{Zi — e3)^pviSSi>^ + ( 6 ) 

Since the whole alteration of the boundary may be supposed 
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brought about by the interchange of pairs of elements related as 
in (5), the interpretation of the last member in (4) follows. 

Hence the work done by the fluid pressures on the boundary 
of a liquid mass in equilibrium, in any infinitesimal deformation, 
is equal to the increment of the potential energy. This verifies 
the principle of Virtual Velocities for the present case, in the form 
given in Art. 57 (2). 

In particular, if the work of the external pressures vanishes, 
the potential energy must be Stationaiy, for equilibrium. 

This statement implies various results already proved, as well 
as others. For instance, the free surface of a liquid contained in 
an open vessel must be such that any small deformation involves a 
change of the second order only in the value of the potential energy. 
It is easily seen that a horizontal plane is the only form of surface 
fulfilling this condition. For if the surface had any other form, 
a slight lowering of the elevated portions, accompanied by an 
equivalent raising of the depressed portions, would involve a 
diminution of the potential energy by a small quantity of the 
first order. Again, if a solid float in the liquid, the depth of the 
centre of mass of the whole system must be stationary for all 
displacements. 

We may anticipate, further, that the equilibrium will be stable 
if, and’only if, the potential energy be a minimum. For instance, 
in the case last mentioned the depth of the centre of gravity of 
the whole system must be a maximum, for stability*. 


EXAMPIiES. XVII. 

[The weight of a cubic foot of pure water is taken to he C2'43 lbs.] . 


1. If equal weights of n liquids of epccific gravities «i) ... , are taken 

and mixed together, without change of volume, the'spooifio gravity of the 
mixture is 




2. Pure water is added, drop by drop, to a vessel of volume V filled with 
a salt solution of sp. gr. t, which is allowed to overflow; find the sp. gr. of the 
solution when a volume v of water has been poured in. [1 +(s - 1) 


* Huygens, ‘De iis quoa liqnldo supernatant* (1650), Oexmet compKtw, vol. n, 
p. 93, 
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3. Prove from first principles that in a fluid free from external force the 
resultant pressure on any plane circular area acts through the centre, and 
thence that the pressure-intensity is uniform over any plane. 

4. Find the pressure in tons per sq. yd. at a depth of 10 fathoms in the 

sea, assuming that the sp. gr. of sea-water is 1-026. ' ' [15-44.] 


6. A triangular area is immersed with one side in the surface of a liquid. 
Divide it into two parts by a horizontal line so that the pressures on the two 
parts shaU bo equal. 


6. A cylindrical jar is partly filled with water. "When a solid is placed in 

it, floating freely, the level of the water rises m millimetres, and when the 
solid is pushed down so as to be just immersed, the level rises n millimetres 
more. Find the specific gravity of the solid. ■' 

7. A hollow sphere is just filled with water'; prove that the resultant 
vertical pressures on the upper and lower halves of the [internal surface are 
^ IF and f TT, respectively, where. IF is the weight of the water. 


8. A cylindrical boiler of circular section, with flat ends, whose length is 

horizontal, is Shed -with -water ; find the ratio oi the vertical pressures on the 
upper and lower halves of the curved surfaca . ■ [-1203.] 

9. A rectangular block is completely immersed in water, one set of edges 
being horizontaL One pair of opposite faces makes an angle a with the 
horizontal; prove that the resultant of the pressures on these two faces is 
IF cos a, where IF is the weight of water displaced by. the block. Prove also 
that this resultant passes through the centre of the block. 

10. A circular cylinder, closed at both ends and filled with water, is held 
with its axis at any given inclination to the vertical. Prove that the 
resultant pressure on the curved surface acts at right angles to the axis, 
through its middle point. 

11. An open vessel containing water has a flat base. - A piece of metal 
hanging by a string is dipped into the water bo as to be totally immersed. 
How is the pressure on the base affected, (1) when the sides of the vessel are 
vertical, (2) when they are not! If the vessel is suspended from a spring 
balance, what will be the effect on the balance in each case 1 

12. A cylindrical boiler having hemispherical ends is filled with water. 

The diameter is 6 ft., and the total length is 16 ft. Find the total thrust 
lengthways on each end, (1) when the length is horizontal, and (2) when it is 
vertical [(1) 6296 lbs. ; (2) 1765 lbs., 24720 lbs.] 

13. An open cylindrical vessel of any form of section contains water to 

a depth h. If it be tilted through an angle 6, find the pressure on the base 
(area 8), supposing it to remain covered. [p A<S cos 6.] 
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14. An open hemisplierical shell 6 inches in diameter is filled with water 

and closed by a glass plate. It is then inverted and placed on a table. 
Find, in lbs., the least weight of the shell which will prevent it being lifted 
by the pressure of the contained water. [1-02 lbs.] 

15. A cylindrical vessel with a horizontal base of area A contains two 
liquids of densities p, p' and depths A, A', the former above the latter. Prove 
that if the liquids be thoroughly mixed without change of volume the potential 
energy is increased by 

. i(p'-p)hh'A. 

16. Prove that the resultant of a uniform pressure over any area of a 
spherical surface of radius a is a force 

y)o>5. OOfa, 

along the line 00 joining the centre of curvature to the moan centre of 
the area S. , 


EXAMPLES. XVIII. 

(Centres of Pressure.) 

1. If a plane area consist of two portions A^, Ai, whose centres of 
pressure are at depths *i, zj, whilst their mean centres are at depths 
Ai, Ai, respectively; prove that the depth of the centre of pressure of the 
whole is 

A, Zj d , 4* AjZj A 2 

Aidj+Ajdj 

2. A right-angled isosceles triangle is immersed with one of the shorter 
sides (a) in the surface of a liquid. Find the distance, from this side, of the 
centre Of pressure of each of the two portions into which the triangle is 
divided by the perpendicular from the right angle to the hypotenuse. 

Shew their positions accurately on a figure. 

3. A trapezium ABGD is immersed with the side AB in the surface of 
water, and the sides AD{=d), BC{—b) are vertical. Prove that the vertical 
line through the centre of pressure divides AB in the ratio 

a^+2ab+3b^ 

and that the depth of the centre of pressure is 

1 (a + b)(a^-i-b‘‘) 

2 'a^+ab+b^ 

A A lamina in the form of a regular hexagon is half immersed in liquid, 
a diagonal being in the surface. Prove that the centre of pressure of the 
immersed half is at a depth §r, where r is the radius of the inscribed circle. 
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6, ^ A cube is immersed with one edge in the surface of water, and the - 
opposite edge vertically beneath this. Prove that the distance of the centre 
of pressure of either of the lower faces from the centre of the face is ^a, 
where a is the length of an edge. 

6. A cube is totally immersed in a liquid with one comer in the surface, 
and a diagonal vertical; prove that the depths of the centres of pressure of ’ 
the faces are /g end gg of the length of the diagonal, 

7. A segment of a parabola cut off by a double ordinate at a distance A 
from the vertex is immersed with this ordinate in the surface of a liquid. 
Prove that the distance of the centra of pressure from this ordinate is f A. 

8. A horizontal boiler has a flat bottom, and its ends are plane and 
semicircular. . Prove that if it be just fall of water, the depth of the centre of 
prc-ssuro of either end is seven-tenths of the total depth, very nearly. 

9. Shew from a consideration of the forces acting on s' hemisphere 
immersed in a liquid that the centre of pressure of a circular area of radius a 
is at a distance (^a^jh).sm 0 from the geometrical centre, h being the' depth 
of this latter point, and 0 the inclination of the plane of the circle to the 
horizontal. (See Art 96, ad Jin.) 

10. If a plane area, wholly immersed, rotate about its mean centre in its 
own plane, the locus of the centre of pressure relative to the area is an ellipse. 

11. If an area of any shape turn in its own plane about a fixed point in 
the simface of a liquid, being wholly immersed, the locos of the centre of 
pressure relatively to the area is a straight line 

12. A square plate is just immersed with its plane vertical. If it turn 
about the upper comer, the locus of the centre of pressure relatively to the 
area is a straight line cutting the sides at distances of seven-sixths of their 
length froin the comer. 

13. An ellipse is just immersed with its plane vertical. Pind the locus 
of the centre of pressure relatively to the ellipse. 
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EQUILIBRIUM OF FLOATING BODIES 


98. Principle" of Archimedes. Buoyancy. 

We have seen in Art. 96 that when a body is surrounded hy a 
fluid which is in equilibrium under gravity, the pressures exerted 
on it by the latter are equivalent to a single force equal to the 
weight of the portion of fluid displaced by the solid, and- acting 
vertically upwards through the centre of gravity of the displaced 
fluid. It is otherwise evident that if the body were removed, and 
its place filled by fluid with the same vertical distribution of 
density as the surrounding medium, the portion of fluid thus 
introduced would be in equilibrium under its own gravity and the 
same system of surface pressures as before. 

This is known as the ‘principle of Archimedes*,’ who enunciated 
it for the case of liquids. As above indicated, the argument applies 
to fluids of all kinds, and is not restricted'to the case of uniform 
density' 


The resultant upward pressure is called the ‘buoyancy’ of the 
body; and the centre of gravity of the displaced fluid is called the 
‘ centre of buoyancy.’ 


Ex. If a body whose true weight is IT and density <r be surrounded by 
fluid of density p, its volume is IT/tr, and its buoyancy is therefore Wpj<r. 
Hence its ‘apparent weight,’ i.e. the true weight diminished by the buoy- 
ancy, is 


Hence 


Tr' = (l-p/,r) w. (1) 

<r IF 

P - IF- IF 


■* Bom B.O. 287, died b.o. 212, at Syraonee. He wrote a treatise on floating 
bodies. 
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Ex. 2. A uniform elliptic cylinder floats with its axis horizontal. 

The locus of the mean centre of a segment of an ellipse, of constant area, 
is a similar ellipse ; and the line joining this point to the centre bisects the 
chord. These statements, being obviously true for the circle, can be inferred 
for the ellipse by the method of parallel projection (Art. 76). The linedn 
question cannot therefore be perpendicular to the chord unless it coincides 
with a principal axis. Hence there are fo\ir distinct positions of equilibrium 
of the floating cylinder, viz. those in which a principal axis of the elliptic 
section is vertical. It will be seen later that two of these positions are' stable, 
and the other two unstable. 

Ex. 3. If a solid of uniform specific gravity t floats in water, a solid of 
the same size and shape but of uniform specific gravity 1 — « can float in the 
inverted position, with the same plane section in the free surface. 

Let JI, H' be the mean centres of the two portions V, V' into which the 
volume'of the solid is divided by the plane of the free surface ; and let O be 
the centre of gravity of the whole. Then <? will lie in the straight line E'S', 
which is therefore vertical in both cases. Also we have 


F'=(7+r')a, (2) 

by hypothesis, and therefore 

sF'=(1-s)F. (3) 


Ex. 4. To find the possible positions of equilibrium of a beam of square 
section, of uniform specific gravity >, floating with its length horizontaL 
The result of Ex. 3 shews that we need only consider the cases where 

*<i- 

We take rectangular axes through the centre of the middle section, parallel 
to the' sides. We begin with the case where the water-line PQ is parallel 



<J 

Fig. 18L 
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to a side. Let AP=BQ=h, eo that h is the depth immersed. Hence if 2a be 
the length of a side, we have 

h—Zat ( 4 ^ 

If the prism bo notv tilted through an angle 6, so that the water-line assumee 
the position P'Q' relative to the section, hut still intorsecta two opposite 
sides, the coordinates of the centre of buoyancy E, La of the mean centre of 
the traperiuin FABQ, arc found to bo 


a:=5-^-tand=gjtan5, 

tf=a-i A — |^tan^d=a(l— tan‘-d. 
^ 2 6 A ' 12 5 


In order that OE may bo iicrpendicular to P(jf, we must have 

x=y tan 6. (6) 

This giv&s the obvious solution- tan 5=0. The remaining positions of the 
present type, if any, are given by 

tan’'5=12s(l-*)-2 (7) 

Since e ia by hypothesis it axjp&tts that the erpression on the right hand 
is positive only if 

or -2113 (8) 

Wo have also the geometrical condition that F must lie in A P, viz. tan 5;^>A/a, 
or 2s. This requires that 

^ 8j’-6j-H>0, (9) 


ars<i. 

We next examine the cases where tan5>2i, but <1, so that the 
immersed portion of the section is triangular (Fig. 132> 



y 

rig. 138 . 
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We find, in terms of h, 

P'B~^{_Aahco\,6), BQ —^{iah\&nS), (10) 

or, if we write taud=z®, 3=§ci)-, (11) 

PB~3taz~^a, BQ'=Zaza (12) 

The coordinates of H are then found to be 

*=a(l — 0)3'*), ^=a,(l — 0)2) (13) 

The condition (6) then leads to 

0)(2* — 1) = 2’ — 3. (14) 

Hence, cither 3-=l, corresponding to positions in which a diagonal is 
vertical, or 

22_£+1=0 (15) 

The roots of this quadratic are real if o) < |, i.e. 

«<^ or -28125 (16) 


The further condition that tan 6 must exceed 2s requiies that the smaller 
root of (15) should be greater than ^o>. It is easily proved that this will be 
the case if, and only if, s> 

To every position which is possible for a given value of s there corresponds 
an inverted position for a solid having the complementary density 1—s. 
Hence, collecting our results, we learn that whilst the symmetrical positions 
in which a pair of sides, or a diagonal, ore vertical are always possible, there 
are other inclined positions with two angles immersed when sor-1— s lies 
between •2113... and -25, and inclined positions with one (or throe) angles 
immersed when s or 1—s lies between -25 and -28125. 

It will appear presently (Art. 107) that tho uusymmotrical positions of 
equilibrium, when they exist, are the only stable ones. llTien the symmetrical 
positions are the only ones, one type is stable and the other unstable. 

The argument of- Art. 96 can evidently be applied to find not 
only the resultant of the fluid pressures on the whole immersed 
surface of a solid, but also that of the wrlical pressures on the 
strip of tho surface included between any two vertical planes. 
This resultant will be equal to the weight of the fluid displaced 
by the comspopding portion of fhe solid. In this way we arrive, 
in the case of a beam, or other elongated structure, at the notion 
- of the 'buoyancy per unit length.’ The formula) of Art. 27, 
relating to shearing-stress and bending-moment, will hold in such 
a case, so firr as the horizontal pressures can be left out of account, 
provided V) be now taken to mean the excess of the weight over 
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the buoyancy, both being estimated per unit length. We shall 
therefore have, in the case of a beam floating freely, 

. jiudx^O, (11 j 

if the integral be taken over the whole length. The shearing- 
stress and bending-moment will not vanish unless tt; = 0 eveiy- 
where, i.e. unless the buoyancy and the weight are adjusted to 
equality over every portion of the length. This matter has an 
important application in jN’aval Architecture. 


100. Body floating tinder Constraint. 

The application of the principle of Archimedes to bodies 
floating under partial constraint is simple. Thus in the case of 
a body free to turn about a fixed horizontal axis, the, forces reduce 
to three, viz. the weight of the body, the buoyancy, and the 
reaction of the fixed axis. Since the first two of these are vertical, 
the third must be vertical also, and the conditions of equilibrium 
are those of three parallel forces. Resolving vertically we find the 
magnitude of the reaction ; and by taking moments we determine 
the angular coordinate. 

£x. A uniform rod of sp. gr. « is free to turn about its lower end, which 
is fixed at a depth h in water. 

K I be the length of the rod, 6 its inclination to the vertical, the weight 
and the buoyancy are to one another as il and hssc0. Hence, taking 
moments about the lower end, we have 

sind=ABecfl.'|Atan 5 ...(I) 

The solution 6=0 gives the vertical position of equaibrium. There is also 
an inclined position determined by 

cos6=hjlJs, (2) 

provided iP> A®. It is easily seen that in this case the vertical position is 
unstable. 

101. Stability of a Floating Body. Vertical Dis- 
placements. 

The equilibrium of a floating body is stable for vertical dis- 
placements. For if the body be depressed, without rotation, 
through a small space z, the buoyancy is increased by pAz, where 
A is the area of the section by the plane of the free surface. 
Hence a downward force of this amount, acting through the mean 
centre of the area A, is necessary to maintain the body in its new 
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position. If z be negative, the body is raised, and the requisite 
force is upward. 

In either case, the work required to produce the displacement 
is ^pAz.z,8mce the mean value of the force is half the final value. 
The potential energy of the system is therefore increased hy ^pAz\ 

The equilibrium is evidently neutral for horizontal displace- 
ments. 

It is assumed, above, that the area of 'the free surface is large compared 
with A. If the fluid be contained in a vessel whose area at the free surface 
is B, the depression z produces an elevation Azl{B—A) of the free surface; 
the increase of buoyancy is therefore 



and the increment of the potential energy is ^pABz^j{B — A). 

102. Angular Displacements. Metacentre. 

The question of stability for angular displacements is more 
difiBcult. We shall consider only cases where the body has a 
vertical plane of symmetry as regards both geometrical form and 
distribution of weight, and shall contemplate only small displace- 
ments parallel to this plane. Any such displacement may be 
resolved into a rotation about an arbitrary axis perpendicular to 
this plane, together with a translation. We shall take the axis to be 
in the plane of the free surface, and to be so chosen that the volume 
V of the displaced fluid is unaltered. Since the effect of the trans- 
lation has been found, we consider now that of the- rotation alone. 

Let GH be that line in the body which was ori^nally vertical 
through the centre of gravity G, and so 
contains the original centre of buoyancy H. 

Owing to the altered shape of the mass of 
displaced fluid, the centre of buoyancy is 
shifted, relatively to the body, to a new 
position H'. Let the vertical through H' 
meet HG in M. The weight pV acting 
downwards through G, and the buoyancy 
pV acting upwards Jthrough M, form a 
couple of moment pV.0M.Bui9, where 6 
is the angle of rotation. This couple will 
tend to diminish 6, or .to increase it, 



H A' H fit' 


Fig. 133. 


L. S. 


15 
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according as M is above or below 0. In tbe former case it is called 
the ‘ righting moment.’ A couple of the same amount, but of the 
opposite tendency, woujd be required to maintain the body'in its 
new position. The limiting position of the point M when the 
angle 0 is infinitely small is called the ‘ metacentre,’ and the height 
{QM in the first figure) of the metacentre above the centre of 
gravity is called the ‘metacentric height.’ It is necessary and 
sufiBcient for initial stability that the metacentric height should 
be positive. The case of finite displacements will be referred to 
later (Art. 109). 


In the case of stability, the work required to turn the body 
through a small angle 6 from the equilibrium position will he 
equal to 6 multiplied by the mean moment of the couple, 
or ^pV.GM.BK The potential energy of the system composed of 
the body and the fluid is increased by this amount. 


If the immersed surface is spherical, the metacentre coincides with the 
geometrical centre (<3) j for the buoyancy, being the resultant of a system of 
elementary pressm^ acting in lines through 0, must also act through 0 in 
all positions of the body. 

In the case of a body wholly immersed, e.g. a submarine boat^ the meta- 
centre obviously coincides with the centre of buoyancy, and the condition of 
stability is therefore that the centre of gravity must be below this latter 
point. 

The metacentric height of a ship (for rolling displacements) is found 
practically by ol’Serving the angle through which the ship heels when 
known weights are, shifted across the deck. Thus if a weight 11'' be shifted 
through a space a, this is equivalent to applying a couple ba, and we have 
the equation 

pV,OM.e=Wa ( 1 ) 

The angle B is given by the deflection of a long plumb-line suspended from a 
mast. 


Ex. It was found in the case of a ship of 9000 tons displacement that 
the shifting of a mass of 20 tons laterally through a space of 42 feet caused 
the bob of a pendulum 20 ft. long to move through 10 in. Here 
117pl"=ao. 0=5’i, 

whence QM—9>‘2A ft. 


103. Formula for Metacentre, 

To calculate tbe position of the metacentre, we take rectangular 
axes Ox, Oy in the plane of the water-line section, the axis 
of X being along the assumed line of symmetry, and that of y 
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coincident with the axis about which the body is turned. The 
lower portion of Fig. 134 represents the solid in its equilibrium 
position, and the lines AOB, A’ OB' indicate the original and the 
displaced positions of the free surface, relative to the solid. The 
two positions of the centre of buoyancy are denoted by H, H’, and 
HN is drawn perpendicular to AB. We write also, for a moment, 
0JV = 6, NH=c. 



Pig. 134. 


6 be the small angle AO'A' through which the body is 
d, the difference between the immersed volumes consists of 
itum of variable thickness ccB, positive on one side and 
....g..uive on the other. This stratum may be considered as made 
up of prisms of height x6, standing on bases SxBy, and the total 
change of volume is therefore 


JJxBdxdy. 
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Since we assume the volume to be unaltered, we must have 

jjxdxdr/=:0, : ( 1 ) 

Le. the origin 0 must be at the mean centre of the water-line 
section. 

Again, since H' is the mean centre of a volume which is made 
up of the original imm ersed, volume V, having its mean <»ntre at 
ff, and of the thin stratum referred to, the horizontal projection of 
EH'ia 

V.O +jj(x — b)a:ddxdy dfjaPdady 

V V ’ 

by (1). If A be the area of the water-line section, k its radius of 
gyration about Oy, we have , / 

^^x^dxdy = A k?, (3) 

and the result may be written B.Ak^V. Similarly, the vertical 
projection of HE' is 

V.0+^ji(c+^x6)x6dxdy 

jr » 

■ the factor c+Jir0 representing the height of the centre of gravity 
of an elementary prism xdSxSy above the level of E, In rirtue of 
(1) and (3), this reduces to iB^.At^lV, and is accordingly of the 
second order in 6. Hence EE' is ultimately parallel to AB, and 
its length is, to the first order, 

EE' = ^.e. (5) 

But if ill be the metacentre, E'M must be perpendicular to 
A'E', hence EE'=EM.d, and 

= ( 6 ) 

which is the formula required. 

If we write V/A=h, h may be called the ‘mean depth’ of 
immersion; in terms* of it we have 

EM=i^/h ( 7 ) 

III the particular case of a solid of revolution floating with its 
arris vertical we have = where a is the radius of the circular 
water-line section, and therefore 

EM = ia?lh (8) 
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Ex. 1, A square slab, of uniform density, of side a and thickness h, 
floats with its square faces horizontal. 

If 0 be the centre of the lower face, and x the depth immersed, we have 
OS=^x, 00=iL (9) 




H 

G 


O 

Fig. 135. 


Hence for stability we must have 


1 




( 10 ) 


or 


h X 1 a 
a a Qx 


( 11 ) 


The right-hand side is least when ar/a= Jct/x, and the above position is there- , 
fore stable for all depths of immersion provided 

A/a s/6 or -8165 (12) 

If A=o, so that the solid is a cube, the condition of stability is 

(13) 




The factors of the left-hand side are xja-a, xja - ft where 


Hence the specific gravity of the solid, which is equal to xja, must either 
bo loss than the smaller, or exceed the greater, of these two numbers. For 
intermediate densities the position in question is unstable. Cf. Art. 107, ad fin. 


Ex. 2. llFo have seen (Art. 99, Es. 3) that if a solid of uniform specific 
•gravity t float in a certain position, then a solid of the same shape, but of 
specific gravity l-», can float in the inverted position. We can now prove 
that both positions will be stable, or both unstable*. 

Let Fj, Fjbe the volumes which are below and above the water-line, 
respectively, in the first position; lot jH), .ffabe the mean centres of these 


two volumes, O that of tho whole. Then 

71.5^10= (14) 

Also, if Ml, Ml be tho two metacentres, 

Vi.EiMi=Vt.EiMi^AK\ ’. (16) 

Hence both cases will bo stable, or both unstable^, according as 

( Fi-h F,) 5 F, Vi.HiEi (16) 


* This theorem is doe to the late Prof, F. Elgar. 
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104. Factor of Stability^ Variation with Draught. 

The degree of stability of the floating body is measured by the 
quantity pV.QM, which is the initial righting moment per unit 
angle of inclination. This will of course vary with the extent to 
which the body is immersed. 


Ex. To illustrate the effect of a small increase of load on the stability 
wo will suppose for simplicity that the body has a second 
vertical plane of symmetry at right angles to the former. 

This will contain the points JT, (7, and and we will 
suppose that the additional load ^ is applied ata point /’in 
- the line HO, Wo will further assume that the surface of 
the body near the water-line is vertical, as in the case of a 
‘wall-sided ’ ship, so that the quadratic moment At^ is un- 
altered by a small vertical displacement. We denote the 
new positions of the above-named points by E\ O', M'. 

Then, G being any convenient point of reference in the line 
HO, below H, wo have, if 0 be -the point where HO meets 
the water-line, 

V. CH+v. CO V. CO+ V. CP ; 

■ 1 


CI1'=- 


Hence 


V+v 

H'M' 

Q'H 


CO'-- 

V+v' 




. 0 ) 



yP 


-M’ 


-M 

_ 

-G' 

1 

-G ■ 

o 


- 

"H’ 


-H 

'X 

C 


Fig. 186. 


-CH' + H'M'-CO'^ 
V.OM-v.OP 


A<*-V.HO-v.OP 
V+v 




r-t-v 

nr ( V+v) O'M' - V. GAt^ -v.OP. 

• The stability is therefore increased or diminished, according as the < 
load is below or above the water-line. It will be noticed that the calculation 
does not really require v to be small, provided F denotes the centre of gravity 
of the load, and 0 the point midway between the two water-plane sections. 

If the surface near the water-line is not vertical, the formula (3) is 
replaced by 

{7Jrv)G'M'-V.aAr=-v.0P+A'K.'^-AK\ ... 


..(4) 


105.- Resultant Pressure of a Liquid in a Tank. 

The formula (6) of Art. 103 may also be applied to find the 
line of action of the resultant pressure of a liquid contained in a 
vessel of any shape, when the latter is slightly tilted. The only 
difference is that the forces with which we are now concerned act 
downwards instead of upwards. 
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Ex, Take the case of a cylindrical tank of circular section, the axis being 
vertical If in consequence of a smal! inclination 
the centre of gravity of the fluid is shifted from iZ to 
II', and if the vertical through H' meet the axis in 
i/, wo have 

IIM^AK'lV^la^lh (1) 

where a denotes the radius of the cylinder, h the 
depth of the fluid. 

For example, if the tank be pivoted about a 
horizontal axis through its own centre of gravity, 
which is at a height c (say) above the base, we find 
that the upright position will be stable only if 

^A+|a’/A<c. (2) 

The position is therefore unstable for very small as 
well as very large values of h. The critical values of A at which the change 
from instability to stability, or vice versd, takes place arc given by 


h‘‘-2ch+ia‘=0, (3) 

or h=c + ,J{i?—^a^) (4) 

If c*<|a’, there is instability for all depths. 


106. Curves of Floatation and Buoyancy. Dupln’s 
Theorems. 

A more general view of the problem , of the equilibrium and 
stability of a floating body is afforded by some theorems dife to 
Dupin*. We shall consider these mainly in their two-dimensional 
forms, the displacements considered being parallel to a vertical 
plane of symmetiy. 

A variable plane which cuts off a constant volume from a given 
solid envelopes a certain surface. In the present application the 
plane in question is that of the water surface in the various 
positions which the body may occupy, and is therefore called the 
‘plane of floatation.’ We have seen in Art. 103 that the mean 
centre 0 of the water-line’ section' is the point of ultimate inter- - 
section of consecutive planes of floatation; it is accordingly the 
point of contact of the plane of floatation with its envelope. In 
our special case we are mainly concerned with the section of the 
surface by the vertical plane of symmetry; this is called the 
‘curve of floatation.’ 

Again, the centre of buoyancy (j?) has a* certain locus in the 
* Cb. Dupin (1784-1873), ‘De la etabilitA des corps flottanta’ (1814). 
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body; this is called the ‘surface of buoyancy.’ In our case, its 
section by the vertical plane of symmetiy is called ,the ' curve of 
buoyan(gr.’ We have seen in Art. 103 that the line joining two 
consecutive positions H, H' of the centre of buoyancy is ultimately 
parallel to the line of floatation ; ie. the tangent to the curve of 
buoyancy at any point is parallel to the corresponding position 
of the line of floatation. 


Since, for equilibrium, the line joining the centre of gravity 
((?) of the body to the centre of buoyancy must be vertical, the 
problem of determining the possible positions of equilibrium, 
stable or unstable, of a solid floating in a liquid of given density 
reduces to that of drawing normals from a given point ((?) to the 
curve of buoyancy. It appears also that if E be the foot of one 
of these normals, the corresponding metacentre, being the point of 
intersection of consecutive normals, is the centre of curvature 
of the curve of buoyancy at H. , 

Ex. 1. In the case of a cylinder of elliptic section, with its length 
horizontal, the curve of floatation and the curve of buoyancy are similar 
and similarly situated ellipses. Hence if the cylinder bo of uniform density 
the normal from the centre must coincide with one or other of tbo principal 
axes. (Of. Art. 09, Ex. 2.) 

Ex. 2. In tho caso of a rectangular parallelepiped with one sot of edges 
horizontal, tho lino of floatation, sorlong ns it meets two parallel faces, passes 
through a fixed point, which is accordingly the degenerate form of tho curve 
of floatation. Tho corresponding part of the curve of buoyancy is a parabola ; 
thus with the notation of Art. 99 (5) we have 

( 1 ) 

From any point on the axis of a parabola three real normals or one can be 
drawn, according as tho point does or doas not lie beyond tho centre of , 
curv.ature at tho vertex. 

Ex. 8. Again, if the section of tho immersed portion of tho solid by the 
plane of symmetry consists of two straight lines making an angle, tho envelope 
of tho line of floatation, which forms with these a triangle of constant area, 
is a hyperbola having tho lines in question as asymptotes. The curve 
of buoyancy is a hyperbola with tho same asymptotes, of two-thirds the 
linear dimensions. The problem of drawing normals to a hyperbola from 
an arbitrary point involves in general the solution of a biquadratic equation, 
which however reduces when the point is on a principal axis. In tho particular 
case of Fig. 132, we have, with our previous notation, 

(a:-o)(y— a)=o)®a2, 

as the equation of the curve of buoyancy. 


.( 2 ) 
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Again, it -was shewn in Arfc. 103 that the projection of HH' 
on the upward normal at II is ^O^.Ak’IV, which is always positive. 
The curve of buoyancy is therefore always concave upwards. 
Moreover, since the normals at H, H' are inclined at an angle 6, 
the same projection must be equal to where R is the radius 
of curvature. Hence 

^ = (3) 

which shews (again) that the metacentre coincides with the centre 
of curvature. 

107. The various Positions of Equilibrium of a 
Floating Body. Stability, 

We retain the supposition of a vertical plane of symmetry. 
If Q he any point on the normal at a point JET of a curve, H ivill 
he a point of maximum or minimum distance from 0 according- 
as Q does or does not lie heyond the centre of curvature (M). 
Hence, comparing with the rule of Art. 102, we learn that the 
positions of equilibrium of a floating body, which correspond as 
we have seen to the points on the curve of buoyancy whose 
distances from the centre of gravity ff are stationary, will be 
stable or unstable according as the distance from G* is a minimum 
or a maximum, respectively. 

Since the curve of buoyancy* is necessarily closed there is 
(if we exclude the case of a circle with Q as centre) always 
one absolute minimum and one absolute maximum distance 
from G. Hence there is. at least one stable and one unstable 
position of equilibrium. In any case the stable and unstable 
positions will alternate. 

It will be noticed that the conditions of equilibrium and 
stability are exactly the same as for a 'cylinder, whose section has 
the form of the curve of buoyancy, which is free to roll, with its 
length horizontal, on a horizontal plane, provided the centre of 
gravity has the same position relative to this curve (Art. 58), 

* It does not necessarily consiet, of oonrao, of one analyiie&l ourre, Thns in the 
case of a log of rectangular cection it li made op of atom of parabolas and 
rectangular hyperbolas. - , , 
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Ex. To ascertain the nature of tho various positions of equilibrium of 
a log of square section floating Tvith its length horizontal. For reasons given 
it is sufficient to consider cases where the specific gravity (z) is less than 
Denote by a*a the square of the distance GH. Then in the case where 
the line of floatation' meets two opposite sidc-s as in Fis. 131, we have hv 
Art. S9(5), , o , , > 


35,2 

where ( is written for tan 5. Hence 





( 1 ) 


d/ 36}-^^^ 12^(1 ~jr)+2}, (2) 

tPw 1 

^ = 3572 ( 3 ) 

The value of dujdt changes sign for t=0, and also for 

<^=12i(l-«)-2, (4) 

in agreement with Art. 99 (7). 

In the case ^=0, « is a minimum only if 

(5) 


ie. B must he less than •2113. This gives the range for which the symmetrical 
position is stable. The values of C given by (4) are then imaginary, 

When the symmetrical position becomes unstable, the values of l given 
by (4) become real ; and substituting in (3) wo find that they make <Puld(^ 
positive. Hence the unsymmetrical positions of the present typo, when they 
e.vist, are stable. 

When one edge only is immersed, as in Fig. 132, we have from Art. 99 (13) 


'“='^'^ = (1-7) -I- (1 -“O'. (6) 

where z is written for V(ban 0), and a for Hence 

(7) 

■ S-wC--!”) ™ 

The unsymmetrical positions, determined by 

z^--+\=0, (9) 

<j} 


make d:‘uldz'‘ positive, and are therefore stable when they exist, i.e. when * 
lies between ^ and 3%, The symmetrical position with a diagonal vertical, 
corresponding to z=l, is stable if e>>J, or 

• It has been thought worth while to give the complete solution of one problem 
of this kind, notwithstanding the verdict which Huygens (I.e. anU) pronounces on 
his own researches on the snbiect: ‘In his antem ntilitas nnlla, vel pergnam 
exigna ! ’ The somewhat intricate solution for the case of a log of any lectangnlar 
section, given in part by Hnygens, has been completed by Prof. D. 3. Eortoweg as 
editor of the tenth volume of Huygens’ Oeuvret Cmplilet. 
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108. Curvature of Curves of Floatation and Buoy- 
ancy. . 

A formula for the curvature of the curve of floatation was 
given by Dupin. 

The plane of the paper in Fig. 138 is supposed to be a plane 
of floatation, and the full curve represents the contour of the 
section, the origin being taken at the mean centre 0, and the axis 
of X along the line of symmetry. 

A consecutive plane of floatation, 
parallel to Oy, will meet the sur- 
face of the solid in a slightly 
different curve; this is repre- 
sented by its orthogonal projec- 
tion (shewn by the dotted line) 
on the plane of the figure. Let O' 
be the projection of the mean 
centre of the section made by 
this consecutive plane ; by a 
known theorem (Art. 76) O' will also be the mean centre of the 
projected area. 

Taking moments about Oy and denoting the area of the 
section by A, we see that A. 00' will be the moment of the 
difference of the areas enclosed by the continuous and the dotted 
lines. Now if 8s be an element of the original contour, r.the 
normal distance between the two curves, reckoned positive when ' 
the dotted curve is externa] to the other, the element of area 
included 1)etween the two curves will be rSs, whence 

tf^ f ' 

• A.00' = jxvds .' (1) 

taken round the contour. If 9 denote as usual the small angle 
between the planes, the perpendicular distance between these at 
any point will be x9, so that v = x6tanijr, where is the in- 
clination of the surface of the solid (i.e. of its tangent plane) to 
the vertical Hence ” 



A. 00' — 9 I cc‘ tan yfrds. 


( 2 ) 
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But if Ri be the radius of curvature of the curve of floatation we 
have = 00’ jd, ultimately/ since 0 is the angle between the 
normals at the two points of contact. Hence 


„ tan tjrds 

li, . 


.(3) 


Ex. 1. In tbe case of a wall-sided vessel we have, in the ajrmmetrical 
position and therefore iZi=0; cf. Art. 106, Es. 2. 

Ex. 2. In the case of a solid of revolution with its axis vertical, the 
water-line section is a circle. Denoting its radius hy r, we have 

jx^ds=2iTf.iT^, A = 7rr-, 

whence Ei=r tan (4) 

In a cognate theorem*, we compare the quadratic moments 
(A/c^) of two 'parallel sections at a short distance Sz apart. These 
are represented by the two curves in Fig. 139, where 0, O' are 
the mean centres of the areas, which we denote by A and A + SA. 



If the corresponding moments of inertia, about Oy and a parallel 
line through O', respectively, he denoted by I and 1 + 81, we have, 
taking quadratic moments with respect to Oy, 

I + SI.+ {A -h 84) 00'“ = +/ 
or, neglecting the terms of the second order, . 

BI=ftd‘vd8.. (5) 


* Due to B. Iieolert (1870). 
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In the^ present case we have v — 8ztan i|r, whence 
~ = J®’ tan yfrds 


.( 6 ) 


Comparing \vith (3), we have 


I? -i — 

Adz’ 


( 7 ) 


or, putting J.8«= 8F, where SF is the change in the volume of 
immersion, 




dV' 


( 8 ) 


In the present notation, the expression for the radius of 
curvature of the curve of buoyancy is, by Art. 106 (3), 




I 

V 

( 9 ) 

Hence 


II 

(10) 


109. Stability for Finite Displacements. Metacentric 
Evolute. 


When the body is turned through a finite angle, the normal to 
the curve of buoyancy at the new centre of buoyancy will intersect 
the line ITff in a point M distinct from the metacentre, which we 
now denote by M,,. The relations are best understood from a 
consideration of the evolute, to which all the normals are tangents. 


If no further condition he imposed, the point on the evolute 
which corresponds to the equilibrium position mil not be a singular 
pomt,"'^and M will be above Mg when the angular displacement is 
in one sense, and below 3/„ when it is in the other. 


If however, as in the case of a ship, there is a vertical plane of . 
symmetry at right angles to the plane of the displacement, the 
curve of buoyancy is symmetrical, and the curvature at the point 
corresponding to the equilibrium position is a maximum or a 
minimum. The evolute has then a cusp. In the case of a wall- 
sided ship, where the curve of buoyancy is parabolic, the cusp, 
points downwards as in Fig. 140, and M is above i/j for a dis - 
placement towards either side. 



238 


STATICS 


_ In any case the nghting moment is pV.GM. sin 6, where 6 
IS the an^e of displacement. If the cusp of the evolute points 
jwards OM decreases as the angle in question increases; if it 
diminishes to zero and changes sign, the stability is of course lost. 



Fig. 140. 


no. Energy of a Floating Body. 

, The conditions of equilibrium and of stability of a floating’b''dy 
may also be deduced from the principle of energy. — ' - 

For simplicity ■we will suppose that the area of the water- 
surface is unlimited, so that no change in its level is produced by 
any change in the immersion of the solid. The potential energy 
of the solid alone may be taken as equal to — Wz, where W is its 
weight, and z the depth of its centre of gravity G below the 
water-surface. If the solid displace a volume V of water, this has 
the effect that a weight pF of water whose centre of gravity is at 
JS (the centre of buoyancy) is removed and spread as an infinitely 
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thin film over the plane surface. This involves a gain of potential 
energy of amount pF’.f, where f is the Hepth of H below the 
water-surface. The total potential energy of the system may 
therefore be taken as equal to 

■ pV^-Wz ( 1 ) 

For equilibrium this must be stationary, and for stability it must 
be a minimum. 

Now when the solid is depressed, without rotation, through 
a space Sz, the volume of displaced fluid is increased by a 
stratum ASz, whose centre of gravity is at a depth ^Sz. Since 


Sz = Sz, the increase of potential energy is 

pVSz + ^pA (Szy — W Sz, (2) 

and in order that this may vanish to the first order we must have 

pF= IF, (3) 


in accordance with the principle of Archimedes. The fact that 
the remaining term in (2) is positive shews that for vertical, 
displacements the- equilibrium is stable. . 

When the condition (3) is fulfilled, the expression (1) for the 
potential energy takes the form 

. • W(^-z), (4) 

i.e. it is proportional to the difference of level between the centre 
of gravity G and the centre of buoyancy H, Hence for 
stability this difference must be a minimum*. It remains to 
shew that this is equivalent to Dupin’s criterion (Art. 107). 

If we take G as origin. Gif is the radius vector (r) of the 
curve of buoyancy, and the difference 
of level between G and H is the 
perpendicular p from G on the tan- 
gent at H. We are therefore con- 
cerned with the minimum value of p. 

Now if be the radius of curvature 
of the curve of buoyancy we have 

w 



Hujgouii, I.C. 
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by a kno\yii formula of the Differential CalculuB. Writing this in 
the form 


= ( 6 ) 

we Bee that Sp vanishes with Sr, i.e. the positions of equilibrium 
are those for which 6-H is normal to the curve of buoyancy. Also, 
denoting by (or_po) a stationary value of r, we have, for neigh- 
bouring values. 



dr , . 

= ; 


or 

r-r„ = -(p-^„), 

^0 

....(8) 

approximately, 

so that p — Pa has the same sign as r — r^. 

Hence 


the maxima and minima of r occur simultaneously with those of 
p. The condition of stability therefore agrees with that formulated 
by Dupin. 

The expression (4) now takes the form -Wp, Hence the work 
required to heel a vessel '.through a given angle is 

(9) 

This is called the ‘ dynamical stability ’ corresponding to the given 
position. It is sometimes represented graphically by a curve ivith 
the angle of heel as abscissa. It is easily seen that the gradient 
of this curve will be proportional to the righting moment 


EXAMPLES. XIX. 

1. A hollow vessel floats in a basin ; if owing to a leak water flows into 
the vessel, how will the level of the water in the basin be aflected ? 

2. A sphere floats with one-fourth of its surface above water; find its 

mean, specific gravity. ['844.] 

3. Prove that (apart from stability) a floating log of square section, of 
sp. gr. 76, can float with one edge in the surface of the water. 

4. A rectangular board ABCD floats with the diagonal AO in the surface 
of water, the lowest comer B being attached to the bottom by a string. 
Prove that unless the rectangle be a square this position is only possible if 
the sp. gr. of the board be J. 
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5. A uniform rod of length I can turn freely about its upper end, which 
is fixed at a height A (<f) above the surface of water. Prove that, if t be the 
Bp. gr., the vertical position is unstable if 

and find the inclined position of equilibrium. 

6. A rectangular block of wood floats immersed to a depth of 6 in , with 

one pair of faces horizontal, these faces being squares of one foot in the side ; 
find the height of the metaoentre above the base. [5 in.] 

7. Prove that the equilibrium of a solid of uniform density floating with 
an edge or a comer just emerging is unstable. 

8. Prove that if a solid of uniform density float with a flat face just 
above water, the equilibrium is stable. 

9. A prism whose section is a right-angled isosceles triangle floats u-ith 
its length horizontal and its equal sides inclined at 45° to the horizontal; and 
the edge where these faces meet is above water. Prove that this position is 
stable if the sp. gi-. is less than 

10. A uniform solid octahedron floats in a liquid of twice its own density. 
Provo that the position in .which a diagonal is vertical is stable, whilst that 
in which two edges are vertical is unstable. 

11. Prove that a circular cylinder floating with its axis horizontal will 
be in stable equilibrium if its length exceed the breadth of the water-line 
section. 

12. A regular tetrahedron floats with one face horizontal and above 
water. Prove that this position is stable if the sp. gr. of the solid 
exceeds ‘SIS. 

13. A uniform solid circular cylinder of radius a and height A can float 
in stable equilibrium, with its axis vertical, if A/2a<’707. 

If the ratio A/2a exceed this value, prove that the equilibrium will be 
stable only if the specific gravity lies outside the limits 

14. An elliptic cylinder floats with its length horizontal; prove that 
there are four positions of equilibrium, or two, according to the position 
of the centre of gravity, which is supposed not' to be on the axis. 

^ Examine the stability of the different positions. 

15. A thin hollow cylinder of radius a and height A is open at both ends. 
Prove that it cannot float ui)right if its sp. gr. lies between the values 



it being assumed that A>2a. Explain the case of A<2a. 


t. B. 


16 
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16, Prove that the cylinder of the preceding Ex, can float with its axis 
horizontal provided 

^ - 
2 ^> V3 sin Sir, 

where s is the sp. gr. of the materiah - 


17, Prove that any segment of a imiform sphere, of substance lighter than 
water, can float in stable eijuilibrium with its plane surface horizontal and 
immersed. 


IS. A thin vessel in the form of'a solid of revolution can turn freely 
about a horizontal axis cutting the axis of the vessel at right angles in the 
point 0. If the equilibrium of the vessel when empty be neutral, prove that 
if a little water be poured in, the position in which the axis is vertical will bo 
stable or unstable accoi'ding as the centre of cuiyature at the vertex is below 
or above 0. 


19. A cylindrical can of negligible thickness floats in water. .If the 
upright position is unstable when the can is empty, it can ho mado stable by 
pouring in water to a depth equal to the distance between the centre of’ 

' grarity of the can and the .original centre of buoyancy. 

20. A vessel carries a tank of oil, of specific gravity s, amidships. Pi-ovo 

that the etfect of the fluidity of the oil on the rolling of the vessel is cquiv.a- 
lent to a diminution of tho metaccntric height of amount whore Fis 

the displacement of the ship, and.d*:? tho moment of inertia of the surface- 
area of the tank. 

In what ratio will the effect be diminished by inseiting a longitudinal 
partition in the tank? 

21. A cylindrical solid of any form of section, having a longitudinal plane 
of symmetry, is immersed, with this plane vertical, at various inclinations. 
Prove that the curve of buoyancy is a parabola. 

22. Prove that if the metacentre of a solid of revolution, whose axis is 
vertical, is a fixed point in the body, the immersed surface must be spherical 

23. Find the form of a surface of revolution in order tliat the heiglit of 
the metacentre above the centre of buoyancy may be constant for all deptlis 
of immersion (with the axis vertical). 

24. Apply the formula ffM=jiKy F to shew that in the case of a solid of 
revolution just dipping into water, with the axis vertical, the metacentre 
coincides with the centre of cun'ature at the vertex. 

25. A thin cylindrical vessel of sectional area A floats upright, being 

immersed to a depth A, and contains water to a depth A. Find the work 
required to pump out the water. - [pAA(/i~i)-] 
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26. A Bpliovo of radius a is just immersed in water which is contained in 
a cylindrical vessel whoso axis is vortical and radius R. Provo that if tho 
sphere is raised just clear of tho water, tho loss of potential energy of tho 
water is 


ira 


V 3/dV’ 


whore IT is tho weight of water originally displaced by tho sphera 


27. A sphere of radius a, weight II’’, and density t, rests on the bottom 
of a cylindrical vessel of radius R, which contains water to a depth h (>2a). 
Provo that tho work required to lift tho sphoro out of tho vessel is less than if 
tho water had been absent, by tho amount 

/, 2a>\ W 

V "“3/iV « ‘ 


28. A solid sphoro of weight IP and radius a is held just above the 
surface of a largo shoot of water. If it bo depressed through a space A (<2ct) ‘ 
prove that tho nett loss of potential energy is 

IPA — I irpA’ (a - J A) ; 

and deduce tho condition of equilibrium when tho sphere floats freely. 

If A now refer to this position, show that tho gain of potential energy 
when tho sphere is further lowered or raised through a small space z is 

jrpA (n — J A) t®, 

approximately. 

29. A solid floats in equilibrium in a liq\iid, wholly immersed. Provo 
that if it bo slightly compressible its position is unstable. 

Provo that if the liquid bo compressible, but tho solid incompressible, tho 
equilibrium is stable. 

30. If tho surface of a liquid bo disturbed so as to be no longer plane, 
prove that tho potential energy is increased by 

ip 

whore f is tho elevation above tho undisturbed level, tho axes of .r, y being 
horizontal, and tho integration extending over tho disturbed area. 

If the disturbed surface has tho form of a train of waves 
f “csin Xx, 

prove that tho mean potential energy per unit area is tho same as if a ^ 
stratum of thickness Jc had been raised through a height Jo. 
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GENERAL CONDITIONS OF EQUILIBRIUM OF A FLUID 

111. General Formula' for Pressure-Gradient. 

•We now contemplate the case of a fluid placed in a field of 
force of a more general character than that due to ordinal^ 
gravity. 

Let Ss be a linear element PQ drawn in any direction/and let 
F be the component of the force 
exerted by the field, per unit mass, 
in .the direction PQ. Imagine a 
to be constructed having its 
length along PQ, and a cross-section 
Q) whose dimensions are small com- 
pared w’th Ss. The difference of the pressures on the two ends 
will be 

where dpjds is of the nature of a partial differential coefficient 
expressing the rate of variation of the pressure-intensity in the 
direction PQ. Again, if p be the density, the component force of 
the field on the fluid bounded by the cylinder is FpwSs. Since 
the total force in the direction PQ must vanish, we have 

w 

Since p is the mass per unit volume, and F the force per unit 
mass, this equation expresses that the gradient of p in any 
assigned direction is equal to the component force per unit volume 
in that direction. The space-variation of p is therefore most 
rapid in the direction of the resultant force of the field. 
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The formula (1) is independent of the unit of force adopted, 
provided this he the same for p as for F. In some questions 
it is convenient to adopt dynamical units*. 

112. Surfaces of Equal Pressure. Equlpotential 
Surfaces. 

We may imagine a series of surfaces to he drawn through the 
fluid over each of which p is constant. If the element Ss he taken 
along one of these, we have dpfds — 0, and therefore ^' = 0. That 
is, the surfaces of equal pressure must he everywhere at right 
angles to the direction of the resultant force. Hence a fluid 
caimot he in equilibrium under an arbitrarily assigned distribution 
of force, unless this distribution possesses the geometrical property 
that the lines of force are orthogonal to a system of surfaces. 

If the given field of force he ‘conservative’ (Art..49), and if V 
denote the potential energy of unit mass, considered as a function 
of position in the field, we have 



1 

II 

o> 

(1) 


^ dV 

(2) 

or 

^ ^ = 

and therefore 

dp dV 

av ^ds 

(3) 


lienee dVjds vanishes with djijds', i.e. V is constant over a surface 
of equal pressure. In other words, in a fluid in equilibrium the 
surfaces of equal pressure must coincide with the surfaces of equal 
potential. 

Again, if Sp and S k" he the increments of p and V when we 
pass from one surface of equal pressure to a consecutive one, we 
have . - 

Bj) = — pSV .-( 4 ) 

Since Sp and S V are constants for this p.air of surfaces, p must also 
he constant, i.e. the density must be uniform over any surface of 
equal potential. 

Thus in the case of ordinary gr.avity the equipotential surfaces 

* The Dnit force being that which geceratea unit mQ/nantum fn nnli lime. 
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are Horizontal planes. Hence in a fluid in equilibrium the 
pressure and the density must be uniform over any such plane. 

In the case of a force tending to a fixed point the equipotential 
surfaces are concentric spheres. The fluid -must therefore be 
arranged in spherical strata of equal density. 


When p is a constant, we have by integration -of (3) 


p^-pV+G, 


,{5) 


Ez. To find the prc-ssiue in the interior of a liquid globe due to the 
mutual attraction of the parts of the fluid. 


Wo assume from the thooiy of Attractions that the intensity of gravity 
in the interior of a homogeneous globe varies as the distance (r) from the 
centre, and denote it accordingly by pr/a, whore p is the force per unit mass 
at the surface (rc=a). Hencep will be a function of r only, and 



.( 6 ) 


Hence 




(7) 


vrhere the constant of integration has been determined so as to make /> 
vanish for r—a. The pressure-intensity at the centre is therefore ^ppa. 

In the case of a homogeneous liquid globe of the same size and mass as 
the Earth", wo should have p=l, in ordinary gravitational measure. Hence 
the pressure-intensity at the centre would bo that due to a colunm of about 
times the density of water, and about 2000 miles high, or say (roughly) 
1| million atmospheres. 


113. Moving Liquid in Relative Equilibrium. 

Problems in which a fluid, although in motion, is in relative • 
equilibrium, can be reduced to statical ones in. virtue of the 
following principle. 

If m denote the mass of a fluid element, andy its acceleration 
(supposed gpven in magnitude and direction), the resultant of all 
the forces acting on the element, including the pressures of the 
surrounding fluid, must be mfjn dynamical measure. Hence the 
actual forces, together with a fictitious Jbree —mf, would be in 
equilibrium. 
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Ex. A tank containing water has a constant horizontal acceleration /j 
to find the form of tho free surface when there is relative equilibrium. 

The distribution of pressure will be tho same as if the fluid were at rest 
under gravity and a horizontal force / 
per unit mass in the direction opposite 
to the acceleration. The eflect is the 
same as if tho direction of gravity were 
turned through an angle 6 backwards 
from tho vertical, such that 

tan (1) 

and its intensity increased in the ratio 
sec 6. The free surface is therefore a 
plane tilted down through an angle 6. 

' 114. Rotatingf Ziiquid. 

When a liquid is rotating with a constant and uniform angular 
velocity <a about a vertical axis, a particle m at a distance r from 
this axis is describing a horizontal circle with an acceleration mV 
towards the centre. Hence the fictitious force on each particle, 
which we must imagine to be introduced in order to transform the 
problem into a statical one, is a force Tnw’r, in dynamical units, 
acting outwards from the axis. There is no harm in speaking 
of -this as a ‘centrifugal’ force, provided its artificial character 
be remembered. , 

•If the axis of z be drawn vertically upwards, we have in the 
statical problem 

. • dp , 

by Art. Ill (1). Hence* 

P — P (z ~ 9^) + const., (2) ' 

and the surfaces of equal pressure, including the free surface if 
any, are given by ' 

■ ^ = ( 3 ) ■ 

•For if we put P=p(iiv’r*-pr) + Xi 

, where x is a function of i and r as yet undelermined, we find on substitution in (1) 



i.e, X is independent both of z and of t and is therefore a constant. 
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EXAMPLES. XX. • 

1. A barometer is in a railway carriage. How will the reading be affected 
when the tram has'a giren accelerataon, (1) if the barometer bang freely from 
the roof, (2) if it be fried relatively to the carriage, in a vertical ijosition 1 

2. A locomotive runs down an incline (a) with acceleration/; prove that 
the average .level of the water in the boiler makes with the inclined plane 
an angle 6 given by 

tand=-t^“. 

g cos a ' 

3. A tank shdea down a rough incline (a), the coefficient of friction being 
tan X. Find the inclination of the fi'ee surface of the water to the inch’ne, in 
relative eqnUibriuin. 

4. Assuming that the density of a liquid globe of radius o at a distance 
r from the centre is 

find the pressure-intensity at the centre, having given that the intensity of 
gravity at the surface is y. 

If the mean density be twice the surface density, prove that the result is 
If as great as if the globe had been homogeneous, of the same mean density. 

5. A cyb'ndrical vessel, of diameter 1 ft., containing water, is in steady 

rotation about its axis, which is vertical If the level of tbo water in the 
middle be 1 in. below that at the edge, find the speed, in revolutions per 
minute. [44-1.] 

6. A leaden plummet is immersed in water which is rotating in relative 

•quilibrium about a vertical axis with angular velocity u, being suspended 
rom a point on this axis by a string of length 1. Prove that th. vertical 
position of the plumb-line is stable or unstable according as Abo 

;hat when the vertical position is unstable there is an incifoed positiou'H 
which the string is normal to the surface of equal pres.'/^ passing throagu 
he plummet ' 

7. A vessel of any form, with a plane horizontal lid, is just filled with 
iquid of density p, and the whole rotates about a vertical axis. Prove that 
he upward thrust of the fluid on tho lid is ^a^pAK^, where Ak^ is the quad- 
atic moment of the area with respect to the axis of rotation. 

8. A liquid is rotating in relative equilibriuru in a spherical vessel which 
t fills, about a vertical diameter. Prove that t!be pressure-intensity on the 
wall of the vessel is greatest at a depth ff/a^ below the centre. 

Also prove that the thrusts on the lower and upper hemispheres are 

where if is the mass of the liquid, and a the- radius of the vessel 
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9. A closed cylindrical vessel of radius a and height h, filled with liquid, 
rotates about its axis, which is vertical, with uniform angular velocity a. 
Prove that the total pressure across a plane through the axis, duo to the 
rotation, is and that the resultant outward pressure, due to the 

rotation, on either half of the curved surface is pa^a?h. 


10. A cubical vessel filled with water is rotating about a vertical axis 
through the centres of two opposite faces. Prove that in consequence of the 
rotation the thrust on a side is increased by the amount 

ipa^a*, 

where a is the length of the edge of the cube, and a is the angular velocity of 
rotation. 

Also find the centre of pressure. 


11. A liquid is rotating about a vertical axis with an angidar velocity a, 
which is a function of the distance (r) from the axis ; prove that the form of 
the free surface is given by 


.=/, 


la^rdr+O. 


Sketch the form in the case of <a=i)(,a*/r*. (Bankine’s ‘free vortex.’) 


12. If the angular velocity be equal to oo for r<a, and equal to coou'/r- 
for r>o, find the form of the free surface. (Eankine’s ‘combined vortex,') 

13. Water is rotating in circles about a vertical axis, the angular velocity 
at a distance r from this axis being 

find the form of the fi’ee surface. 


14. Prove that the equation of the meridian curve, in the problem of 
Art. 114, Ex." 3, is of the form 

r=a(l + <sin® d), 

ajjproximately, where 0 is the colatitude, and r the ellipticity. 

15. A closed vessel filled with water is rotating with constant angular 
velocity a about a horizontal axis; prove that in the state of relative 
equilibrium the surfaces of equal pressure are circular cylinders whose common 
axis is at a height p/u’ above the axis of rotation. 



CETAPTER XIII 

EQUILTBRIUSr OF GASEOUS FLUIDS 
115. Laws of Gases. . < 

The properties of a ‘perfect’ gas, ie. one which is far removed 
from the- physical conditions under which it can be liquefied, are 
summed up in the statement 

pv = Re. ( 1 ) 

where p is the pressure-intensity, v is the volume of unit mass, 
B is the 'absolute' temperature as measured by an air-thermometer, 
and R is a, constant depending on the nature of the gas. The 
quantity v is of course the reciprocal of the density (p); it is 
sometimes called the 'specific volume,’ or the 'bulkiness,' of the 
substance. 

The above statement rests on two experimental laws, which 
are found' to hold with considerable accuracy. The first of these, 
called after its discoverer* ' Boyle’s Law,’ is to the effect that the 
pressure-intensity of any portion of a gas kept at a constant 
temperature varies inversely as the volume. Hence the product 
pp is constant for the same gas at the same temperature, so that 
■we may write 

pv=/(0), (2) 

where /"(B) is a function which may (so far) be different for 
different gases, and will in any case depend on the manner in 
which the temperature 9 is defined. If we take air as our standard 
thermometric substance, i.e. if w'e agree to register temperatures 
in terms of the volume occupied by a mass of air at some standard 
pressure, f{6) ■will (for air) be proportional to 9, and we have the 
formula (1). The constant R ■will however still depend on the 

• Bobert Boyle (1627-IG91); the date of publication is 1CG2. The eame law 
waa formulated by Uariotte in 1676, and is eometimes called by bis nanie. 
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length of the degree on the temperature scale. Usually this is 
chosen so that the interval from the freezing point to the boiling 
point* of water shall be 100 degrees. 

The second gaseous lawf asserts that different gases expand 
under constant pressure, between any two given temperatures, in 
the same proportion, i.e. the increment of volume bears the same 
ratio to the original volume in each case. Hence a formula of the 
type (1) will hold for each, but the constant R will vary with the 
particular gas. The actual ratio of the volumes occupied by a gas 
at the boiling and freezing points of water is found to be 1'366, so 
that if do tie the temperature of freezing on the present scale, we 
have,- if we adopt the Centigrade degree, 

^ = 1-366, do = 273 (3) 


It may be well to repeat that the formula (1) has only a 
limited validity. For great pressures combined with low tempera- 
tures the ‘ gaseous laws ’ cease to apply to real substances. 


The density of atnaosphcrio air at tho freezing point, under a pressure of 
7G cm. of mercury, is found to ho '00129. Hence if wo take tho centimotro as 
unit of length, and tho weight of a gramme as the unit of force, we have, for 
air, 


about. 




76xl3'6 

■00129x273 


= 2930, 


To reduce to absolute (o.Q.S.) units wo multiply by ^(=981), and obtain 

2-88x1 O’. 

To obtain tho valuo of A for any other gas wo divide by the riitio of its 
density to that of air under like conditions of pressure and temperature. 


116. Mixture of Gases. 

Boyle’s law may bo stated as fo]lows+: If, at a given tem- 
perature, successive portions of the same gas be introduced into 
a closed vessel, each- produces its own pressure ; i.e. the final 

• That is, tho temperature at which water boils under a certain specified 
altnosphorio pressure. 

t Attributed, on tho authority of Gay-Luasao (1802), to J. A. C. Charles (1746- 
1822), tho date assigned being about 1787. The law was first published by Dalton 
in 1801. 

X This form of statement is due to Rankins. 
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pressure-intensity is the sum » of the pressure-intensities due to 
each portion separately. If we extend this statement to mixtures 
of different gases we have the law formulated hy Dalton* viz. that 
the pressure-intensity in the mixture is the sum of the pressure- 
intensities due to the several gases alone, provided these do not 
act chemically on one another. 


Thus, if quantities of various gases, whose volumes are F„ Fj, 
and pressure-intensities p,, ..., respectively, be tahen and in- 

troduced into a vessel of volume F, the temperature being the 
same in each case, the pressure-intensities due to the several gases 
would he 


p.v,ir. .... 

by Boyles law. By Dalton’s law the final pressure-intensity p will 
be the sum of these, so that 


^ F = p, F, + p, F, -f . , . = 2 (;v F,.) ( 1 ) 

If the gases were originally at temperatures Qu 6„ respec- 
tively, and if the final temperature be 0, the pressure-intensities of 
the several gases when brought to the volume F and temperature 
would be . 

PjF, ^ piVj £ 

F •0,’ •••’ 


whence 


pF PiV.p^V, _y(Vr^''r\ 

"" I- r 


It may bo observed that Dalton’s law is implied in such statements as 
tins, that atmospberic air consists of so many parts ‘by volume’ of oxygen, 
and so many of nitrogen. If the oxygen contained in a volume F of air, 
when isolated and brought to atmospheric pressure (poli would occupy a 
'volume Fi, the partial pressure. due to it when diffused in the space V is 
PoF/F by Boyle’s law ; and on a similar understanding the partial pressure 
due to the nitrogen is denoted by By Dalton’s law, the actual 

pressure is the sum of these, whence 

p,+ K,= (3) 

117. Indicator Diagram. Isothermal and Adiabatic 


Lines. 

The properties of any fluid may be mapped out, without any 
special hypothesis, by taking any two of the quantities p.v.B ss 

* John Dalton (1766-1844), the discoverer of the atomic law in Ohemisfiy. 
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independent variables, the third being then necessarily dependent 
upon them. Usually it is convenient to take v as abscissa, and p 
as ordinate, as in Watt’s 'indicator diagram.’ Any particular 
state is then represented by a point on the diagram, and any 
succession of states by a continuous line, as in Fig. 146. 

For instance, if the succession of states be defined by the 
condition that the temperature is constant, the corresponding line 
is called an ‘isothermal’ line. In the case oUa perfect gas the 
isothermal lines are the rectangular hyperbolas 

pv = const. (1) 

In another important type of succession of states the condition 
imposed is that there shall be no absorption or emission of heat 
during the process. This would be realized in the case of a gas 
contained in a cylinder whose volume could be varied by means 
of a piston, provided the walls and the piston could be made 
absolutely impervious to heat. For this reason such a succession 
is said to- be ‘adiabatic*,’ and the representative line on the 
indicator diagram is called an adiabatic line. The equation of the 
adiabatic lines of a perfect gas will be obtained presently. 

The ‘ specific heat ’ of a substance in a given state is defined 
as the amount of heatf required to raise unit mass one degree in 
temperature, under prescribed conditions. In the case “of a gas 
the precise specification of the condition under which the change 
of temperature takes place is important; and in particular we 
have to distinguish between the specific heat ‘at constant volume,’ 
and the specific heat at ‘ constant pressure.’ 

If the volume do not vary, as when the gas is enclosed in -a 
rigid vessel, we have, by Art. 116 (1), Wje = Sp/p. Hence if c denote 
the specific heat at constant volume, the amount of heat absorbed 
by unit mass when the pressure increases by Sp is 

cB6 = cOBpl 2 ) (2) 

Again, if the pressure be kept constant, as in the 'case of a 
' gas free to expand by pushing out a piston against a constant 

* This name waa introduced by Eantine. 

+ The unit of heat being (usually) the amount of heat required to raise the 
temperature of unit mass of water at about i°0. by one degree. 
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external pressure, we have hQje = Sa/r. Hence if c' be the specific 
heat at constant pressure, the amount of heat absorbed by unit 
mass when the volume increases by Sv is 

c'^d = c'6Bvjv. ^3^ 

. Hence if we take v and p as our independent variables, the 
heat absorbed in a small change denoted by 8a, Bp will be 

+ '..( 4 ) 

per unit mass. 

For instance, in an isothermal expansion of a gas we have 
pv = const., and therefore Bpjp = - Bvjv. The expression (4) then 
takes the form 

(c'-c)ej (5) 

It appears from thermodynamical theory' that the difference c'—c 
is constant for a perfect gas. Hence, by integration, we find that 
the total heat absorbed during an expansion fi-om volume Vt, to 
volume a at constant temperature 0 is 

(c'-c)0log^ (6) ' 

If a gas be subject to the adiabatic condition, we have, 
firom (4), 

+ (!) 

p V 

where 7 = djc. This ratio 7 of the two specific heats is also 
approximately constant. Hence, integrating, we find 
logp + 7 log a = const., 

or = const (8) 

This is therefore the equation of the adiabatic lines on the 
indicator diagram. See Fig. 146, p. 259, where the dotted curve 
represents an adiabatic line, and the continuous curve an isothermal 
The ratio 7 is always greater than unity. Its value for air and 
several other gases (oxygen, hydrogen, nitrogen) is about 1'41. 

The change of temperature involved in an adiabatic process is 
found from (7) combined with the relation 

Sd Bp Sv . fQ\ 
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which follows from Art. 115 (1). We have 



B6 , ,. 8 u 

-^ = -( 7 - 1)7 

(10) 

whence 

log 0 = —(-/ — 1) log V -1- const.. 


or 

0 

00 [vJ 

(11) 


Ex. If air at 0° 0. be compressed adiabatically to one- tenth of its original 
volume, we have 

■ log,om)=V-l = -410; fl/flq=2-67, 
whence d-do = l'57do=‘429°. 

118. Work done In Expansion. Elasticity. 

Let us imagine unit mass of any fluid to be enclosed in a 
deformable envelope, and that an infinitesimal change of volume 
is produced -by a displacement of the 
boundary. If v be the normal component, 
reckoned positive when outwards, of the 
displacement of a surface-element iS, the 
work done by the contained gas is KjjSS.v), 
or pSv, since l,{vSS) = Sv. Hence the 
work done in a succession of changes re- 
presented by a given line on the indicator 
diagram will be fpdv, i.e. it is represented by the area included 
between the curve, the axis of v, and the first and last ordinates. 
Care must of course be taken to attribute the proper sign to this 
area. 

Thus for an isothermal expansion of a perfect gas from to v, 
we have, since pv=p:,v„, ^ 

[ pdv=poVcf ^ = (1) 

J Vf -J Vo ^ "0 

‘This does not of course give the loss of intrinsic energy by 
the gas, since heat is absorbed during the process, to the amount 
given by Art. 117 (6)*. The quantity whose diminution is given 
by (1) is sometimes called the ‘free energy’ by writers on Thermo- 
dynamics. 

• It is a consequence of the laws of Tbennodynamioa that in a perfect gas there 
ia no change of intrinaio energy in an iaothennal expansion, the work done being 
exactly compeneated by the heat absorbed. 
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In an adiabatic expansion we have pv^ = p^Vaf whence 

The change of temperature is given by Art. 117 (11). The 
expression (2) measures the actual loss of intrinsic energy in the 
process, since there is now no transfer of heat. 

The unit of work (per unit mass) implied in (1) or (2) will 
depend of course on the unit of force employed in the specification 
of the pressure-intensity p. For instance, if this 'be expressed in 
grammes per square centimetre, the unit of (1) or (2) w-ill be the 
gramme-centimetre. 

If we wish to find the work done in the expansion of any given quantity of 
a gas, wo have only to replace the symbol v in the above calculations by V, 
the actual volume of the mass under consideration. Thus, to find the work 
required to fill a v&sscl whoso capacity is 1 litro’with air at a pressure of 
100 atmospheres, the temperature being assumed constant, we put, iu (1), 
P(,= 1034 gm./cm.2 Fo=l<ficm.^, log (V b/V)= 4-650, 
and obtain as the result A'Sl x 10* gramme-centimetres, or 4810 kilogramme- 
metres. 

If the same quantity of air could bo forced in adiabatically, we should 
have pIpo^ 660, and substituting in (2) we should obtain a result about three 
times as great. 

■ The ‘ volume-elasticity ’ of a substance in a given state may he 
defined as the ratio of an increment hp of pressure-intensity to the 
.accompanying ‘compression,’ as measured by the ratio (- 8u/u) of 
the diminution of volume to the original volume. Hence, denoting 
it bv K, we have 

dp 



To make the definition precise it is necessary, however, to specify 
the condition under which the variation of volume is supposed to 
take place. In the case of a solid or a liquid this makes as a rule 
little difference, but in a gas the matter is important. 

If, through the point P on the indicator diagram which 
repre^nts the initial state, we draw a tangent to the curve which 
shews the prescribed mode of variation, to meet the axis of p in TJ, 
and if P'H be the projection of PP on this axis, we have 


_ 1 , -J- = PP.tan PP P'= NU.. 
dv 


■( 4 ) 
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Hence this projection represents the volume-elasticity under the 
given condition. 

If the changes be isothermal, we have pu = const., and 

«=p, (5) 

Le. the elasticity is numerically equal to the pressure-intensity. 
The equality of ON and NU in this case is a familiar property of 
the rectangular hyperbola. 



The volume-elasticity of a gas subject to the adiabatic con- 
dition is 

« = = ( 6 ) 

by Art. 117 (7), and is therefore gi’eater than the isothermal 
elasticity in the ratio 7 . It is represented by NU' in Fig. 146. 

The distinction between the two elasticities is important in 
the theory of Sound, where the expansions and contractions, and 
consequent variations of temperature, alternate so rapidly that 
there is no time for equalization of temperature by conduction. 
Consequently, it is the adiabatic rather than the isothermal 
elasticity which is effcctivo. 


17—2 
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119. Law of Pressure In Isothermal Atmosphere. 

To find the distribution of pressure in an atmosphere of 
uniform temperature, let z denote height above some standard 
level. We have then the hydrostatic equation 



in gravitational units, together with Boyle’s law 

PIPo = pIpo, 

where the zero suffix relates to the plane a = 0. Hence 

pdz 2^0 

It is convenient to write 


,( 2 ) 

,( 3 ) 


Po = P^H, 


( 4 ) 


so that H denotes the height of a ‘homogeneous atmosphere,’ 
"i.e. the height of a column of a hypothetical fluid of uniform 
density po which would produce by its gravitation the pressure po. 
Comparing with Art; 115 (1) we see that, for a particular gas, // 
varies as the absolute temperature but is independent of the 
density. .It will of course vary inversely as the intensity of 
gravity. 

f 

We have, then, 


1 ^ _ _1 
p dz H’ 


(5) 


whence 

or 


log p = - ^ + const., (6) 

0 ) 


if the arbitrary constant be adjusted so as to make p —pc for z — 0. 
Hence the pressure diminishes in geometric progression as the 
altitude increases in arithmetic progression. 

The formula (7) may be used to determine differences of 
altitude by means of the barometer. We have 


z, — Zi — if log {pijp^ = 2‘3026 H log^ipilps), (8) 

where the suffixes refer to any two stations, and the numerical 
factor is that required to reduce logarithms to base e to ordinaiy 
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logarithms. If denote the value of H at freezing point we 
may pub 

F = ffo(l + -00366 t), (9) 


where t is the temperature Centigrade. The formula (8) is based 
on the hypothesis of uniform temperature; but the variation of 
temperature with altitude, if not too great, may be allowed for by 
assuming a mean temperature for the stratum included between 
the two levels at which the readings are taken. If the difference 
of temperature is considerable, observations may be taken at 
a number of intermediate altitudes, and the thickness of each 
stratum calculated separately, on the basis of its estimated mean- 
.temperature. 

The calculation assumes of course that the air may be treated 
as a simple gas, the variation of its composition with altitude 
being neglected. This is legitimate, for a considerable range of 
altitude, owing to the mixing which takes place by currents. 

If the density of air at 0” 0. be '00129 under an atmospheric pressure of 
76 cm. of mercury, we have 

„ 76xI3'0 „ 

120. Atmosphere in Convective Equilibrium. 

In the actual atmosphere the temperature as a rule diminishes 
upwards. This is due in a great measure to the action of con- 
vection currents. When a mass of air ascends, its temperature 
falls in consequence of the expansion due to diminished pressure, 
and similarly if it descends its temperature rises. The final 
condition which would be brought about by the firee play of 
convection currents, without conduction or radiation of heat, would 
be such that if equal masses at different levels were interchanged 
the equilibrium would not be disturbed, i.e, each portion would by 
adiabatic expansion or contraction assume the temperature and 
therefore also the pressure proper to its new locality. This state 
is described by Lord Kelvin as one of ‘ convective equilibrium.' 

In such a state we have 


pr p,r’ 


( 1 ) 
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where the zero suffix refers to one particular level, say r = 0. 

Hence ^= 7 ^..... ( 9 ) 

P P 

When combined mth the relation 

Sp Bp Bd 

(3) 

this gives T = (^) 

the relations being in fact as in Art. 117 (7), (9), with p written 
“for Ifv. 

The hydrostatic equation is 

l-p ® 

as usual, whence 

^ Po^o 

dz IP y ‘ Po ’ ^ 

so that the temperature diminishes upwards with a uniform 
gradient. If we put 

Po“pof^0» (0 

so that H’o is the height of the homogeneous atmosphere corre- 
sponding to the temperature 0, at the level z = 0, we have 

S— ’v-t 

«r «-«•(! -^4) ® 

p"p,0,"p,l r sj' 

( 10 ) 

OT Y — 1 Vpo p! 

which gives, with (1), the relation between jj and z. 

If y=l-410, X 105 cm., 4=273, we find 

^=-•000099, 

. dz 

in degrees Centigrade per centimetre. The gradient is therefore very nearly 
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1 degree per 100 metres*. It is to bo noticed that the formula (9) would 
assign a definite limit to the height of the atmosphere, viz. wo should have 
d = 0 for 



( 11 ) 


With the above numerical values this comes out nt 2'7C x 10“ cm., or 27'5 km. 
The gaseous laws on which the calculation is based cannot, however, bo 
assumed to hold up to this limit. 


121. Compressibility of liiquids. 

The effect of compressibility on the vertical distribution of 
density in a liquid can be calculated by a similar process, For 
most purposes it is sufficiently accurate, however, to assume that 
the mean density in a vertical column is the arithmetic mean of 
the densities at the top and bottom. 

We assume, in accordance with the usual law of elasticity 
(Art. 137), that the small variations of density are connected with 
the variations of pressure by a formula of the type 


p-p, = xs, (3) 

where s denotes what is called the ‘ condensation/ i.o. the ratio of 
the increment of density to the standard density p^, which we may 
take to bo the density at the atmospheric pressure (po). In 
symbols 


■po 


,( 2 ) 


• The coefficient k may be taken to be under ordinary conditions 
approximately constant ; it is called the ‘ elasticity of volume!’ It 
is easy to shew .that when small variations from atmospheric 
pressure are considered this definition of k is equivalent to 
that of Art. 118 (3). 

The pressure at a depth h will be p„ + p^h, approximately, and 
the density accordingly pc (1 + pthjK), so that the mean density of 
a column of depth h extending downwards from the free surface is 
Po(l + ^pohlK). If h' be the height which the same column would 
occupy if of uniform density po.'We have 

(1 + ipjilx) h = h', .(3) 


or 


h' — h _ 1 pji 
h 2 k' 


,( 4 ) 


* The observed gradient is considerably less. The difference is attributed to 
the influence of nqueoua vapour. 
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Tks gives the depression h'-h of the surface of the water in 
a lake of depth h, due to compressibility. 


The more formal calculation is as follows, 
in the hydrostatic equation 


dp 

dz 


Substituting from (1) and (2) 

(5) 


we have 


dp ^ , 

dz 

l+(7'-po)/-c~ 


Henco if tho free surface bo afc a height h above the origin of Zj 

,log(l-+E^'^^p,(h-z) (7) 

,'P\iitmgz=0,p~po=poh', we have 

log(i^cAynj^, ( 8 ) 

or ' + _ • 

In all cases of interest pq/i/k is a small fraction. If we stop at the term last 
written, wo find 

A'=a(i+5^)', (10) 

in agreement with (4). 


Thus for a sheet of water a kilometre in depth, putting po=li A=10* cm., 
k=2'2Gx 10’', we find /t'-A=2'21 metres. It appears from (4) that the de- 
pression varies os tho square of the depth. 


! 

EXAMPLES. XXI. 


(Boyle’s Law, &o.) 

1, Find the ratio of the whole mass of tho Earth’s atmosphere to that of 
tho Earth itself, assuming that the mean density of the Earth is 5-6, the 
mean height of the barometer V6 cm., and the Earth’s radius e-38x 10«om. 

[8-8 X 10-'.] 

2. The densities of oxygen and nitrogen as compared with atmospheric 
air at tho same pressure And temperature are 1T056 and '9714, respectively. 
Find tho percentages of oxygen and nitrogen in the atmosphere, (1) k 

and (2) by volume. IW 23-6, 76-4 ; (2) 21-4, 78 6.] 
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3. A barometer tube originally containing air at atmospheric pressure is 

weighted and lowered into the sea, with the closed end upiTermost When it 
is raised it is found that the water had ascended through '832 of the length of 
the tube. Find the depth reached in fathoms. (Height of barometer =30 in. ; 
density of mercury =13 6; density of sea-water= 1-026.) [27'3.] 

4. A kilogramme of air is contained in a vessel -whose capacity is 10 cubic 
decimetres; find its pressure in gms. per sq. cm., assuming that the atmo- 
spheric density is -00129, and that the height of the barometer is 76 cm. , 

[8-01 xlOh] 

5. The pressure of saturated aqueous vapour at 50° C. is about one-eighth 

of an atmosphere. A bell jar is inverted over water at 50° C., and then 
depressed imtil half its volume is occupied by water ; find the pressure in the 
space above the water. [IJ atm.] 

6. How much must a column of air 12 in. long be suddenly compressed 
. in order that its temperature may rise from 20° 0. to 400° 0. ? [To 1-6 in.] 

7. Two equal cylindrical diving-bells, closed at the top and open below, 

are just immersed in water, and the water inside stands respectively 4 ft. and 
6 ft. below the level outside. If communication be established between the 
interiors by a pipe, find the new level at which the water will stand. (Height 
of water-barometer=33 ft-) [5 ft.] 

8. A cylindrical diving-beU 8 ft. high, originally full of air, is lowered 
until the water rises 3 ft. iu the interior ; what is tho depth of the top of the 
bell below the surface ? 

Also, how many cubic feet of air at atmospheric pressure must be pumped 
in, in order that the water may be expelled fi-om the interior, the sectional- 
area of the boll being 12 sq. ft. 1 [14-8 ft, ; 66"2 o. ft.] 

9. A closed cylindrical canister of height A, whose walls are of negligible 
thickness, contains air at atmospheric pressura It floats partially immersed 
in water to a depth i, the axis being verlicaL If water leaks in through a 
small hole, prove that the canister will bo in equilibrium when the depth of 
water inside is 

M- 

H-hl- 

where 5” is the height of the water-barometer. 

Is this condition stable ? 

10. A vertical tube having a uniform section of ‘4 sq. in. opens at the 

top into a bulb whose capacity is 36 c. in. The lower end is open and dips 
into a wide cistern of mercury; the mercury in the tube stands at 20 in. above 
tho level in the cistern ; and the portion of the tuba above the mercury is 
10 in. long. If the tube be depressed vertically through 10 in., find the level 
at which tho mercury will stand. (Height of barometer =30 in.) [19 in.] 
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11. A vortical barometer tube is constructed, of which the upper portion 
is closed at the top and has a sectional area a^, the taiiddle portion is a bulb 
of volume and the lower portion has a sectional area c% and is open at the 
bottom ; the mercury fills the bulb and part of the upper and lower portions 
of the tube, and is prevented from running out below by means of a float 
against which the air presses ; and the upper part of the tube is a vacuum. 
Find the change of position of the upper and lower ends of the mercurial 
column duo to a given alteration of the presWe of the atmosphere. 

Shew that if the whole volume of mercury bo c^h, where A is the height 
of tho barometer, the upper surface will be unaffected by changes of tem- 
perature. 


12, Provo that if B bo tho whole volume of the barrel of an ordinary air- 
pump, A that of the receiver, and if there bo an untraverscd space 0 at the 
end of the barrel, then 

(A+B)pn=Ap„^i + Cp0, 

where denotes the density of the air in the receiver after n strokes. 

Hence shew that 



13. If in on ordinary condensing pump the volume of the barrel be B, 
that of tho receiver A, and that of tho untraversed space in the barrel 0, 
prove that ' ' 

(A + C)pn’=Ap„-i-\-Bp0. 


Hence shew that 



14. A hollow vessel full of water of density p is immersed to^a depth t. 
Provo that the work required to expel the water by pumping in air is 


piz+h)Vloe(l + -^+P^V, 

where Fis the volume of the vessel and h the height of thb waleT-barometer. 

15. A vortical pipe of height A and sectional area a dips into a wide 
cistern of water. Its upper end is connected with a small pump which 
removes a volume V of air per unit time. Prove that the time the water 
takes to rise to a height x in the pipe is 

■|2ir -KAf- A) log 

where E is the height of the water-barometer. 
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EXAMPLES. XXII. 


(Atmospheric Problems.) 


1. If the barometer reading at the Earth’s surface be 76 cm., calculate 

what would be the reading at a height of one kilometre if the temperature 
were uniform, having given that the density of the air at the surface is •00129 
and that of mercury 13'6. [67'I-] 

2. Prove that the jfraction of the whole mass of an isothermal atmosphere 
which is included between the ground and a horizontal plane at a height z is 

Evaluate this for z^ff, ZH, ZE, respectively. ['632, '865, ■950.] 

3. Calculate the percentages (by weight) of oxygen and nitrogen in the 

air at a height of 6 times that of a homogeneous atmosphere, on the assump- 
tion that the density of each gas varies as if it alone were present, and that 
the temperature is uniform. (See Ex. XXL 2.) 8G‘3.] 

' 4. Prove that if the temperature in an atmosphere in equilibrium 

diminish upwards with a certain uniform gradient, the density will be 
uniform ; and find the gradient in que.stion in degrees C. per 100 metres. 
"Would this condition he stable ? [3'4.] 

5. If the (absolute) temperature diminish upwards in the atmosphere 
according to the law 

t-i-L 


prove that 


Po \ C, 


ctll 


6. If the (absolute) temperature 6 diminish upwards in the atmosphere 
according to the law 

Oo 


6 = 


l+Pz' 


where /9 is a constant, the pressure at a height z is given by 
Po 

7. Prove that if the (absolute) temperature 6 be any given function of the 
altitude r, the vertical distribution of pressure in the atmosphere is given by 
the formula 

V A f^tdz 
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8. Prove that in an atmosphere arranged in horizontal strata, the work 
(per unit mass) required to interchange two thin strata of equal mass without 
disturbance of the remaining strata would bo 


where the suffixes refer to the initial states of the two strata. 

Hence show that for stability the ratio pjpt must increase upwards. 

9. Prove that if the Earth were surrounded by an atmosphere of uniform 
temperature, the pressure at a distance r from the centre would be given by 

i’ ( 1 . 1 \ ' 

where a is the Earth’s radius. 

What would be the pressure at infinity if a=21 x 10® ft., H'=25000ft.? 

' _ [l-56poXlO-3«.] 


10. Provo that if the whole of space were occupied by air at uniform 
temperature d, the densities at the surfaces of the various planets would be 
proportional to the corresponding values of the expression 

where a is the radius of a planet, and g the intensity of ‘gj-avity at its 
surface. 


11. A closed tube AB containing air is made to rotate uniformly in a 
horizontal plane about the end A. Prove that when the air is in relative 
equilibrium the density at B exceeds that at A in the ratio 

where v is the velocity of the end B, and U is the height of the homogeneous 
atmosphere. 

Work out the result for the case of 'r=25 metres per sec., and H=8 km. 

[1-004.] 

12. Prove that the lowering of the level of water in a lake of variable 
depth, due to compressibility, is ipjK multiplied by the mean square of the 
depth, approximately. 



CHAPTER XIV 


CAPILLABITY 

122. Hypothesis of Surface Tension. 

There is a certain class of statical phenomena presented by 
liquids which are not accounted for by the preceding theory. 
•The globular form of a dewdrop, for example, is an obvious 
exception to the statement that the free surface of a liquid in 
equilibrium is a horizontal plane. Again the rise of wat&r, or the 
depression of mercury, in a capillary tube is in opposition- to the 
theorem as to the uniformity of level in communicating vessels ; 
and even in the case of a liquid contained in a -wide open vessel, 
where the surface is for the most part indistinguishable from a 
plane by any test which we can apply, a sharp curvature is 
observed near the edge, upwards or downwards as the case 
may be. 

It is found • that such cases admit of explanation, and of 
mathematical calculation, on the hypo- 
thesis that a film at tlie surface, of 
exceedingly minute thickness, is in a 
peculiar state of stress, similar to that 
of a uniformly stretched membrane. 

The stress across any line drawn on 
the surface is assumed to be every- 
where perpendicular to this line, and 
in the tangent plane. Hence if ABG 
be a small triangular portion of the 4^ 

film, the equilibrium of the forces in ' ^'g- 1^7. 

the tangent plane requires that the tensions across the sides should 
be respectively proportional to those sides, by Art. 23. ■ The state 
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of stress at any point of the film is therefore completely specified 
by a single symbol T, nz. the tension per unit length of any line 
across wliich it acts. It is further assumed that this ‘surface- 
tension’ is a physical constant depending only oh the nature of 
the liquid, and on the temperature*. It is usually expressed, in 
gravdtation measure, in grammes per (linear) centimetre. 

Similar statements are applicable to the surface of separation 
of two liquids which do not mix. The surface-tension, in this case, 
depends on the nature of the two liquids, aud on the temperature. 

The phenomena of surface-tension are most conspicuous when 
the surface is large in proportion to the total mass, as in the case 
of a globule of water or mercury, or a soap-bubble. The spherical 
shape assumed in such cases is due to the tendency of the surface 
to contract as much as possible, the sphere being the geometrical 
form of least surface for a given volume. 

The following are a few numerical values of the surface-tension for 
different L'quids at 0’ C., in grammes per linear centimetre. 


Water 

•0773 

Jlercury 

•450 

Alcohol 

■02.58 

Ether 

•0197 

Olive oil 

•034 


The exact determination is a matter of some difficulty, and in the cases of 
water and mercury the observed tension is greatly reduced by a very slight 
contamination. 

123. Superficial Energy. 

When any portion of the surface is extended, work is done on 
it by the tensions at its boundary. (Considering in the first place 
the case of a small extension, let v denote the displacement parallel 
to the tangent plane and at right angles to an element Ss of the 
bounding curve, the positive direction being outwards. The work 
done is 

2 (T8s.p) = T.l (uSs) = T.Sf! (1) 

- where S is the total area of the portion. 

To calculate the work done in a /im(e extension it would in 
■ general be necessary to take account of the fact that a film when 
• It (liminiBhea as the temperatore riees. 
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extended has its temperature lowered, unless heat be supplied to 
it, and that consequently the surface-tension will be increased. 
But if we suppose the changes to be effected so slowly that a flow 
of heat can take place so as to maintain the temperature sensibly 
constant, the total work will be equal to the surface-tension T 
multiplied by the increment of area. 

Conversely, a film of area S has a capacity for doing work in 
contracting at constant temperature, against resistance, which is 
measured by the product TB. It is therefore customary to regard 
the film as the seat of a special form of energy; and from this 
point of view T is called the ‘ superficial energy ’ (per unit area) 
at the given temperature. The spherical form assumed by a mass 
of liquid free from other forces is thus explained as being the con-, 
figuration of least potential energy. 

It should be observed, however, that T is not to be identified 
with the 'intrinsic energy’ of the film, which is increased by the 
amount of heat absorbed during the extension. It is rather of 
the nature of what is called ‘free energy’ by writers on Thermo- 
d3mamics. When a material system is brought from a state A to 
another state B, the work done' on it, together with the heat 
absorbed, is independent of the manner in which the change is 
made, being equal to the increment of the energy. If the 
change be made at constant temperature, and if the processes are 
reversible, it may be shewn that the amount of heat absorbed is 
itself independent of the manner of the transition. In that case, 
the work required is also determined solely by the nature of the 
two states, and is reckoned as an excess of ‘ free ’ energy in the 
state B over that in the state A*. 

124. Discontinuity of Pressure. 

The hypothesis of surface-tension involves in general a difference 
in the values of the fluid pressure-intensity on the two sides of the 
surface. This is easily calculated in the case of a spherical or a 
cylindrical surface. 

Consider, first, a spherical film of radius r. If p„ denote the 
excess of pressure-intensity on the inside, the resultant of the 

• The question has already been met with in another form in Art. 118. 
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fluid pressures on either half of the surface cut off by a diametral 
plane will be p.-wr’, by Art. 96. If we neglect the weight of the 



Fig. J48. 


surface-film itself, as practically infinitesimal, this resultant must 
be balanced by the tension T.2-snr across the circular edge of the 
hemisphere; see Fig. 148. Hence, equating, 

= ( 1 ) 

Again, consider the portion of a cylindrical film, of radius r, 
included between two planes drawn perpendicular to the axis, 



at unit distance apart, and a plane through the axis. The fluid 
pressures have a resultant ‘Pi,.2r, whilst the tensions opposing 
this, across the straight edges of the portion considered, give 2T 
(Fig. 149). Hence 

p, = 77r. (2) 

The general formula, of which (1) and (2) are particular ca.'es, may to 
noticed, although it is hardly needed for. the pxirposes of this book. If we 
compare the curvatures, at any point of a surface, of the ranons normal 
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jBCtiona through that point, it is shewn in books on Solid Geometry that 
there are two positions of the plane of section, mutually perpendicular, for 
which the curvature is stationary. If fZ,, be the corresponding radii of 
curvature, the formula is 

p) 

provided Ri, Ri bo reckoned positive or negative according as the respective 
centres of curvature are on the side on which the excess of pressure lies, 
or the opposite. If we put Ri = R 2 =r, wo get the formula (1) ; whilst in the 
case of (2) we have Ri=r, R^=a3 . 


125. Angle of Contact. 

Where the free surface of a given liquid abuts against a given 
solid, as in the case of water in a glass tube, there is a definite 
‘angle of contact.’ To account for this we must assume the 
existence of a certain amount of energy, per unit area, in the 
boundary, or interface, between the liquid and the solid, and in 
that between the solid and the air, as well as in the common 
boundary of the air and the liquid. 

In the annexed figure, which represents a section perpendicular 



to the edge in which the three boundaries meet, A denotes the 
region occupied by the liquid, 0 that occupied by the air, and B 
that occupied by the solid. The values of the superficial energy 
corresponding to the three surfaces may be denoted by Tqa, Tqb, 
T^ji- If the boundaries be slightly modified in the neighbour-' 
hood of the edge, as shewn by the dotted line, the area of contact 
of the air with the solid is increased, and that of the liquid with 
the solid is diminished, by an amount which we will denote by Bs, 
per unit breadth perpendicular to the plane of the figure. The 
area of contact of the liquid with the air is diminished by Ss cos a, 

18 


L. B. 
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v.-here a is the angle of contact on the side of the liquid. The total 
increment of superficial energy is therefore 

Top Ss — Tjp Ss — Tqa. Ss cos o. (1) 

Hence since, for equilibrium, the energy must be stationmy, we 
must have ' - 


cos 2 = 


Tqb — Txb 
Toa 



The same formula would follow from a consideration ofsurfkce- 
tensions, if this idea were really appropriate to the case where one 
of the media concerned is a solid. “We have merely to resolve 
parallel to the stirface of the solid, in the direction perpendicular 
to the edge. 


■■ , Similar considerations obriously apply to. the case where the 
common'surface of two liquids abuts against a solid wall. 

Determinations of the angle of contact of water and glass 
range firom about 25"’ to 29"'. A good deal depends on the purity 
of -the water surface and the cleanness of the glass ; and it is not 
impossible that if these qualities could be secured in perfection 
the angle of contact might even prove to be zero. The angle of 
contact of mercury wdth glass appears to be about 127°. 


126. Elevation or Depression of a Liquid in a Capil- 
lary Tube. 


The value of the surface-tension, together with that of the 


angle of contact, leads to an expression 
for -the elevation of water in a capillary 
tube. If a be the elevation in question, 
and a the radius of the cross-section, 
we have a column of weight ira^z-p 
sustained ly the tension T acting at 
the edge of a circle of radius a, in a 
direction making an angle a with the 
vertical. The atmospheric pressure 
Pf.Tra^ is here omitted, because it is 
operative both on the top and the 
bottom of the column. Hence 

•p-a/z.p — T COSH ...(11 



Fig. isu 
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or 


z = - 


2T coS tt 
pa ’ 


•(2) 


varying inversely the radius of the section. 


The same result follows from a consideration of the dis- 
continuity of the pressure at the curved surface. The pressure- 
intensity in the column, just beneath the upper surface, is — pz, 
whilst just above it is p^. Hence, by Art. 124 (1), we have 

i pz = 1Tjr, 111 . .. 11 . (3) 

where t* is the radius of curvature of the surface, which is as- 
sumed to be approximately spherical. Since a = r cos a, this 
agrees wth (2). 

In the case of mercuiy and gloss the angle a is obtuse ; cos o is 
negative, and we have a depression. 


If we have two parallel vertical plates at a distance h apart, 
the weight of the supported column, pei unit of horizontal 
breadth, is phz, and the resolved part of the tensio/i is 2Tcosa. 
Thus 

( 4 ) 


the same as in a tube of radius b. This formula may be deduced 
also from Alt. 124 (2). 


The pressure-intensity between the plates is less than the 
atmospheric pressure by an amount whose mean value is ^pz. 
Hence the platens experience an apparent attraction ^pz^ per unit 
breadth. 


127. The Capillary Curve. 

In the preceding elementary investigation it was assumed that 
the radius of curvature of the surface is small compared with the 
elevation z, and sensibly uniform. If we abandon this restriction 
the question becomes more difficult, and we shall accordingly notice 
only the case where the surface is cylindrical (in the general 
sense) with generating lines horizontab so that the problem u 
virtually a two-dimensional one. 


18—2 
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Let the axes of x and y he tahen horizontal and vertie;!, 
respectively, in a plane perpendicular to the genemting lines, and 
let the axis of x be at the level at which the pressurc-intensitv in 
the interior of the liquid has the atmospheric value. The surface 
is now sufficiently represented by its section with the plane cry. 
Let s denote the arc of this curve, and the angle which the 
tangent, dra\m in the direction of s increasing, makes with the 
axis of X. 


Consider the forces acting on a portion of the ,surfhce-film 
bounded by two planes parallel to xy at unit distance apart, and 
two straight edges perpendicular to these planes. If we resolve 
parallel to x, the tensions on the two straight edges contribute 
a component 

iTco.si^,- 2’cos-^,, . 
where the suffixes refer to the two edges. 

We will suppose that the liquid occupies the region lying to 
the right of the profile as this is traversed in the direction of s 
increasing. Since py measures the defect of pre.ssurc-infensity on 
the side of the fluid, the difference of pressures on the two liices of 
the portion of the film considered gives a component 

Jpy sin ip- ds=pjy{ly=^ ip (y,’ - y,’) 

parallel bo x. Hence along the profile we have 

Tcos'vjr + ipy’s const., (1) 


or y’ = 0-2h’cos^ (2) 

if f-'O 


If we differentiate 
dy/ds = sin ip-, 


(1) with respect to the arc s, wc have, sinec 


Ity==li', 


(41 


where 77 denotes the radius of curvature {dsjdip)*. Tins rcnilt 
might have been obtained at once from the consideration timt the 
tensions on the ends of an clement £s arc equivalent to a iiornia! 


* The cnrve= <lefined by (-I) present Ihem’-ehf'^ eeain In l!ic H cl t! a f ' :* 
flnenro of b tbin roil (tee Art. 150), snd nte accordiuEb btionu alu t* tba 't.'f ; ' 
curves,' 
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force TS\lr, as in the case of a string (Art. 80), and that this is 
balanced by the excess of pressure, pySs, on the atmospheric side. 
The formula is in fact a particular case of Art. 124 (3), obtained 
by making = pij, Ri = R, B^ = oo. 

The curve assumes a variety of forms according to the value 
of the constant G in (2). In the particular case where the free 
surlace is mainfy plane, the axis of x is an asymptote; whence, 
putting y = 0, = 0, we -find (7 = 2h\ and 

1 / = + 26 sin (6) 



Fig. 162. 


To find the relation between x and yjr we have, taking the upper 
sign, 

dx dx ds 6’cosik ,, , , . ^ 

and therefore 

x — li log tan l-<Jr + 2h cos 
provided the origin of x correspond to = 


( 7 ) 
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sense, the height h of the drop, where its surface is sensibly plane, 
above the plate, is given by (5), viz. we have 

A = 26 cos ^a', •'(H) 

- where «' is the supplement of the obtuse angle of contact. 


When the constant G in (2) has any value other than 26^ tho expression 
for a in terms of \jf involves elliptic integrals. 

If C> 25^, we may write 

47vi 

y>=^(l-PsmS(^) (12) 

where (13) 

and it is less than unity. Then 

Hencat 


= (|-it)7f(l-,,^.)-|iF(4 0), 
1 4(1-,.^). 




.(16) 



Fig. 165. 

• By proper trenlmonl of the glass surface tho angle o' can be made equal to 0, 
and tho formula then gives a method of determining b, and thenoo the svirface- 
tension T. Another method consists in determining the depth hi of tho points 
where the tangent plane is vertical ; this is connected with b hy the relation 
hi=JZ.b. This observation, combined with (11), gives both 6 and o', 
t The notation is A (ft, ^) =,/(!- ft’ sin’ <f>), 

£(fc,0)=j’*4{ft,^)<i^, 

The integrals F, E are known as the elliptio integrals of tho 6rst and second kinds, 
respectively, and the parameter ft which they involve is called the ' modnlus.’ The 
upper limit ^ is called the ‘amplitude.’ Extensive tables of tho integrals were 
calculated hy Legendre. Useful abbreviations aro given hy Hoilel, JJecticil (ie 
Formules et de Tables Num(i ijues, and by J. B. Dale, Five-Fiffure Tables..., London, 
1903. 
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If, in (2), G<2b\ y will vanish for certain values of i//-, and we write 


accordingly 

= 26^ (cos § — cos \(^) 



The curve assumes a variety of forms according to the value of The 
case of p«=30° is shown in Fig. 157. This serves to illustrate, for example, 
the form assumed by a liquid between two parallel vertical plates when the 
angle of contact is in one case acute, and in the other obtuse. 

When |S exceeds a certain value the curve has a wave-like form, and as /9 
approaches 180° it approximates to a curve of sines (of. Ait. 150). 

128. Soap-filmB. Minimal Surfaces. 

The most striking phenomena of surface-tension are those 
exhibited by soap-films under various conditions as to the shape 
of the boundary, and the difference of pressure on the two sides. 
The forms produced are extremely beautiful in themselves, and 
have furnished problems of great interest to mathematicians*. 

We shall denote by T the total tension of the film; this is 
equal to the sum of the tensions of both faces when (as is usually 
the case) these are independent. 

* They were studied in great detail by J. A F. Plateau (1801-83), professor of 
physios at Ghent, 1835-71. Similar phenomena wore obtained in the case of 
masses of olive oil suspended in a mixture of water and alcohol of the same 
specific gravity, the influence of gravity being thus eliminated. 
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The form assumed is determined hy the equation (3) of 
-Art. 124, which connects the sum of the curvatures with the excess 
ipo) of pressure on one side, and by the shape of the boundary*. 
If the pressure on both sides is the same, vm have 

( 1 ) 

i.e. the principal curvatures are equal and opposite. It may be 
shewn mathematically that this is the condition that the area of 
a surface having a given boundaiy should be stationary for small 
deformations. This is in agreement writh the principle that the 
potential energy of the film must be stationary in a configuration 
of equilibrium. Practically, the only forms which can be realized 
are the stable forms for which the energy is a minimum. The 
surfaces possessing the property (1) are accordingly known to 
mathematicians as ' minimal ’ surfaces. The simplest instance is 
where the boundary is a plane curve, and the film itself con- 
sequently plane. - . 

The case which comes next in interest is where the surface 
is of revolution. This can be treated without reference to the 
general surface-condition, as follows. If the coordinates a?, y refer 
to the generating curve, the axis of » being along the axis of 
symmetry, we have, since the resultant of the tensions across any 
circular section must be the same, 

T cos 1 ^. 2 wy = const. (2) 

or y = C8ec'i|r. '. (3) 

We have already met- with this relation in the case of the uniform 
catenary, and it is easy to see toat it is characteristic of that 
curve. Thus, differentiating with respect to b we find 

= csec'-'/r, (4) 

aiy 

S = ctan->p', ( 5 ) 

at the point for which -i^ = 0. It was 
that the properties of the catenary were 
The surface in question is therefore that 


whence 

if the origin of s be 
from this formula (5) 
developed in Art. 83. 


generated by the revolution of a catenaiy about its directrix, and 

* Since the atithmetio mean of tbe principal oarratnree J?,-’, w constant 
ihe Burfaces in question are called surfaces ' of constant mean curvature.’ 
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is accordingly known as the ‘ catenoid.' Of the two principal radii 
of curvature, one is the radius of curvature of the generating 
curve, and the other is the normal intercepted by the directrix. 
It is known (Art. 84) that these are numerically equal, but on 
opposite sides of the surface, in accordance with the formula (1). 

129. Soap-films symmetrical about an Axis. 

- The forms which the surfaces of revolution may assume when 
there is a constant difference of pressure on the two sides are also 
of interest The particular cases of the sphere and’ the cylihder 
are covered by the formulse (1) and (2) of Art. 124. In the more 
general case, the portion of the film included between two circular 
sections of radii y, and y, is in equilibrium under the tensions 
across these circles and a uniform pressure _po, which may be positive 
or negative, in the interior. The latter has, on the principles of 
Art. 96, a resultant — po(wyi’ — ay,=) parallel to the axis, whence 
irco3-«|ri.2'7ryi-rcos-«ir,.2wy, = po(7ry,’-7rya0. ...(1) 
The equation of the meridian curve is therefore 

'^- = 2ycos^-G, ( 2 ) 

if a = 2’/po- (3) 

The equation (2), which is virtually a differential equation of 
the first order, has a simple interpretation*. If we put 

- y = y, cos-K[r= p/r, (4) 

we obtain the tangential-polar equation of a curve which, rolling 



on the axis of is, would generate the required profile, the origin of 
the radius vector r being the tracing point. 

* Due to D. E. Delaunay (1841). 
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The equation thus obtained from (2), viz. - 

G ^ 2 _ 1 

, r a’ 

where the sign of a depends on that of p^, is seen to be identical 
with the tangential-polar equation of a conic referred to a focus. 
Thus in the case of the ellipse we have 


1 = ^-1 
p* r a’ 


( 6 ) 


where I is the half latus-reclum, and a the major semi-axis; for 
the branch of a hyperbola surrounding the focus in question we 
have 


1 = 2 1 . 
p’ r^tt’ 


whilst for the opposite branch 


m 


I 


2 

r 



( 8 ) 


The transition between the cases (6) and (7) is furnished by the 
parabola 


1 = 2 
pi y • 


,(9) 


If the conic is an ellipse, the focus generates a wavy curve, 
and the corresponding surface of revolution is called an ‘ unduloid.’ 



^ Fig. 159. 

When the ellipse is a circle we get a cylinder ; when it degenerates 
into a straight line we have a succession of equal spheres. 

When the conic is a parabola, the curve traced out is a catenary. 
This corresponds to the case of a = oo , or po = 0, in accordance 
with our previous result (Art. 128). 
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When the conic is a h3^erbola, wo must imagine the two 
branches to roll alternately on the straight line, the point of 
contact changing from one branch to the other at infinity, when 
an asymptote coincides with the fixed straight line. The complete 
curve has a succession of nodes, and the surface generated is called 
a ‘ nodoid.’ It will be found on examination that the excess of 
pressure is everywhere on the concave side of the curve. 



Fig. ICO. 

To calcutito tli 0 forms of the various curves wo may 2 )rocecd as follows. 

In the case of the tinduloid,it a, |3 be the maximum and minimum value.s 
of y, tho equation (2) may bo written 

f={a+p)ycosf-aP, (10) 

wbcnco colit'=+ Cll'i 

-s/{(a--'-y=)(y---,S^')} 

Since if ranges between id .and j3- wc may i)ut 

y- = a- cos- t/i + jS- sin= </) = a= (1 - sin= (^)), (12) 

where (ji is an auxiliary variable, and ' i 

( 1 , 3 ) 

Ucuco ycfy= -X'^a-sin ^cos eft/), ( 14 ) 

and Ihercforo ^ = T A/ 4 - n 

d,l> d^d<p 2/) 
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if we fcKtfict Ottteelvea te th&t part of the cum for which' dxjdA h 


.( 16 ) 


positive, 

x==aE{h, 

y=aA (i-, ^), j 

the origin of ^ heing at a point where <p=0, and therefore y=a. 

If e be the eccentricity of Delannay’d rolling eUipse, we have 

ifI-=(a*-^)/a*=sm^5. (17) 


The ctirve in Fig, 159 corresponds to the case of d=75% 

For the nodoid we have, asuiningy=a for ^}^=:0, and y=;S for f 

5''=(“-;S)ycos-^,fc.i;. (18) 

The preceding fomnla will therefore apply, provided we change the sign 
of If e be the eccentricity of the rolling hj’perbola, we find 

- CI9) 

In Fig. 160, (9=75‘, 


120. Cohesion.' 

It tvill doubtless be felt, and it must be admitted, that the 
hypothesis of a surface-tension, bow'ever convenient as a starting 
point for calculation, is somewhat arbitrary and artificial when 
regarded as a physical assumption, A more fundamental view' 
ascribes the phenomena of Capillarity to the existence of a 
‘cohesive force' in liquids (as well as in solids). This force of 
mutual- attraction is supposed to act •ndth very great intensity at 
very short distances, but to fall off very rapidly as the. distance 
between the attracting particles increases, so that the actual range 
(e, say) -within -ft’hich it is sensible is still very minute. This 
force is distinct from the mutual gravitation of the parte of a 
liquid, whose effects, in masses of ordinary size, are quite in- 
sensibla On the other hand the theory of cohesion, in its main 
outlines at least, does not necessarily involve any recourse to 
molecular hypotheses ; for the range e, although actually extremely 
minute, may be supposed to he very great compared with intra- 
molecular distances, so that the liquid may still, from the prraent 
standpoint, be treated as continuous. 

The full development of this view would require the methods 
of the theory of Attractions, hut a few consequences may be 
noticed. 
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In the first place, a given mass of liquid ivill possess a certaiu 
quantity of potential energy in virtue of the cohesive forces alone. 
Moreover, it is plain that all particles whose shortest distance 
from the surface exceeds the range e will be under the same 
conditions, since a sphere of radius e described about any such 
particle as a centre will include all the matter which exerts any 
force upon it. In the residual surface film, of thickness e, the 
conditions will be different, since a sphere of radius e described 
about any point within this film as centre will not be completely 
occupied by attracting matter. Moreover, if the radii of curvature 
of the surface film be very great compared with e, equal small areas 
(whose linear dimensions are large compared with e) will be under 
similar conditions, so that the term in the expression of the 
potential energy which is due to the film will be simply propor- 
tional to its area. We have here the explanation of the ‘ superficial 
energy,’ which leads mathematically, as we have seen, to the same 
consequences as the more artificial hypothesis of surface-tension. 

A reason is also apparent why capillary phenomena should be 
so remarkably sensitive to the influence of ‘ contamination.’ The 
introduction of a film of foreign matter, of thickness comparable 
with e, greatly alters the attractive forces which are operative. 

131. Intrinsic Pressure. 

Again, it appears that in the interior of a liquid there is a 
certain ‘intrinsic pressure,’ due to the cohesive forces, which is 
supeiposed on the pressure calculated by the rules of the preceding 
chapters. Suppose, for example, we have a mass of liquid with 
a plane horizontal free surface at which the pressure is and 
consider the equilibrium of a vertical column, of unit sectional 
area, extending downwards fi-om the surface to a depth c, which 
we will suppose greater than e. The pressure p .on the base of 
this column has to balance the atmospheric pressure p, on the top, 
the gravity pa of the column, and the attraction exerted on a film 
of thickness e at the base by the whole mass of fiuid below the 
plane of the base. This latter attraction is a constant .S’, depending 
only on the law of attraction, whence we have 

p =pc + K-\-p3, 


( 1 ) 
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in place of Art. 92 (3). The argument does not apply if r < 
withm a depth e the pressure must vary rapidly from p, to p, + K. 

The existence of this intrinsic pressure K docs not affect any 
of the conclusions based on the ordinaiy principles of Hydrostatics. 
Whether we take account of the cohesive forces and the intrinsic 
pressure, or whether we ignore both, we are led to the same 
results. Suppose, for instance, we are calculating the forces 
exerted by a liquid on a vertical wall. To put the argument in as 
simple a form as possible, imagine a plane drawn parallel to the 
wall at a distance e from it, on the side of the fluid, and let us 
reckon the film thus separated as forming part of the wall. Then 
• on every part of the ‘ wall,’ as thus understood, we have a pressure 
Pi + K + pz, and an attraction K, per unit area in each case, and 
the result is equivalent to a pressure p^ + pz, as in Art. 92. The 
calculations of resultant pressure, and of centres of pressure, arc 
therefore imaffected. 


It follows that the magnitude of the intrinsic pressure K 
cannot be determined by' hydrostatic experiments. The estimates 
which have' been made by various physicists are based on a con- 
sideration of the energy which is required to overcome the cohesion 
of a liquid in the process of conversion into vapour, or on other 
thermodynamical data. The estimates agree in assigning very 
high values to the constant ; thus in the case of water Prof, van 
der Waals infers that K is about 11,000 atmospheres. 


132. Influence of Curvature of the Surface. 

So far, the upper surface has been assumed to be plane and 
horizontal. A solid wall modifies the form of the free surface in 
its immediate neighbourhood, by its ovm attraction. The way in 
which the angle of contact is determined, by considerations of 
superficial energy, has already been indicated in Art. 125. It 
remains to account for the variation of pressure in the neighbour- 
hood of a curved surface of liquid, as dependent on the curvature, 
The detailed calculation would be out of place here, but an indica- 
tion can be given. We have seen (Art. Ill) that the pressure- 
gradient in a fluid, in any direction, is equal to the force per unit 
volume in that direction. Now as we pass inwards in the direction 
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of the normal, from (say) a convex surface, the force is greater 
than in the case of a plane surface, owing to the absence of the 
attraction of the matter which would fill the space between the 
surface and its tangent plane. The pressure therefore increases 
more rapidly, so that at a depth e it is now greater than p^-^Khy 
an amount which ,is evidently greater, the greater the curvature. 
The result is found to be 

m 

where T is the superficial energy, and My, are the principal 
radii of curvature. The case of a concave surface, or of an anti- 
clastic curvature, is included if we attribute the proper signs to 
J2,, Ri. The pressure at a depth z is found, as usual, by adding 
a term pz. 


EXAMPLES."^ XXm. 


1. If 71 equal spherules of water coalesee so as to form a single drop, 
prove that the superficial energy is diminished in the ratio n~^, 

2. Find the elevation of water in a vertical glass tube 1 mm. in 

diameter, assuming the angle of contact to be 27°. [275 cm.] 

How will the result be afieotod if the tube is inclined 1 


3. How is the principle of Archimedes afieoted by capillarity ? A circular 
cylinder of radius a, height /i, and density p floats upright in water ; find the 
depth of the base below the general level of the water surface. 


r i , 1 

+ -^ cos CL I 


4. Prove that if a film of liquid be raised by capillary attraction between 
two vertical plates which make a very acute angle with one another, the edge 
of the film has the form of a rectangular hyperbola. 

5. A film of water is included between two parallel plates of glass at 
a small distance d apart. Prove that the apparent attraction between the 
plates is 

2A3'co3a , . 

^ (-fPsin a, 

where A is the area of the film, I its perimeter, and a the angle of contact. 
Examine the case of a film of mercury. ^ 

6. Prove that the intrinsic equation of the capillary curve of Ai t>127 (0) is 

«=51ogtani\/^. 


n. a 
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7. Prove that if a fine thread form part of the boundary of a plane Boap- 
film, the thread vrill form an arc of a circle, 

8. Prove that if the superficial energy of a very thin soap-film varies 
with the thickness (, the surfece-tension is connected with B by the fonnnla 

.dE 


T=E-t 


df 


, 9. Prove that a soap-film cannot exist between two equal coaxial circular 

rings if the ratio of the distance between the planes of the rings to their 
diameter exceeds '6625, 

[This is the value of cosech «, where u is the positive root of the equation 
tanhu=]/j'.] 

10. Prove that if the surface of a sheet of water be slightly corrugated 
the amierficial energy is increased by . 




per unit of breadth of the corrugations, the axis of x being horizontal and 
perpendicular to the corrugations, and f denoting the elevation above the 
mean level. 

If the disturbed surface has .the form of a train'of ripples 

■f — — . y 

I ^ ^'T=c6inlx, . 

prove that the average increment of surface energy per unit area is 

Comliaring with Ex. XIX. 30 (p. 243), shew that gravitational or capillary 
energy's the more important according as the wave-length of the corrugations 

is 52rM77p). 

Ill A mass of liquid revolves, under siirface-tension alone, about a fixed 
axis,/ with small angular velocity <a, so as to assume a slightly ellipsoidal shape. 
Prtfve that the ellipticity is 

1 pa)‘d> 

B~r~’ 

if rbe expressed in dynamical measure. 



CHAPTER XV 

STRAINS AND STRESSES 

133. Introduction. 

In the theory of the equilibrium of solid bodies, ns developed 
in the earlier portions of this book, only slight and occasional 
reference has been made to the- internal forces, and accompanying 
small deformations, which are called into play. The fundamental 
principles of the subject may in fact be understood as appljdng, 
without any sort of qualification, to bodies as they are in their 
actual equilibrium condition. Whether, or how much, this differs 
from the normal condition is really irrelevant. 

The study of internal stress is, however, important for several 
reasons. In practice it is essential that the stresses in a given 
structure should not be greater than the material can safely bear; 
on the other hand it is desirable, for economical reasons, that the 
parts should not be unduly massive, and out of all proportion to 
the effort which may be demanded of them. Again,' as already 
indicated (Art. 25), it is only by taking the elasticity of actual 
bodies into account that we can hope to obtain a real solution 
of problems which, on the ordinary principles of Statics, are 
' indeterminate.’ 

The theoretical treatment of such questions, as might be 
expected, is difficult; and in the follorving pages a brief sketch 
of the more elementary portions of the subject is all that is 
attempted. This will be sufficient, however, for the discussion of 
a number of problems, all of them interesting and of practical im- 
portance. It is hoped, mpreover, that even this outline may be 
acceptable to the theoretical student, as tending to dispel the 
suspicion of unreality which sometimes attaches to the subject of 
Statics, as apparently dealing only with fictitious ‘rigid’ bodies 
enduring and transmitting’ forces with absolute insensibility. 

10—2 
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134. Homogeneous Strain. 

The investigation of the various kinds of deformation, or 
‘ strain/ v.'hich a body can undergo, apart fiom any consideration 
of its physical constitution, or of the forces ■n'hich are in action, is 
a matter of pure Geometry.. It is usual to begin with the case of 
‘ homogeneous ’ strain, which is characterized by the property that 
any two lines in the substance Vt’hich were originally straight and 
parallel remain straight and 'parallel after the deformation. It 
follows that a parallelogram remains a parallelogram, althongh 
its angles and the directions of its sides are generallv altered. 
Consequently the lengths of all finite parallel straight lines are 
altered in the same ratio; hat this ratio will in general he 
different for different directions in the substance. If I’Q, F’Q' 
denote any straight line in the substance, before and after the 
strain, the ratio of the increment of length to the original length. 


- P'Q--PQ 
PQ ’ 


is called the ‘extension.’ It will, on the present hypothesis, 
depend only on the direction of PQ in the substance, and not on 
its actual positioiL 


In a homogeneous strain there is one, and in general only one, 
set of three mutually perpendicular directions in the suhstmce 
which remain mutually perpendicular after the deformation. 
'For consider the various directions through any point 0. Since 
the extensions of lines lying ori^nally along these are confined 
between finite limits, there must he one such direction, at least, 
for which the extension is a maximum. Let OA be a line drawn 
in this direction, and OP a line of equal length makmg an 



Fig. 16L 



293 


,134-135] STRAINS AND STRESSES 


fnfinitely small angle with it. The lengths O' A', O'P' of the 
same lines after the strain will then be equal, to the first order, so 
that A'P' is ultimately perpendicular to O'A'. We infer 'that all 
lines and planes which were originally perpendicular to OA remain 
perpendicular to O'A'. Next consider the various directions OQ 
lying in a plane perpendicular to OA. For one of these, say OB, 
the extension must be a maximum, and it follows in the same 
way that a line 00 which was originally perpendicular to both 
OA and OB will after the strain be perpendicular to both O'A' and 
O'B'. Hence theye is in general one definite set of three mutually 
peipendicular lines OA, OB, 00, such that the corresponding lines 
O'A’, O'B', O'O' after the strain are mutually porpendicular. 
These are called the ‘principal axes’ of the strain. The corre- 
sponding extensions are called the ‘ principal extensions we shall 
denote them by Ci, ej, Cj. 


If we denote the coordinates of a point P relative to OA, OB, 00 as 
coortfinafe axes by x, y, z, and those of the corresponding point F' in tbe 
strained state, relative to O'A', O'B', O'C, by af, i/, we have 

+ y'=(l+f8)y, *'=(l+<s)^, (2) 

by (1). Hence the points which originally lay upon a sphere 

(3) 

will after the strain lie on the ellipsoid 

+ ( 4 ) 

whore + b'=(l+e2)r, o'=>(l + f3)r; (5) 

cf. Art, 76. 


The ratio of the increase of volume to the original volume is 
called the ‘dilatation’; we denote it by A*. Considering the 
change of volume of a unit cube whose edges are psirallel to the 
principal axes, we have 

l-t-A = (l4-e.)(l + 63 )(l + e.) (6) 


135. Simple types of Strain. Uniform Extension. 
Shear. 

So far, the strains contemplated may be of any magnitude; but 
in the application to elastic solids the extensions are always so 

* If p bo the density, and the density in the unstrained state, wo have 
p.i-p (1 + A)- nonce if < bo the ‘condon’iition’ (Art. 121), we have (l+A) (l+s) = l. 
In the case of small etrains this reduces to •= - A. 



294 


STATICS 


[XV 


very minute that the squares and products of Ci, e, may be 
neglected in comparison mth these quantities themselvea We 
therefore write, for example, < 

^ = ei + e, + ej (1) 

There are certain types of homogeneous strain which are of 
special importance. 

First, suppose that the principal extensions are all equal, say 

ei = ej = 6, = e. (2) 

Any portion of the substance which was originally spherical then 
remains spherical, and the extension is accordingly uniform in all 
directions. Also, if the strains are small, ^ 

A = 3e, ! (3) 

i.e. the dilatation of volume is three times the linear extension. 

The next type to be considered may be described as a dif- 
ferential sliding of a system of parallel planes. These planes 
undergo no deformation in themselves, and no alteration in their 
mutual distances ; but each is shifted relatively to a fixed plane of 
the system, .in a fixed direction, by an amount proportional to its 
distance from that plane. This kind of strain is called a 'shear*.’ 
The amount ( tj ) of the shear is specified by the relative displace- 
ment of two planes of the system which are at unit distance 
apart. 



• The action of an ordinary pair of shears is in fact to set np a strain somewhat 
of this typo, of amount so great that the material finally gives way. 
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The plane of the annexed Fig. 162 is supposed to be perpen- 
dicular to the aforesaid system of parallel planes, and to contain the 
direction of relative displacement. is a line of unit length in the 

■ fixed plane of reference, and AD = AD’ = BC = BG' = AB. Hence, 
considering a shear which converts the rhombus ABGD into the 
equal rhombus ABQ’D', we have t] = DD'jAE, where E is the middle 
point of DD'. Also, if 0 be the intersection of the diagonals A G, BD, 
it is plain that OA, OB, being lines of the substance which are at 
right angles before and after the strain, are the directions of two of 
the principal axes, whilst the third principal axis is normal to the. 
plane of the figure. Hence, with our former notation, 


and similarly 


OA AG~ AG~^'^^'’ 

OA AG BD' 

0B~ BD~ BD + 


( 4 )- 

.(5) 


so that 


(1 + 6.){1 + 6 ,) = 1 ; ( 6 ) 


whilst, of course, e, = 0. Again, 

tan ABG = tan 2ABQ = , ^ . (7) 

l-(l + es)= 6, -6, 

by (5) and X6), whence 

7? = 2 cot ABG= ej — vj (8) 

These results are exact, but in the case of small strains we 
have, by (6), 

e, =-6j, = e, (9) 

say, and therefore ij = 2e. (10) 


Hence an infinitely small shear-i; may be resolved into a uniform 
extension in one direction together with an equal contraction 
in a perpendicular direction. 


If we imagine the rhombus ABG'D' to be moved in its own 
plane until BG' coincides with BG, it will assume a position such 
as A'BGD" in Fig. 163. Since this does not affect the relative 
displacements, we see that the strain may also be described as a 
differential sliding of planes parallel to BG. There is therefore a 
second system of parallel planes in the substance which undergo 
no deformation in themselves. In the case of an infinitesimal 
shear, the two systems of parallel planes are at right 'angles. ” 
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136. Homogeneous Stress. Simple types. 

The term ‘ stress ’ was used in the earlier portions of this book 
to denote, in a general sense, the mutual actions between the 
various parts of a body or a mechanical system. We have now to 
consider the mutual action between two portions of a body separated 
by an ideal surface, or interface, S. This question has already 
been discussed in Art. 90, by way of introduction to the particular 
CMC of hydrostatic stress ; and it was seen that the force exerted 
across any small area of S may be taken to be nltimately propor- 
tional to this area, and that the intensity of the stress across 8 at 
any point is accordingly to be specified by the force per unit area. 

In a solid body this stress may be of the nature of a pressure 
or a tension, and *it may be normal or oblique, or even tangential 
to the area It ivill moreover in general be different for surfaces 8 
drawn in different directions through the same point. The complete 
specification of stress in a solid body is therefore a much more 
complicated matter than in the case, of a fluid in equilibrium. 

A stress is said to be ‘ homogeneous ’ throughout a body when 
it is uniform, and the same in eveiy respect, over any two parallel 
-planes. It may be shewn that there are then three mutually 
perpendicular ^sterns of parallel planes such that the stress 
across each is in the direction of the normal, although it is 
usually of different intensity for the several systems. The planes 
in question are called ‘principal planes’ of the stress, and the 
three mutually perpendicular directions determined by their 
intersections are called the ‘principal axes. The corresponding 
stress-intensities are called the ‘ principal stresses.’ An elementary 
proof of the theorem might be given, but is hardly necessary for 
our puipose. In the case of an ‘isotropic’ solid (Art. 137) its 
truth can be inferred indirectly. The principal stresses are 
usually reckoned positive when of the -nature of tensions; we 
denote them by pt, pi, Pv 

There are certain special types of stre^ to be noticed, analogous 
to the special types of strain considered in Art. 13-5, 

First, let p^=p,^p,. The stress across any plane is then in' 
the direction of the normal, and of uniform intensity, as in 
Hydrostatics (Art. 91). 
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We take next the case of a pure ‘shearing stress.’ This is 
characterized by the property that there are two systems of 
parallel planes, mutually perpendicular, such that the stress over 
each is wholly tangential, and at right angles to the common 
intersections. In Fig. 164 J J5CZ)'’representa a section of a unit 
cube, having two pairs of its faces parallel to the aforesaid planes. 
By talcing moments about an axis perpendicular to the plane of 



Fig. 164. 


the figure we see that the stress-intensity (ct) must be the same 
for both systems. Again, the portion of the cube included between 
the faces AB, BO and the diagonal plane AO is in equilibrium 
under three forces. Two of these forces are perpendicular and 
proportional to AB and BO, viz. the tangential tractions on BO, 
AB, respectively. Hence the third force,'viz. the total stress on 
the plane AG, must be perpendicular and proportional to GA. 
Hence the stress across AG is wholly normal, and equal to ct per 
unit area. A similar argument applies to the diagonal plane BD. 
Hence OA, OB, and a perpendicular through 0 to the plane of 
the paper are principal axes of the stress ; and we may write 

Pi = -P3 = w, p, = 0 (1) 

Hence a shearing stress vr is equivalent to a uniform tension la- in 
one direction combined with an equal pressure is- in a perpendicular 
direction. , 

137. , Stress-Strain Relations. Young’s Modulus. 
Poisson’s Ratio. 

When a solid body previously free from stress is deformed in 
any manner internal stresses are called into play. As to the 
relation of these stresses to the strains some physical hypothesis 
is necessary. We assume, in the first place, that the strains are 
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definite functions of the stresses, so that the body when rcleasod 
from the action of force returns exactly to its original state. In 
other words the substance is assumed to -be 'perfectly elastic.' A 
further natural assumption is that the strains, when sufficients 
small, are linear functions of the stresses. This is known as 
‘Hooke’s law’*; like the former assumption, though true in the 
limit when the stresses are infinitely small, it ceases to hold when 
the strains (or the stresses) transgress certain values called the 
‘elastic limits.’ 


We shall further assume, for the most part, that the bodies of 
which we treat are ‘isotropic,’ i.e. that there is no distinction of 
properties between one direction and another in the substance. 

In practice, the simplest type of elastic deformation is that of 
a bar stretched by longitudinal force. If e be the extension, and 
p the stretching force per unit area of the cross-section, we have, 
on the basis of Hooke’s law, 

P = (1) 

where E is & constant depending on the nature of the material, 
known as ‘Young’s modulus ’f. Since e is a mere ratio, the value 
of E is specified i/ terms of force per unit area. Some ntimeriral 
results, express in gravitation^ measure (grammes per square 
centimetre) 'are given, in the table on p. 301. 

The/bar at the same time undergoes a -lateral change of 
dimensions, usually a contraction. The ratio of this lateral con- 
traction to the longitudinal extension e is called ‘Poisson’s ratio’J; 
we denote it by a. It will appear in a moment that the elastic 
properties of an isotropic substance are completely defined by 
these two constants E and <r. 


138. General Stress-Strain Relations in an Isotropic 
Substance. 

We proceed to the general expressions for the principal strains 
in terms of the stresses. It is evident from considemtiona of 


• Eobert Hooke (1035-1703), professor of geometry Gresham College, 
t Thomas Yonng (1773-1829), ‘mathematician, physician, physicist, and 

Egyptolopst.’ . , 

t S. D. Poisson (1781-1810), one of the founders of the mathematical theory 

of elasticity. 
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Bymmefciy that in an isotropic body the principal axes of the strain 
will also he the principal axes of the accompanying stress; and’ 
further that the principal strain e, will involve the principal 
stresses p,, p, symmetrically, and so on. The general formulie 
will therefore be of the type 

6i = dp, + S(p3+p,),’ 

6a=ylpa + B(p3 + p,), - (1) 

e3 = ,dp3 + JS(p, + 

involving two constants A and B. These are easily expressed in 
terms of E and <r. For if we put Pi=p 3 = 0, as in the case of the 


stretched bar, we have 

€i = Api, €2 = 63 — (2) 

whence E^pijei^ljA, (r = — — BjA (3) 

The formUlsB thus take the shape 

Eei = pi-a-( 2 > 3 +p,y 

’ Ee,=p,-ar{p, + p,), ■ (4) 


There are two other important constants which express the 
behaviour of the substance under the two special types of stress 
considered in Art. 136. 

In the case of a stress uniform in all directions we have 

Pi=Pi=Pt, = P, (5) 

say. It follows from (4) that 

6i = e, = e„ = |A (6) 

and that ' p = atA, (7) 

E 

. ^=r ( 73 2o-) 

The coefiBcient k, which is the ratio of the uniform stress to 
the uniform dilatation which it involves, is called the ‘volume- 
elasticity,’ or ‘ cubical elasticity,’ of the substance. 

Next, suppose that 

iJi=-Pa = w. ;i. = 0, (9) 

so that the stress is a pure shearing stress of intensity -et. It 
follows from (4) that 


ei = -e3, e, = 0, , 


,( 10 ) 
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SO that the consequent strain is a pure shm of amount i7 = 2e.. 
Further, we have 


where 




E 


.( 11 ) 

.( 12 ) 


2(1 + ^) 

This constant fi, which measures the ratio of a shearing stress 
to the shearing strain which it produces, is called the 'rigidity’ of 
the substance. 

Another case of some interest is where 

Pi=^Pi,=p, pi = 0, (13) 

as in the case of a plate uniformly stressed laterally, hut free from 
stress on the two faces. We find 


where e = e, = ej, and 


P-- 


e 


E 

1 — <r 






. 2<r 

l-o-' 


.(15) 


From (4) we can derive expressions for p„ in terms of 
fj, € 3 , € 3 . It is evident from symmetiy that these will have the forms 

Pi = X'(ei + e, + €3) + 2fj,eu 

p3 = 'K(ei + e2-i- e3) + 2/j,€2, ■ (16) 

P 3 = A. (ci + + € 3 ) + 2/163, . 

and it is easily verified that here as before the symbol /i denotes 
the rigidity. In terms of the constants \ jz we find by simple 
considerations 




(3X + 2^)/i 2 A /'i7\ 

“=^+5'*' 


As to' the values which the various constants -can assume, it is 
evident that k, p, and E are necessarily positive, since the sub- 
stance would otherwise be in an unstable condition. Thus if k were 
negative, a uniform pressure would produce an expansion, and the 
greater the pressure the greater the expansion. It follows from (8) 
and (12) that a must lie between —1 and f-. There does not appear 
to be any further necessary restriction on the value of c, although, 
so far as observations go, it appears in isotropic substances to be 
positive. 
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The value of E is most readily found by observations on the 
stretching of a wire*, or the flexure of a bar (Art. 145); and that 
of fj. by torsion experiments (Art. 154). The values of « and <r 
are then deduced by the formulm 


(jlE E 

'‘~Qp.-'SE’ 2fx. 


1 , 


(18) 


which follow from (8) and (12). 


On a particular hypothesis as to the ultimate .structure of an elastic solid 
Poisson was led to the conclusion that the two elastic constants of an isotropic 
substance are not really independent, but are connected by an invariable 
relation, equivalent to This would make 

: ( 19 ) 

On experimental grounds Wertheim piroposod in 1648 the value which 
gives 

« = (20) 

All recent exi)erimenta confii'm the view maintained by Stokes and other 
leading physicists that there is no necessary relation between the constants. 

The annexed table gives the results of a few determinations by Everett 
(1 867), the values of A, fi, k being expressed in grammes per square centimetre. 



E 

P- 


O’ 

Steel 

2-18 xW 

8-35x108 

1-86 X 

10’ 

•310 

Wrought iron 

2-00 


7-84 „ 

1-48 


•275 

Copper 

1-26 


4-56 „ 

1-72 


•378 

Glass (1) 

■6lh 


2-45 „ 

•42.3 


•268 

Glass (2) 

■580 

It 

2-40 „ 

■35 i 


•229 


139. Potential Energy of a Strained Elastic Solid. 

The potential energy (W),- per unit volume, of an isotropic 
substance homogeneously strained is found hy calculating the 
work done by the surrounding matter on the faces of a imit cube 
whose edges arc parallel to the principal axes, as the strains 
increase from zero to their final values. 

In the^ case of a longitudinal extension, with free lateral con- 
traction, the only stress is As the extension increases from 


• It is to be observed however that a substance drawn into the form of a wire is 
not always isotropic. . 
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zero to its final value 
zero to its final value 


c,, the stress increases proportionally fnr.m 
p,. il5 mean value being lUnce 


ir - A/),e, = ^ ; 

In the general case, no avork is done by the strevs p, dt:r;:)’ 
the extensions e,. e„ and so on. The result is therefore 


= i f(p. + 7'^ + P,} (e, + e, + c,) 4- - p,) - f,> 

+ bjj -Pi) (e, - f,) + (/», -/),) (c, - rd’,. ...(2) 
Now by Art. 138 (4), (8). (12) we have 


Pil-p^+p,^ 


K 


(f( + fj + f.) = 3<A, 




p,-p, = c,), 2h-p, = 2/i (f, - f,), ~p, r. 2;, (f, - ( J) 

We thus obtain, 

]F=r^A-A’ + 7,^{(fj-e5)*-f-(f,-f,)J+(f,-fjy; ([,) 

as the expression for tiic potential energy in terms of the 
It is here in evidence again that for stability the con«tants k and /t 
must be positive, since IF must be a mininiiirn in i!io un-uniinci 
condition. 

The potential energy' of a pure .‘•-hear may he found by paitirjg 
e, t= — Cj= 4 r 7 , f 3 = 0; or more simjtly by considering a umt cub-: 
having two pairs of its faces parallcd to the planes of purely 
tangential stress (ct). If the strain be supjwfcd to take- pbtro in 
the nianuer indicated hy I'ig. 1C3, we find 

(C) 


EXAMPLES. XXIV. 


1. Shew that a simple longiludinal if «. liiivaleut to e •; 

unifonn in all direction'', losclhcr with two Khranuj: stivve-'i a 

common principal axis in the line of the pittn stn.v'', ate! their o'.i.'T t*-' 
principal axes any two linw at right .angici to one another ai-d to it- 


IIoDcc show th.at 




.'if 






2. If Or, Oy, 0: bo the princiiwl aic-i of .« prove t!.v‘ the r/'v-' • ' 1 
fancentia! corn]K>:irntA of the rtra'-a (per unit (.n i, on a p, <••'« ' 
rnakea an angle 0 r.ith Or in the plan" •"'re 

ces’ ^ ! i 4 A and lli — Cr-ti'- 
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3. The principal axes of a two-dimensional strain make angles 6 with 
the axes of x and y, respectively, and the extensions along them are f j and f 2 - 
Provo that the strain is equivalent to extensions 

ticos^d-tf^sin^d, fisin''*d-)-e2COs^d 
parallel to Ox, Oy. together with a shear 

(rj — f2)sin2d. 

4. Prove that if the conic 

— 1-—= const. 

Pi Pi 

be constructed, the stress across a plane parallel to Oi, through any diameter, 
is in the direction of the conjugate diameter, and proportional to tar, where la 
is the perpendicular from the centre on a parallel tangent, and r is the length 
of the conjugate semi-diameter. 

Examine the case of a pure shear (pi= -po, P3 = 0). 

5. Prove that in a homogeneous stress the potential energy per unit 
volume is 

^^'=T^(Pl+i02+P3)’ + T^{(?2-P3? + (P3-Pl)'“ + (Pl-P2)’}. 
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140. Extension of Bars. 


Consider a bar of isotropic material, of nniform sectional 
area a>. If it undergoes longitudinal extension, being free to 
contract laterally, the stress per unit area of any cross-section is 
where e is the local extension, and the total tension is 


T=Eo3e, i (1) 

If the bar is free from external force (except at the ends), i' and 
therefore also e has the same value throughout, and the total 
increase of length is 






( 2 ) 


where I is the unstrained length. 

To examine the case of a variable extension, let 0 be a fixed 
- point of reference in the bar; and let PQ denote an element Sx 
of the length in the unstrained state, P'Q' the same element in 


P Q 

; i A 


Fig. 165. 

the altered condition. Let OP = x, O'F = x + that ? denotes 
the displacement of P, relative to 0. Then 

OiS' = a; + + S -f- a = ® + ? + (l + J) 

* It is not essential, in the present question, that the material of the barahonld 
be isotropic, proTiaed the conetant JB he aetenninea by experiments on the longi- 
tudinal extension of tlie bar iteelL 
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whence + 

^^Tx' 

by the definition of e (Art. 134). The tension is therefore 

(S) 


Ex. We may apply this to the case of a bar hanging vertically, and 
stretched by its own weight. 

If we measure .x downwards from the upper end 0, the tension at any . 
point is 

T=p^{l-x), (6) 

where p is the density, and I the total length. Hence 

E^^=p(l-x), (7) 

Ei=p(lx-ix^) (8) 

no additive constant being necessary, since $ vanishes for x=0. Putting x=l, 
we find for the total increase of length 

ii=hplVE. (9) 

This is one-half that which would be produced by a load pul attached at the 
lower end if the bar were itself without weight. 

If a load W is attached at the lower end, the equation (6) is replaced by 
, ir-l-p(B(f— a:), (10) 

whence wo find 


141. Deformation of Frames. 

The stresses in the various bars of a just rigid frame which is 
subject to a given system of external forces acting at the joints 
are determined (if we exclude critical forms) uniquely by these 
forces. If /S' denote the stress in any bar, reckoned positive when 
a tension, the small increment of length of this bar will be 

e = XS, (1) 

where X is a constant coefficient which may be called the ‘extensi-' 
bility’ of the particular bar. We have seen (Art. 140) that in the 
case of a uniform bar X = l/Ea, where I is the length and a> the 
cross-section 

The work done in extending the bar, and the consequent elastic 


energy, is 

J/Sc=iXS» = i| (2) 

us. ■ 20 
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It is a matter of some interest and importance to be able 
to find the resulting displacements of the -various points of the 
structure ; for instance, to find the vertical deflection at any point 
of a lattice girder loaded in a given manner. The direct calcula- 
tion would in all but &e simplest cases be very tedious, and the 
accuracy precarious. An elegant and systematic procedure has 
however been devised by Maxwell which avoids these difficulties. 

The method depends on the piinciple of virtual velocities. In 
the case of a just rigid frame, the stresses Si, S 3 , ... in the various 
bars, due to given loads, may be supposed to be known from a 
diagram of forces, or otherwise. We determine also the stresses 
Si, S3, ... which would be produced in the same bars by a unit load 
at the point P whose deflection (z) is required ; this involves in 
general the construction of a second diagram of forces, or some equi- 
valent procedure. Since'the forces s,, 83, considered as mutual 
actions between the joints of the frame, together with the corre- 
sponding reactions of the supports (assumed to be unyielding) are in 
equilibrium with the unit load, the total work done by them and by 
the unit load in any.arbitraiy system of small displacements of the 
joints will be, zero. We choose as our system of displacements those 
which ant'aally take place in the given problem. Since these imply 
"iScrements $ 1 , Cj, ... in the mutual distances of the joints, we have 

— * SjCi 8363 ... -f - 1 6 , 

or a = 2(es) = 2(^-Srs) (3) 

In particular, to find the deflection of P due to a single load 
W at P itself, we have Si = TFsj, Si— Wsi , and therefore 

z=W2(\s'-) (■!•) 

Ex. 1. A weight IF hangs from a 
bracket consisting of a horizontal bar 
AB and a wire stay AG, B and (7 .being 
fixed points in the same vertical. 

If a be the inclination of the wire to 
the horizontal, we have obviously 

«,=coseca, « 5 =— cota. ...(5) 

Hence tho deflection of the end of the 
bracket is 

2=(Xicosec*a4-X2COt’a) IF. ...(e) 

In this case the result is easily verified 
by a direct calculation. 
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'Ex. 2. A fi-ame composed of two equilateral triangles, as in Fig. 167, is 
supported at the two points A, D, at the same level, and carries a load Tl^ 
at C. 

The upper diagram of forces in the figure refers to the case of a unit 
load at C. We find 

Si = 52= (7) 

Hence if the extensibility X be the same for each bar, the deflection of the 
point G is 

, ir2(xs2)=|xir. (8) 



Fig. 1G7. 


To find the deflection at B we construct a diagram of forces (viz. the 
lower diagram of the figure) for a unit load ,at B. We find 


(9) 

whilst ’ <Si=52=-4T; 'iS'3==-S4=iir, (10) 

The deflection of B is therefore 

X2(5s)=|X1F, (11) 


The difiorenco between (8) and (1 1) is due to the lengthening of the bar BG, 
which is seen independently to be JX IT. 

Ex. 3. If the same frame bo subject to two equal and opposite forces'/* 
acting outwards at A and B, we find 

= = = = 55=-^.P, (12) 


£0—2 



STATICS j-j-yj 

whilst the values of i„ * 2 , ^ 3 , ,3 corresponding to a pair of unit forces at 

these points differ only by omission of the factor P. Hence the increase in 
the distance AD is, by (4), 

(13) 

On the other hand, if two unit forces act inwards at D and G we have 

ai=*2=S3=j,=0, *3=-! (14) 

The contraction in the diagonal bar, due to the two outward forces at A 
and D, is therefore ' 

(t^) 


142. Reciprocal Theorem. 

Let 5„ S 3 , ... denote as before the stresses produced in the 
various' bars of a frame by a unit load at any joint A, and let 
s/, 83 , ... be the stresses produced in the same bars by a unit load 
at any other joint A'. Then the deflection at A due to a unit 
load at A" will be 

^O^ss'), ( 1 ) 

by Art, 141 (2). We should obtain the same expression for the 
deflection at A' due to a unit load at A, Hence : 

The deflection at A due to a given load at -A' is equal to 
the deflection at A' due to an equal load at A. 

This is merely a particular case of a general theorem of 
reciprocity, formulated by Maxwell, which holds for any elastic 
system whatever. Let P, Q denote external forces applied, in any 
assigned directions, at two points A, B of the system. We assume 
that the remaining external forces, which are called into play to 
balance these (for instance the reactions of rigid supports) do no 
work in the small deformations considered. Let p, q denote the 
component displacements of the points A, B in the specified 
directions. These quantities will, by Hooke’s Law, be linear 
functions of P, Q, say 

p = \P + pQ, q = pP + I'Q (2) 

We will fiist suppose a force to be applied at A only, giadually 
increasing from zero to the final value P. Since the component 
deflection at A is XP, the work done in this process is |XP’. 
Next, let a force be applied at B, gradually increasing froin zero 
to its final value Q, the force at A remaining constant. This will 
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produce additional component deflections fiQ and vQ at A and B, 
respectively. The work done at A will therefore be fiPQ, and 
that at B will be ^vQ\ The total work is therefore 

+ fiPQ + ai'Q’. 

If the order of the operations had been reversed, we should have 
obtained the expression 

JxP’ + ft'PQ + I I'Q’. 

Since these must be equal, we see that = i.e. the component 
deflection at A due to a unit force at B is equal to the component 
deflection at B due to a unit force at A. 


The potential energy of the strained system, so far as it 
depends on the forces P, Q, has the form 


and we notice that 


F=i(XP» + 2/iPQ + rQ’); 


0F 

~dP’ 


■( 3 ) 

./4) 


By means of the relations (2), with /a' = /a, we can obtain P, Q 
as linear functions of p, q, so that the energy can also be expressed 
(as is otherwise obvious) as a quadratic function of p, q, say 


F= i {Ap‘ + 2H2yq + Bq% (5) 

and we should find 

Bp' ^ Bq ^ ’ 

These relations also follow at once from the principle, of virtual 
velocities, which gives in our case 

PS^ + (38g = SF. , (7) 


143. Stresses In an- Over-Rigid Frame. 

- Maxwell has also shewn how to determine the stresses produced 
by external forces in the bars of a frame which is over-rigid. On 
purely statical principles the problem is, as we have seen, in- 
determinate, but the theoiy of elasticity now comes to our 
assistance. 

Such a frame may of course be in a state of stress indepen- 
dently of the external forces. This will depend (Art. 39) on the 
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relations between the unstrained lengths, and on the elasticities of 
the several bars ; but we are here concerned irith the additional 
stresses due to the external forces. 

It is to some extent a matter of choice as to which bars shall 
be regarded as ‘redundant/ and therefore capable of being removed 
without impairing the rigidity of the frame. When the choice has 
been made the remaining bars may be referred to as ‘essential.’ 


A 



We will assume, to begin with, that there is only one redundant 
bar, as e.g, BG in the figure. - 

First suppose the redundant bar to be removed, so that the 
frame becomes just rigid; and let S,, S,, ... be the stresses which 
would be produced by the given external forces in this modified 
frame, and Sj, S 2 , ... the stresses in the same bars, which would be 
produced by two opposite unit forces acting inwards at B and G. 
With our previous notation, the diminution in the distance BO 
would be 

2(XSs). (1) 

Now if r be the actual tension in the bar BG, the actual stresses 
in the remaining bars will be, by superposition, 

' Si-i- ISi, Sz-\-Ts2, ..., 

and the actual diminution in the distance BG will be, by Art. 141 (3), 


X{\(S + rs)s) = 2(xSs) + 2’S(;ts^). (2) 

This must be equal to — fiT, where p, is the extensibility of the 
bar BG. Hence, equating, 

{p + X (A.s’)} T+t {xSs) =0, (3) 

which gives the value of T: The stresses in the remaining bais 
will be given by expressions of the type 
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The deformations in the frame are to be found from the actual 
extensions in the bars of the frame, as modified by the omission of 
the bar BG, by the method of Art. 141. 


Ex. Suppose that in the frame shewn in Fig. 167 (p. 307) an additional 
bar is inserted connecting the joints A and D. 

In the preceding notation wo have 

IF, (5) 

"" ^^2 * * 


Hence if p bo the extensibility of AD, supposed initially unstrained, its 
tension is 

(7) 

To find the deflection at C wo refer to the formula (3) of Art. T41, viz.' 

0=S(m) (8) 

The values of e are obviously 

- " X(*S', + T«i), .... : (9) 

whilst the values of s in (8) aro to bo taken from Art, 141 (7). The result is 



' where ?' is given by (7). . 


If there are two redundant bars, let T, s,, s^, ... have the 
above meanings for one of these, and let the corresponding quantities 
for the other be distinguished by accents. The actual stresses in 
the essential bars of the frame will therefore be 


S, + 2's, + 2V, + 

and the actual diminution in the length of the first redundant bar 
will be 

^{\{S+Ts+ T's') sj = S (kSs) + Tt (As*) + 2" 2 (Ass'). ...(11) 
Equating this to — /i2', 'we have 

j,a + 2 (As’)} Td- 2 (Ass') T'+ 2 (A&) = 0 (12) 

Similarly 

2 (Ass') T + jp.' + 2 (As'O) 2" + 2 (A,S's') = 0. (13) 

These two equations determine T and 2''. 

The procedure when there are three or more redundant bars 
wfill now be evident. In each case we obtain equations equal in 
number to the unknown tensions. 
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144. Principle of lieast EJnergy. 

The elastic energy of a just rigid frame when strained is by 
Art. 141 (2), . ^ 

r=i(^liei + 5,e,+ .„) = ^2(Se), (1) 

where Si, S^, ... are the stresses in the several bars, and gj, gj, 
the increments of length. Introducing the relations 


ei — XiSi, — ..., ( 2 ) 

we have + = f3) 

In the case of a frame with one redundant bar this formula is 
replaced by 

= i {^1 (-S; + TsiY + ^ (-S', + Ts.)’ +...} + ^ 

= i 2 {\8^) + 2 {\Ss) T+ 4 (2 (Xs=) + ^l] (4) 

where the symbols have the same meanings as in Art. 143. It now 
appears that the equation (3) of that Art. is equivalent to 


dV 

0r 


= 0 . 


( 5 ) 


Hence, the required value of T is that which mates the elastic 
energy (when expressed in the above manner) a minimum. 

A similar result holds when there are two or more redundant 
bars. For instance, if there are two such bars, the clastic energy is 
F = 42 {\ (.S' + Ts + T'sJ) + i/iT’ + 4/rT'’ 

= ^2 {\S-) + 2 {\Ss) T+iCKSs-) T 


. +H2(Xi-=)+/r}T^+Tr2(W)+i{2(X^'^) + /}r=. ...(6) 

The equations (12) and (13) of the preceding Art. are seen to be 
equivalent to 

1 / ^ 1 / 

-( 7 ) 


dT ' 


^ = 0 
dT' • 


which are the conditions for a minimum of V 

This theorem of ‘least energy’ as it is called, is due to^l^asti- 
gliano (1873). It depends on the assumi^ien, which w^ ofwe 
made throughout, that the stresses are linear functions of the 
strains, so that the combined effect of two or more distributions of 
force can be found by simple superposition of the corresponding 
strains. 

The follo'wing simple proof from first principles is due to 
Mr R. V. Southwell. Suppose we start with an over-rigid frame 
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which is free from external force, but self-stressed. This means 
that there are certain stresses, which we will denote by T^, in the 
redundant bars, and consequent stresses So in the essential bars. 
The elastic energy in this state is, in our previous notation, 

F„=-S(4/xr<,») + 2(ix5',’) (8) 

The stresses So are entirely due to the To, and are in fact linear 
functions of these, so that Vo may be regarded as a homogeneous, 
essentially positive quadratic function of the quantities To- If we 
now imagine the external forces to be applied, increasing gradually 
from zero to their final values, the additional displacements thus 
produced will be the same as if the frame had been free-from stress 
to begin with, in virtue of the principle of superposition, and the 
same amount of work (Fj, say) will therefore be done by the 
external forces. The total elastic energy is therefore 

V=Vo + V,... (9) 

where Fj is independent of Fo. With a given system of external- 
forces this is least when Fo = 0, which can only be the case if the 
initial stresses To in the redundant bars are all zero. Now the 
elastic energy may be regarded as a function of the external forces 
and the final stresses T in the redundant bars. The present argu- 
ment shews that the values of the stresses T which make this 
function a minimum are those which correspond to an initially 
unstressed frame. 

It will be evident from the nature of the above proof that the 
scope of the theorem can be greatly extended. Suppose for instance 
that we have any elastic system subject to certain constraints, 
whether rigid or elastic, which are inactive so long as there are 
no external forces, and that the system is 'statically indeterminate’ 
(Art. 39), so that the constraining forces which are called into 
play by ^ven external forces cannot be determined by the rules 
of pure Statics alone. If we assume arbitrary values for such 
constraining forces, -consistent with equilibrium, as are necessary 
to make the problem determinate, the elastic energy can be 
calculated in terms of these and of the external forces. The pre- 
ceding argument shews that the correct values of these constraining 
forces will be such as make the energy, as thus expressed, a 
minimum. An example will be found in Art.' 148, 
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EXAMPLES, XXV. 

1. A Bteol wire in. in .diameter and 20 ft. long hangs vertically from 

one end ; find the increase of length when a weight of 50 lbs, is attached at 
the lower end, ^s.suming that the value of Young’s modulus for the wire is 
15000 tons per sq. in. [-41 

2. A uniform rod of weight W and length I hangs from one end ; prove 
that its elastic energy is J W^l/Ea. 

3. A uniform bar rotates about one end, in a horizontal plane, with 
constant angular velocity. Find the radial displacement of any point, due 
to the rotation. 

If f he the length, and v the velocity of the free end, prove that ’the 
increase of length is to that which would be produced by its own weight, 
if the bar were hanging vertically, in the ratio 

Mff!- 

4. A uniform ring rotates in its own plane, about its centre, the velocity 
of the circumference being v. Prove that the tensile stress is pv^jg in 
gravitational mcasm-e. 

"WTiat is the limit to the value of v in the (mse of a steel ring (p£=7-8), if 
the stress is not to exceed 4 x 10® gm. per eq. cm. ? [224 metres per sec.] 

5. A frame of the typo shewn in Ex. IX. 2 (p. 108) ra-its on rigid 

supports at the ends, and carries a load IF at the middle lower joint. 
Assuming that the bars are all equal in length, and have the same 
extensibility ^, find the deflections at the loaded joint and at the two upper 
joints, respectively. ^ 

6. In the symmetrical frame of Fig. 108, the bars AB, BD make angles 
a, B, respectively with the horizontal, and their extensibilities are X, p, whilst 
that of AD is v. If the bar BG be removed, prove that the deflection at A duo 
to a load W at this point is 

— ^-rtxcos^^+^ficos^o + i'cos'asin^^). 

Bin* (n— p) 



CHAPTER XVH 

FLEXUEE AND TORSION OF BARS 

145. Uniform Flexure. 

We consider first a state of strain in which the cross-sections 
of a bar remain plane^ and there is no shearing of adjacent sections 
relatively to one another. Suppose that after the deformation the 
planes of two consecutive sections, which were originally parallel, 
meet in a line G. The points in either of these planes at which 
the distance firom the consecutive plane retains its original value 
will evidently lie in a certain Jiue parallel to G. This is called 
the ' neutral line ’ .of the section. It is not necessary to assume 
at present that it. meets the contour of the section. 

Let us take rectangular axes Ox, Oy in the plane of a section, 
the axis of x being coincident with 
the neutral line ; and let R denote 
the distance of this line from 0. 

If 6 be the small angle between 
the adjacent sections, the distance 
between these sections before the 
strain, being equal to the actual 
distance at 0, may be denoted by 
R6, whilst the actual distance at 
the point (x, y) is (i? -f- y) 6. The 
extension in the direction -normal 
to the plane of the cross-section is 
therefore 

€ = y/-R (1) 

The longitudinal stress is therefore 
EyjR*, and the total tension across 
the section is 

* There is no reatriotion here to the case of isotropy, provided the oroper value 
of E be taken. 
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R 


..(2) 


where w is the sectional area, and y refers to the mean centre of 
the section. 

We will confine ourselves, for the present, to the case of pure 
flexure, where the tension R vanishes. This requires that y = 0; 
i.e. the neutral line must pass through the mean centre of the 
section. The stresses across the section then reduce to two couples 
about Ox, Oy, respectively. The first of these is 


( 3 ) 


where ©/c* is the quadratic moment of the area with respect to the 
neutral line *. The second couple is 

^ J jxijdxdy (4) 

Hence the couple required to maintain the given flexure will not 
be parallel to the plane of bending unless 


jjxydxdy 


= 0 , 


,.(5) 


i.e. unless the axis G is parallel to one or other of the two principal 
diameters of the central ellipse of the section (Art. 75). This will 
always be the case if the plane of flexure be parallel, or perpen- 
dicular, to a longitudinal plane of symmetry of the beam. 

' Assuming noAv that the condition (5) is fulfilled, we see that 
the flexural couple, or bending moment (Art. 27), is equal to 
Eaii^ multiplied by the curvature (l/iZ) of the ‘central line’ of the 
bar, i.e. of the line which in the unstrained state passes through 
the mean centres of the sections. The factor Ewk\ or El (say), 
measures the 'flexural rigidity’ of the beam. For beams of the 
same material, but different forms of section, it varies as I. 

The elastic energy of the bent beam, per unit length, is by 
Art. 139 (1), 

1 rr I E ff , I El 1 JiR 

^ Jj Ee^dxdy = 2 jfdxdy = 2 E? = 2 17 

* The symbol k is not at present required in its former sense as denoting an 
elastic constant. The preceding theory is due to 0. A. Coulomb (1776). 
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Exx, For a square section the cential ellipse is a circle, and the flexural 
rigidity is the same in all planes through the axis. If the flexure take place 
in a plane parallel,to a diagonal, the extreme extension and contraction are 
greater than if it had been in a plane parallel to a pair of sides, in the ratio 

For a cylindrical tube whose outer and innen radii are a and i>, respectively, 
we have K2=J(a®+6®). The flexural rigidity is therefore greater than'in the 
case of a solid oylindi’ical rod of the same sectional area, in the ratio 

(a-i+ 62 )/(a 2 _& 2 ). 

Owing to the varying lateral contraction (o-y/i?) the cross- 
section undergoes a slight change of shape. 

Thus if the section he a rectangle with one 
pair of sides perpendicular to the plane of 
flexure, its strained form will be somewhat 
as shewn in Fig. 170, the inner sides being 
extended, and the outer sides contracted, 
to equal amounts. It is nob difficult to see 
that the curvature of these sides is — ajR, 
approximately. The inner and outer faces of the bar are in fact 
surfaces of ‘antiolastic’ curvature*. 

The theory of the cylindrical flexure of a is similar to 
that of the flexure of a bar, except that it involves an altered 
elastic constant! It is evident that the contractions and extensions 
at right angles to the plane of flexure cannot in this case be 
appreciably developed, except close to the edges, since the conse- 
quent anticlastic curvature would involve greatly increased ex- 
tensions and contractions at right angles to the cross-section. If 
Pi, Pi, Ps be the stresses in the directions of the breadth, the thick- 
ness, and the length, respectively, we have now practically e, = 0, 
p, = 0, and therefore 

PJe3-(l~a-)p, ■■■■0) 

Eence the E of the previous calculation is_to be replaced by 
Ej(l — D-’). Since, also, /c’ = where h is the thickness, the 
bending moment per unit breadth is 



Pig. 170. 


EliP 



• If the two curvatures can be mcn=ured, the value of a is obtained directly. 
This plan was employed by A. Cornu (1869), the curvatures being ascertained by an 
optical method. 
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146. Varying Flexure of a Beam. 

We consider the case of a horizontal rod or beam slightly bent 
by vertical forces applied to it. The state of strain is no longer of 
the simple character appertaining to pure flexure; in particular 
there mil be a relative shearing of adjacent cross-sections, and also 
a warping of the sections so that these do not remain accurately 
plane. We shall assume, however, that the additional strains thus 
introduced are on the whole negligible, and consequently that the 
bending moment is connected with the curvature of the axis by 
-the same formula as before*. A reason in support of this assump- 
tion will be indicated presently. 

Let F be the shearing stress, and M the bending moment, at 
any point of a horizontal beam, estimated according to the con- 
ventions of Art. 27. Then, talcing the axis of x parallel to the 
length, we have, by Art. 28, 




where w is the load per unit length, not as yet assumed to be 
uniform. If y denote the downward deflection of the neutral line, 
the curvature of the axis will be di‘yjda?, approximatelyf, since by 
hypothesis dyjd-x is small. Hence, by Art. 144 (3)) 

M=EIy", , '.....(2) 

where the accents denote differentiations with respect to x. The 
relations (1) then give 

(3) 


and ^{EIy") = w (4) 

In the case of a uniform beam these take the simpler forms 

F^-EIy"', (5) 

= w (fl) 

The integration of (4) or (6) introduces four arbitrary constants, 

• The nesumption that the bending moment varies as the cnrvature is the basis 
of the 'Enler-Eernonlli’ theory of fleinre. This was developed in memoirs y 
James BemonUi (1705), D. Bernoulli (1742), Ii. Euler (1744). 

t If v!' denote the downward inclination Of the tangent to the horizonta , w 
have ^=tan ^=dp/di, and t2^/ds=d^/(ir=d^!//dx^i approximately. 
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•which are to be determined from the remaining conditions of tiie 
particular question. Thus, suppose we have a uniform beam 
which is free from concentrated force exeept at the ends. Then, 
(i) at a free end we have the two conditions M=Q, F=0, or 
2 /" = 0, 2 /"' = 0; (ii) at a clamped end the values of y and 2 /' are 
prescribed; (iii) at a supported end M = 0 and therefore y" = 0, 
whilst the value of y is prescribed. Hence there are in each case 
four conditions, two for each end. 

In particular cases the work can often be shortened by special 
considerations. For instance, if the value of M can be found as a 
function of a, as in all statically determinate cases (Chap. Ill), we 
may proceed to the integration of (2). 

The elastic energy of any portion of the beam is given by the 
expression • 

(7) 


taken between the proper limits. 

The shearing J'orce F distributed over the section u> implies an 
average shearing strain F/fico, which is left out of account in the 
preceding theory. It is, in fact, usually negligible in comparison 
with the elongation given by Art. 145 (1), the average value of 
which (ivithout regard to sign) over the section is of the order 
MJEwk. The ratio of these two quantities is of the order 


K 


dx 



by (1), and therefore comparable with the ratio which the varia- 
tion of M within a length k of the beam bears to the value of M 
itself. Since M is usually continuous, this ratio is generally small 
except in the neighbourhood of points where M = 0. 


147. Examples of Concentrated Load. 

In a uniform beam which is subject to external force at isolated 


points only we have w= 0, and therefore 

r = 0. (1) 

in the intervening portions of the length. Hence 

y-= As? Cx-V D', (2) 
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bub the constants will change their values at a point of application 
of force, owing to the discontinuity of F (A.rt. 27 ). 

Since our equations are linear, the deflections of a beam due 
to different systems of loads may be superposed. Hence when 
there are concentrated as well as continuous loads it is convenient 
to consider the effect of each separately. Some examples of the 
former kind are appended. 


Ex. 1. A beam supported at the ends (x=0, carries an isolated 
load .ir at the centra. 


ZT 


ZS 

O 

Fig. 171. 


Over the left-hand half we havo 

(3) 

whence /?// = - J HV, ( 4 ) 

and A7y= — ^ 7172^: 

=Aira:(3f2-4x2), (5) 


the constants being deterrainod so as to make y=0forx=Jl, andy=0for 
x—0. Hence the droop at the centre is 


The change of form is the same as if the beam had been firmly/®’ 
the middle and pressed upwai'ds by a force | If atelVuur «jU. lienee 


0 

Fig. 172. 

writing 21 for I and 2 IF for TT, we infer that the deflection at the end of a 
horizontal cantilever due to a weight IF suspended from it is 


Ex. 2. Nest, suppose tlie load to be jilaced at any point {x=.r,) 

The solutions for the two parts of the beam must he conducted separately, 
since there is a discontinuity in the value of the shearing force F, and there- 
fore of y"\ by Art. 145 (5). We arrange the work in parallel columns. 
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£//'==- jxi{l-x), (8) 

EIy'^-^j(l-x,)x^- + A, Eli/=\jX,{l-xy + B (9) 


EIy~-^^(ji-x{)x^ + Ax, EIy=-^^Xi{J.-xf-B(J,-x). ...( 10 ) 

The additive constants which present themselves in the final integrations 
have been chosen so as to make y=0 for a:=0 and x=l, respectively. The 
remaining constants A, B are to be determined by the consideration that the 
values of y and y must be continuous at the point x^x^. Thus 

-\^{l-x,)x,^+A = \jXr{l-x,f+B, ( 11 ) 

-\j(JL-x,)x,^ + Ax,= -\^x,{l-x,f-B {l~x,) (12) 

We find 

4=I!ii|z£!}(Je+j:r,), {-ll-lx,) (13) 


Hence, for 0<«<a'i, .. 

ETyJ^^ {l-x,)x{r- (}-x,f-=?}, (14) 

and for 

EIy=~x,{l-xW-x-?-{,l-xf\ ( 15 ) 

The droop at the point x=xi is therefore 

•' 

This is, however, not the maximum deflection, unless 


It may be noticed that if in (14), (15) we write l—x for Xj, and l-Xi for x, 
the two formulcB become interchanged. This shews that the deflection at a point 
Q due to a given weight at P is equal to the deflection at P due to an equal 
weight at ir, in accordance with the general reciprocal theorem of Art. 142. • 

When there are a number of loads, the above plan of solving the 
differential equation separately for each segment of the beam, and 
adjusting the constants so as to secure the continuity of y and- ^ at 
each point of division, becomes troublesome. A simplified procedure 
has been devised by Mr W. EL Macaulay. He introduces the notation 
{/ (®) )®i W mean that the value of the enclosed function / (x) is to be 
replaced by zero so long as a:<ic,. Supposing that ive have loads 

21 


t. 8. 
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Ws, ... situate at the points a^i, taken in order from the 
left, the equation 

= - Pa; + { Fi (a: - a;,)] ,,, + [ Fo (a: - + , (i 7 ) 

where P is the pressure on the (supported) end a; = 0, as determined 
by the ordinary rules of Statics, will apply to the whole length of 
the beam. Hence, integi’ating, 

Ely = - + {I If 1 (a: -a;i)%, + {i W, {x-x,)%^ + ...+A .. .(18) 
where the same constant '.d. applies throughout, on account of the con- 
tinuity of y at 'the points Xi, x ,, .... A second integration gives 
-h IFi {X-Xi)%^ 

. +ftll^2(«-4)’'}arj + ... + Aa;-f-P, (19) 

where B, again,’ has the same value throughout, on account of the- 
continuity of y. The conditions that y = 0 for a; = 0 and x = l 
determine the values of A and B. 


Thus in the above case of a single load IF we have 

BLj= ^ {l-Xi) a;5+{J ^V(x-Xi)% +Jx+J}, (20) 

and the terminal conditions make 

5 - 0 , A==^(l-x,){P-(l-x,)^} ( 21 ) 

The results (14) and (15) then follow. 

If the beam is clamped horizontally at the origin, instead of being merely 
supported, an unknown quantity, viz. the bending moment J/q at x=0, will 
occur in (17), but we now have an additional terminal condition, y' =0, so that 
the problem is determinate. 


148. Continuous Loads. 

We take next some cases of continuous loads. 

Ex. 1. A uniformly loaded beam, of length I, supported at the enda 


25; 

Fig. 173. 

Taking the origin at one end, and denoting the length by I, we have 

EIy"=M— -\vix{l-x), (I) 

by Art. 28 (4). Hence - 

Ely' = }‘W3?—^v;lx-+^v!l\ (2) 

where tho additive constant has been chosen so as to makey —0 for x=^l,Xi 
it must be, by the symmetry of the conditions. The next integration gives 
ETy=^wx^-.^idc?-\r-^vPx 

= ~^i'wx{l-x){l^.^x(j,-x)}, (3) 
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no additive constant being necessary if y=0 for x—Q. Putting x=^l, wo 
find that the droop in the middle is 

- 5- wl* ... 

384 Jil 

If, to compare with Art. 146, Ex. 1, wo imt v}l=^]V, we see that the efiect 
of distributing the load uniformly over the beam instead of concentrating it 
at the centre is to reduce the deflection at this point in the ratio 5 : 8. 

Ex. 2. A uniformly loaded cantilever; i.e. a beam clamped at one end, 
free at the other. 

Taking the origin at the fixed end, wo find 

( 6 ) 

whence EIy'-=-\w(J,—xY->r\wl\ (6) 

the constant being adjusted so as to make ^=0 for x=Q. Hence 
Ely - 

=^w3ifl{Ql^-Alx+J), (7) 

a similar adjustment being made. Hence the droop at the end is 

8 EP ^ ^ 

which is three-eighths of the value obtained when the weight v>l is con- 
centrated at the free end. 

Wo infer that if a beam of length I bo supported at its centre only, the 
droop at the ends will bo 

1 -wl* • ■ 

This is three-fifths of the droop at the centre when the ends are supported. 

Ex. 3. A beam, uniformly loaded, rests on three -supports at the same 
level, viz. at the ends and the centre. 

H a 

Fig. 174. 

The pressures on the supports are in this case not determinable by the 
principles of pure statics alone (see Art. 25), so that we cannot begin by 
forming the expression for the bonding moment. Wo therefore have recourse 
to the" general equation 

Ehp^vi, (10) 

The two parts of the beam would need to bo treated separately, since 
there is a discontinuity in the value of A', and therefore of y"'; but in the 
present c.aso it is sufficient to consider either half alone, on account of the 
symmetry. 

Wo take the origin at one end. From (10) we have 

-p.fi, (11) 

EI^'’=\v)^^Ax, (12) 

21—2 
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no additive constrint being necessary at this stage since the bending moment 
vanishes for x«0. Hence 


EIi/=\w(3?-a?)Jr\Aii?-a^), ( 13 ) 

the constant being chosen so as to make ^=0 at the middle point (r=a). 
Finally 

EIy’=^‘U!{.^-ia?x)Jr\A{x^-Z<^-x), (14) 

since y is assumed to vanish for x=0. By hypothesis, y vanishes also for 
a. This determines the value of viz. 


A = -lwa (15) ■ 

F—v>{^a-x), M=^wx(x-la), (16) 

EIy=-h vx(a~xf{x+^a) (17) 


It is easily seen from the value of F that the pressures 'on the three 
supports are respectively of the whole weight 2wa. The bending 

moment changes sign for x=ia, which is a point of inflexion. It has a 
stationary value when jr=f a. its value at the centre is J-tca*. 

The pressures on the supports may also be found expeditiously by the 
extended form of the principle of least energy given in Art. 144. When the 
ends and the middle point arc fixed at the same level we have an instance of 
an elastic system subject to constraints which are inactive so long as gravity 
is not operative. If, when gravity comes into play, we assume an arbitrary 
value F for the pressure of the middle support, the pre.ssures at the ends will 
be ira- ^'F, and therefore, along the first half of the beam 

Jf—^xcx‘ — (y;a — ^P)x. ...' (18) 


Tbe elastic energy of the whole beam is therefore 

/“ >I/'‘^=i^(16>ra=-25Ptra + 10i»), (19) 

which is a minimum for 

( 20 ) 


The results in this problem might also have been derived by supeiposition 
from those of Ex. 1 above and of Art. 146, Ex. 1. Thus if a um'form bar 
Bupi>orted at the ends be subject to an upward pressure P at the middle, the 
droop (7) at this point will be given by 


5 iri* I PP 



Hence if 7SS0, we have P=%v:l, 

as above found. If the middle support bears the whole of the weight, so that 


we ha\ e 


_ 1 vP 


.(23) 


This givas the droop at tbe ends when a bar is suppoitcd at the middle 1 
cf. Ex. 2 above. 
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It may be noticed that in all these cases the elastic energy of 
the deflected beam is one-half the potential energy lost by the 
loads in sinking from the level of the supports. Take, first, the 
case of a single load W, and suppose that it produces a deflection 
y of its point of application. If we imagine the beam to be bent 
by a vertical force which increases gradually from 0 to W, the 
mean value of the force will be ^W, and the work done by it on 
the beam will be ^Wy. If we have a system of loads Wj, W^, ..., 
and the deflections of the respective points of application be 
yii 2/21 .... we may imagine these loads to gradually increase from 
zero to their final values, preserving always the same ratios to one 
another. In this way the work done on the beam is seen to be 
l{Wiyi+W^y2 + ...) (24) 

149. Continuous Beams. Theorem of Three Moments. 

The theorem in question refers to the case of a continuous- 
beam, uniformly loaded, and resting on a number of supports at 

A Be 

■ ZS S 2S 1 

' Fig. 175. _ 

the same level. It gives a relation between the values of the 
bending moment at any three consecutive points of support .4, B, G. 

Let AE = a, EG =h. We take the origin at B and the axis of 


a along EG. Then at points in the segment BQ_ we find, by 
integration of Art. 143 (6), 

M = Ely" =^< 1110 ? + Ax + Ms, (1) 

where the constant A is as yet undetermined. Hence . 

Ely =^W3? + \A!ir + Ms<c-\-EIa, (2) 

Ely = -f ^Ax^ -f ^ -f Elax, (3) 

where « denotes the value of dyfdx at B. Putting x = b v/e have, 
from (1) and (3), 

Mc=lwb’ + Ab + Ms, (4) 

0 = ^wb' + iAb‘‘ + hMsbAEIa. (5) 

Hence, eliminating A, 

— 6EItt = bMo+2bMs — iwb\ (6) 
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Agam, by taking the origin at B and the axis of a: alona 
we should find • ° 

— QEIB = aMj + 2aM£ — ^ wa‘, 

sign of i¥ being unaltered when we reverse the direction of j 
^e quontities «, /3 both denote the gradient of the tangent B 
but since the directions of the axis of a; are opposite in the too 
cases, we have B — — a. ' 

Hence, by addition, 

2 (a + h)Ms + hMc = \w{a*+ iP), (8) 

which is the theorenaTn'quesUon^.“'^"^‘- 

Again, Ave find that the value of the shearing force r P(= - dMjix) 
immediately to the'right of B is, by (l)'and (4), 

= (9)' 

Similarly, the value immediately to the left of B is 

Fj3_ = - ^wa - /I o\ 


the sign of F being reversed. The pressure on the support B is 
therefore 


Fs+-FB- = hw{a^h) + Mj, + i) - ^ 


It must be remembered that the preceding investigation is 
based on the supposition that the three supports are exa/My at 
the same level. A slight deviation from this condition may 
seriously affect the results. 

Ex. In the case of a beam resting on three supports A, B, 0, of which 
two are at the ends, we have il^=0, Me =0, and therefore 

Me=iv!{a-^-ab+l^) ( 12 ) 

and the pressure on the middle support is 

jLa)(a + 6)(a^+3a&+6^) _ _ 

ab 


In the case of a =6, this agrees with the result of Art. 148, Ex. 3. 

In the case of a beam resting on four supports A, B, C, B, of which A, D 
are at the ends, the formula (8) gives two linear relations between M, and Me. 
When these have been found, the pressures on B and C can bo derived from 
(11). The pressures on the remaining supports A, B are then given hy the 
ordinary rules of Statics. 

* Due to B. P. E. ClapejTon (1857). 
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150. Combined Flexure and Extension. 

iVe return to the investigation of Art. 146. We retain the 
hypothesis that the cross-sections remain plane in the strained 
condition; but the neutral line is no longer assumed to pass through 
the mean centre of the area. We will suppose for simplicity that 
the flexure and extension are parallel to a plane of symmetry. 

The stresses across any section have now a resultant 


Etch 

~R' 


( 1 ) 


where h is the distance of the mean centre from the neutral line, 
and R is the radius of curvature of the locus of the intersection of 
the neutral line with the plane of symmetry. 

. If •T] denote the distance of any point of the section from a line 
through the mean centre parallel to the neutral line, the extension 
at this point will be (t; + h)/R, and the moment, with respect to the 
mean centre, of the stresses across the section will be 


I// (V + h) vdxdy = III >?= dxdy = ^ (2) 

exactly as in the case of pure flexure. 

The distance from the mean centre of the line of action of the 
resultant is accordingly K^/h. In most .applications this distance is 
known independently to be large compared with the dimensions of 
the cross-section,' and accordingly with k. The neutral line will then 
pass very nearly through the mean centre, and the distinction 
between M (as above defined) and the radius of curvature of the 
locus of the mean centre may be ignored. 

The theory of a linear distribution of normal stress over an area 
has been ti-eated without any restriction of symmetry in Arts. 94, 95, 
where we were concerned with centres of pressure in Hydrostatics. 
The more general form of the result just obtained is that the line 
of action of the resultant passes through the antipole of the neutral 
line with respect to the central ellipse of the are-a. ' 

Such a distribution is assumed to hold in some 
other teolinioal problems, as for instance in the 
case of a column excentrically loaded. Here it is 
usually important that the stress should have the 
same sign .at all points of the are.a. For instance in 
a column of masonry the joints should not be sub- 
jected to tension. This limits the admissible 



Fig. 176. 
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positions of the load, since the neutral line must lie outside the sectioa Thus 
for a rectangular section, -whose sides are a, b, if the load be at a d istance x from 
the centre, in a direction parallel to the sides b, the distance of the neutral lin^ 
from the centre is kJx, where If this is to be greater than i I we must 

have x>\l, i.e. the point of application of the load must lie within the mmU- 
third the depth of the section. The same principle 
applies to the voussoirs of an arch. 

In any case the various positions of the point of 
application of the resultant, corresponding to 
positions of the neutral line which do not traverse 
the area, are included -within a certain region, called 
the ‘core’ (Germ. EerrC) of the area. In order that 
the stresses across the section may be all of the same 
sign, the line of action of the resultant must fall -within the core. The boundary 
of the core is formed by the locus of the antipoles of all h'nes which touch the 
contour of the section. Thus for a circular section of radius a, the core is a 
concentric circle of radius \a. For a rectangular section it has the form shewn 
in the figure. 



151. Finite Flexure of a Straiglit Rod. 


We may extend the theory to the finite flexure of an originally 
straight elastic spring. We may consider the strained form as 
sufiiciently fepresented by the ‘central line,’ i.e. the locus of the 
mean centres of the cross section. 

^ Thus in the case of a spring bent by two equal and opposite 
thrusts + ir we have, taking moments, about any point of it, of the 
forces acting on either side. 


Earn? 


= Wy, 


(I) 


where y denotes distance from the line of thrust. 

Hence if the spring be uniform -ive have 

i2y= const., (2) 

exactly as in the case of the ‘capillary curves of Art, 12 xhe 
diagrams there given ivill serve to illus- 
trate some of the forms -which may be 
assumed. 

For example, the curve in Fig. 178, 
which is identical except as to position 
writh a portion of the curve in Fig. 157, 
illustrates the case of a rod which is 
clamped vertically at one end and carries 
a weight attached to the other end. In Figs. 152, 155, we m y 
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suppose the forces ± W to be applied (along the dotted line) to two 
arms rigidly attached to the spring. 

A case of some importance is that of a straight strut slightly 
bent by two opposing forces at the ends. This can be treated in 
a more elementary way as follows. Taking the axis of a: in the 
line of the ends, we have iJ"' =y", approximately, "where y is the 


deflection, and therefore 

^Jy" = _ Fy (3) 

The solution of this equation is 

y = A cos mx + B sin vix, (4) 

provided tn^—WjEI. (5) 

If y = 0 for « = 0 and x = I, yfe have A = 0 and either 

B = 0, or sin ml = 0 (6) 

The latter alternative requires that 

ml = Sir, (7) 

where s is an integer. Hence the slightly bent form is onlypossible if 

W = (8) 


The, physical interpretation of this result is that if W <ir-EIIl‘, 
the straight form is stable; i.e. the rod if accidentally" bent "will 
^straighten itself again. But if W exceeds this value, the straight form 
is unstable, and the slightest disturbance "will lead to a finite flexure. 
When IF has the above value, exactly, the equilibrium is neutral. 
The higher values of s in (8) give values of W for which the 
equilibrium is neutral as regards particular types-of deformation.’‘. 

The above interpretation is confirmed by a calculation of the energy in the 
bent state. 

Suppose we have a vertical strut AS whose lower end A is fixed, whilst 
the upper end B carries a load F It is assumed that B is constrained to lie 
in the same vertical with A, but that no couple acts there or at A. Imagine 
now that the rod is slightly bent into the form 

y-Bsmmx, (9) 

where if I denote the altered distance AB. If I, be the original 

(strained) length, we have 

.....( 10 ) 

approximately. The additional extensions due to the flexure will be subject 
to the same relations as in Art. 145 ; and it is easily seen that the elastic 
energy of the bent rod is increased by the amount 

“ ( 11 ) 

* This theory is due to L. Euler. 
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On the other hand the potential energy of the load is diminished by 

( 12 ) 

The nett loss of energy is therefore 

( 13 ) 

If Eljl- this expression is negative, ie. the system has wore energy 

than when the rod is straight. But if on the other hand IF> the 

expression (1 3) is positive, and the bent form has less energy than the straight 
The latter form is accordingly unstable. 

152. Flexure of a Curved Bar, 

We consider now the problem of flexure, parallel to the plane 
of symmetry, of a bar whose central line is, in the unstrained state, 
a plane curve, and whose section is symmetrical with respect to 
the plane of this curve. 

The stress across any section may be resolved into a tension T 
tangential to the central line, a shearing .^T+St 

forced’ normal to this line, and abending F-f3F_ 
moment M about a line through the 

mean centre perpendicular to the plane / 'm+Sm 

of flexure. Considering the equilibrium 
of a linear element Bs which subtends an ^ 

angle at the centre of curvature, and 
resolving along the tangent and normal, Up 

we have, if there are no extraneous forces Fig. 179. 

on the element, . 

ST - F8y{r = 0, = 0 (1) 

Also, taking moments, 

SM + FSs^O (2) 

f-"’- 

Hence 

and therefore, over any portion of the bar which is free from ex- 
ternal force, 

H=^-cosi|r + 5smi^, T=Asmf-Bcos^^, ...(5) 
where the constants A, B are arbitrary. These equations also follow 
at once from a consideration of the forces on a finite length of the bar. 

To find the strains due to flexure, we denote by Bo and B the 
radii of curvature, before and after the deformation, of the ^“*7^ 
which is the locus of the intersection of the neutral line wit t 
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plane of symmetry, and by y the distance of any point P of the 
section from the neutral line. As a purely geometrical process we 
may imagine the bar to be bent from the unstrained condition 
until the central line becomes straight, and then bent back again 
into the strained condition, the position of the neutral line relative 
to the section being unaltered throughout. The extensions at P in 
*the two stages of this process will be — yjRn and y/P, respectively, 
by Art. 145, so that the actual extension is yjR — y/R,,, and^the 
corresponding tension 



This differs from the result for a straight bar only in that it 
involves the change of curvature instead of the actual curvature. 
Hence the stresses across a section have a resultant 



and their moment about a parallel to the neutral line through the 
mean centre of this section is — ' 

= ..( 8 ) 

where the symbols h and k have the same meanings as in Art. 150. 

In most cases of interest h is small compared with k, for reasons 
similar to those indicated in Art. 150. The extension of the central 
line is then relatively negligible, and the symbols R and R^ may be 
taken to refer to the curvature of this line. We further neglect, as 
in Art. 146, the geometrical effect of the shearing strains in the 
plane of the section, although the corresponding stresses have a' 
resultant F which must be retained in the statical equations. 

,To examine more particularly the case of. a circular bar,' let u, v 
be the small displacements of a point on the central line along and 
at right angles to the original radius, so that the polar coordinates 
(referred to the centre) of this point are changed from {a, 6) to 
(a .+ u, d + vja). If ^ be the angle which the tangent to the altered 
curve makes with the radius vector we have in the ordinary nota- 
tion of the Calculus sin <fi = rdOjds, or in our present notatioq 
^ = («+u)y + r/a) ^ / aN . aM 

■ ds \ aj\ aj ds ‘ 

where accents denote differentiation with respect to 0. 


...(9) 
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Agai. 00, 

(») 

These formulae are exact, but in the present application tt and v are 
supposed to be small, and we further neglect the extension of the 
central line. Hence, putting ds = ad6, we have 

u + v=Q (12) 

to the first order.. Also, from (10), 



Hence if denote the angle which the normal to the altered cune 
makes mth the initial line of 0, 

■^ = 0 + - + ^ — ^'7r=0 + - — — (14) 

a. a ^ ' 

The altered cun-ature is therefore 

1 _ d-^r 1 v' — u" !■ u" + u 

R add ~ a? ~ a a? ’ ^ ' 

by (12). Hence, referring to (9), the difierential equation to be 

satisfied by u is 

^(u"+M) = -if, ' (16) 

CZ' 

where J = aK\ 


Since F and T, as well as M, are regarded as small quantities,’ 
whilst the difference between i]f and 0 is of the first order, we may 
in the equations (5) substitute 0 for t^, and write 

F= A cosO + Bsin 0, T = Asin 6 — Bcos0, ...(17) 

Mja — — A sm0 + B cos 0 + G. (18) 

Substituting this value of iff in (16), and integrating, we have 
EIu/a^=^-iA0cos0-^B03m0-O+A'cos0+B'sm0,.:.{\9) 
and thence, by (12), 

EIvja^ — ^A (^ sin ^ + cos 0) — \B{0cos 0 — sin 0)-\-C0 

— A'sin 0 + B'cos 0 + 0' (20) 

A solution of this form holds for each segment into which the bar 
i.s dmded by the points of application of the external forces. The 
constants in the solutions for adjacent segments are to be adjusted 
so that u, u', and v shall be continuous. 

It is to be noticed that the solution includes, as it ought, an 
arbitrary displacement of the bar as a whole, without deformation. 
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Thus the terms in A' denote a translation parallel to the initial 
line, those in B' a translation at right angles to this line, whilst G' 
denotes a rotation about the centre. When the terminal and other 
conditions are of force only, these constants are undetermined, and 
‘may be omitted as irrelevant; but when geometrical conditions 
are imposed they must be retained. 

Ex. 1. A finite bar extending (say) from 8= — a to 8=a, is bent by two 
equal and opposite forces P at the ends. 

We have obviously 

M=Pa (cos 6 — cos a), (21) 

and therefore 

EIuja?=P (cos a —1 d sin 6), 

ElvjcP = 1" (^ sin d — i d cos 6 — 6 cos a), (22) 

irrelevant terms being omitted. 

The length of the chord is diminished by 
’ Pa? 180, 

(a + 2a cos-a- 3 sina cos a) .....(23) 

If the ring is almost complete (<i=7r), this =Ztt P a^jEI. 

Ex. 2. A circular hoop is deformed by two 'equal and opposite forces P 
acting outwards (say) at the ends of a diameter. 

We may, for definiteness, suppose the centre to be fixed, and the diameter 
in question fixed in direction. We take it as initial line of 8. On account 
of the symmetry we may confine our attention to either half of the hoop, say 
that extending from d=0 to 6=ir. Considering the equilibrium of this half, 
we have obviously F= ± T-Q at the ends. Hence, from (17) and (18), 

F=^Pcos6, T^^PamB, —iPamn B + ATo, (24) 

where J/j is the bending moment at the ends of the semicircle. The formul® 
(19), (20), become 

A/k/o 5= - JPd cos d - Mola+A " cos d+P' sin d, '.....(25) 

EIvja?=iP {8 Bin d+cos d)+ifod/a — A'sin d+P' oosd+C'. ...(26) 
Our assumptions require that the values of u for 6 = 0 and d = jr shall be 
equal, and also that u'=0,'v=0 at these points. We find 

R' = j7rP, P' = JP, J/o=Pa/7r, C'=-iP. 

Hence, finally, • 

^ jE'/w/a3=ip^8ind-dcosd+i>rcosd — (27) 

EIvja?=^ P ^d sin d + 2 cos d - i 77 sin d + — - 2 ^ (28) 

The diameter 6=0 is increased by 
' - 

477 El El ' 

and the perpendicular fiiameter is diminished by 
4 — 77 Pa’ Ptt’ 



,( 29 ) 
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When distributed forces act on the bar the equations (3) require 
modification. Taking for instance the case o'f a bar in a vertical plane, 
subject to gravity, and measuring -i/r from the downward vertical, we 
must add terms -wdssin-^ and wds cos respectively, to the 
tangential and normal components of force on the element. Thus 


dT — rfs . 

-(31) 

Hence for a circular bar 

' d^F „ 

2g,+F=^-2wasm0, (32) 

F=wa6 cos6 + Acos6 + B sin 6, ;.( 33 ) 

Mja — — wa {6 sin0 +cos d)-Asva.6-\-Bcozd + G. .,.(34) 
Substituting this value of M in (16), and solving the equation, 
we find 

Eluja? = ~\wa (6^ cos 0 — 30 sin 0) — ^AB cos 0 

— ^50 sin 0 — 0 + J.' cos 0 + .B'sin 0, .,,(35) 
Elvja^ == \wa{d'-sm6 + b6 cosd d)-^\A (0Ein0+cos0) 

- 5 (0 cos 0 — sin 0 ) + (70 — ii' sin 0 + jB' cos 0 + G'. .. .( 36 ) 

Ex. 3, A hoop rests on a peg at its highest point, being deformed bj its 
own weight only. 

We may assume a to be an even, and » an odd function of 6] and therefore 
A=0,'B'~0, C'—O. At the highest point {O—tr) we put k=0, k'=0, v= 0. 
This makes 

B=\wa, G=v:a, A'=(^7w— l)jfa. 

Hence, putting 6 =0 in (35), we find for the increase in length of the vertical 
diameter „ jr"-8 Ifa’ 

Stt EI' ; ^ 

where ir( = 27? vm) is the total weight. The horizontal diameter is diminished by 

El '^'5 

Comparing with Ex. 2 we see that these results are one-half the corresponding 
values when the weight of the hoop is concentrated at its lowest point. 

' 153. Collapse of a Ring under Pressure. 

We imagine a ring of radius a to be subject to a uniform 
normal pressure j> per unit length, on the outside. The conditions 
of equilibrium of an elementary' arc are then 

^T-FZf-=0, ^F+Th^lr+p^s = 0, m^Fos = 0,...{l) 
in the notation of Fig. 179. Hence 


dF _ ds 


F = ~- 




d'<p- ^dijr’ dyjr 


^=F. 


( 2 ) 
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We proceed to shew that for a certain value of pa, slightly elliptic 
form of equilibrium is possible. If the ring be deformed into an ellipse 
of small excentricity e, without change of perimeter, the lengths of 
the semiaxes will be a(l ± and the radius of curvature 

E = a(l — fe^cos2\|r), (3) 

the zero of ■x/r being at an extremity of the major axis. The 
bending moment is therefore 

Q pr 

il/ = 2_ e^cos2>|r (4) 

Hence, from (2), we must have, approximately, 

(5) 

T = -i)a+{^-^pa — —Je^-cos2x{r (6) 

The remaining equation of (2) is therefore satisfied, provided 

SEI 

.... . 

which is independent of e. 

Hence when p has this value the equilibrium force is indeter- 
minate. The true interpretation of this result, as in tire case of 
Euler’s theory of struts (Art. 151), is that for smaller values of p 
the ring, if deformed and then left to itself, will recover its shape, 
whilst a greater value of^ will cause it to collapse. This conclusion 
can be confirmed, as in the problem referred to, by calculations of 
the energy of deformation in the respective states. 


For instance, if we assume 

u=n4sinn9, v=Aco3n9 (8) 

the energy of flexure is found to be 

( 9 ) 


The formulas (S) satisfy the condition of ineitensibility, to the first order. 
Proceeding to the second order, we find from the formula (11) of Art. 152 that 
the total increase of perimeter is 

4rf(?j2-2) — . - 

a 

Since the ring is subject to a thrust pa (Art. 155), this gives a loss of com-, 
pressional eneigy of amount 


4 Trn^ (n^— 2) pA'‘. 


,( 10 ) 
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The area enclosed by the ring is diminished by | trn^ A*. Hence the work done 
by the external pressure will exceed the gain of elastic energy if 

FJ 

/)>(«*- 1)^ (ll) 

The lowest critical pressure is given by n=2, in agreement with (7)» 

The preceding investigation can be adapted to the collapse of 
a tube under external pressure by a modification of the elastic 
constant, as explained at the end of Art. 145, The critical value 
of the pressure (per unit area) is, 

4(l-ff=)a3’ 

where k is the thickness of the wall. 


154. Torsion of a Bar of Circular Section. 

The theory of the torsion of a wire or bar of circular section is 
very simple. 

. If the twist per, unit length be $, two cross-sections at a 
distance Sz apart will be rotated rela- 
tively to one another through an angle 
dSz. Hence if PP' be a line drawn 
perpendicular to these sections, at a 
distance r from the axis, the displace- 
ment of P' relative to P will be rffSz 
at right angles to PP' and to the axis. 

The deformation in the neighbourhood 
of P therefore consists of a shear of 
amount rdBzjSz, or r6. This implies a 
shearing stress fi.r6 tangential to the 
ci'oss-section and at right angles to r. 

Hence, taking moments about the axis, 
and integrating over the section, we get 
a twisting couple 


where a is the radius. 


If we pub 

* The luvcBtigation is due to Prof. G, H. Biyan 
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this constant K, which measures the ratio of the couple to the 
twist per unit length, is called the ‘modulus of torsion’ of the 
particular rod. 

From the value of K as found by experiment we can infm the 
value of the rigidity /x, so far as the material can be regarded as 
isotropic. 

It may not be apparent at first sight why the limitation to the circular 
form of section has been introduced. If we imagine a bar of any uniform 
section (u) to he twisted about an axis through the mean centres of the 
sections, without further deformation, we obtain a torsional couple 
where * is the radius of gyration of the section with respect to the axis. 
But this couple would not of itself suffice to maintain the assumed state 
of strain. If we refer to Fig. 181, we see that on the principles of Arts. 135, 
136 the strain implies tangential stress on longitudinal planes through the 
axis. Unless the section be circular, these planes will as a rule meet the 
surface of the rod obliquely, instead of at right angles, and the state of stress 
is therefore" not consistent with an absence of external force on the surface. 
For equilibrium il would be necessary to apply certain longitudinal forces 
tangentially to the surface. These force.s, it may be noticed, will have different 
signs in different parts of the circumference. If we imagine them to be at 
first applied along with the torsional couples, so as to maintain the special 
typo of strain above postulated, and afterwards relaxed, the bar will yield 
further to the twisting couples, and there will be at the same time a warping 
of. the sections, so that these are no longer accurately plane. The effective 
modulus of torsion will therefore be fm than on the assumed hypothesis. 

The action of an ordinary spiral spring, i.e. a wire of circular 
section coiled into a helix of small pitch, depends mainly on 
torsion*. Suppose that the coil hangs vertically and is stretched 
by a weight W hanging axially. The torsional couple on any 
section of the wire is then TFc, where c is the radius of -the helix, 
and if 0 be the twist of the wire we have - • • 

Wc = K0. ; :.(3) 

To calculate the vertical displacement (x) of the lower end, due to 
the weight W, we may imagine the different elements Ss of the 
wire to be twisted in succession. The vertical displacement due to 
•the twist in any one element is 0Bs . c. There is also a horizontal 
displacement, but the horizontal components due to the different 

* This seems to have been first pointed out in 1848 by James Thomson (1822-92), 
professor of engineering and mechanics at Glasgow 1873-89, 

L.S. 
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elements will on the vrhole neutralize one another. The total 
vertical displacement ia therefore 6lc, vrhere I is the lenoth of rnre 
in the spiral Hence ° 


z = 6lc= 


TTcH 
K • 


-( 4 ) 


It .should be added that unless the pitch be smaU there is an 
appreciable bending couple to be taken into account, in addition 
to the torsional couple above considered- The spring then tends 
to uncoil when stretched. 


EXAMPLES. XXVI. 


L Compare tLe Seiural rigidities of two rods of the same material, of 
square and circular section, respectively, the weight per unit length beinz 
the same. [r ; 3.] 

2. A bar whose section is a square 1 cm. in the side rests on two,Imife- 

edges a metre apart. A load of 1 kg. at the centre produces a doSection 
there of 1*15. cm. Find the value of Young's modnlus for the material of 
the bar. [2-17 xlO».] 

3. A light rod of length 2? rests symmetrically on two rigid .supports at 
a distance 2a apart If a load IT be suspended from the centre, this point 
win sink through a space J El, and the ends will rise through a sjqce ' 

ifraJ(f-a)/£7, 


4. A light horizontal rod A BO is supported by smooth rings at A and B, 
and carries a weight If at C. Prove that the deflection of C is 

Also prove that the inclination to the horizontal at A is 
» 1 IT 


6 El 


AB.BC. 


5. A bar of circular section (rad.=a) is made of matenal such that a 
length >. can hang vertically from one end without producing permanen. 
extension. Prove that the greatest length which can rest horizontally on two 
supports at the ends, without permanent flexure, is J(2a\). 

6. A uniform beam of length 2a rests on three supports, at the ends and 

the centre. What must be the depth of the middle support hebw the level 

of the other two, in order that the pressures on all three may be equal 1 

[,frva*/EE] 
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7. A beam rests symmetrically on two supports at the same level ; prove 
that the deflection at the centre will be up or down according as the distance 
between the supports is less or greater than ‘523 of the total length. 

8. One end of a horizontal beam is clamped, and the other is supported 
at the same level ; prove that 

Ely — ^ vi£ (Z — a:)2 (Z + 2x), 
where x denotes distance from the supported end. 

Prove that the pressure on the supported end is §id. 

9. A weight is suspended from the free end .5 of a uniform cantilever 
AB. If the middle point of AB be supported so that it cannot droop, jirove 
that the deflection atBdue to the suspended weight is diminished in the ratio 
of 7 to 32. 

10. If a uniform horizontal beam be clamped at both ends, the deflection 
at the centre is one-fifth of that of the same beam wheu merely supported at 
the ends. 


11. A uniform beam rests on four equidistant supports at the sanie level, 
of which the two outer are at the ends. Shaw that the pressures on the four 
supports are proportional to 4, 11, 11, 4. 


12. Apply the formula ^EIfy"^dx 

to find the elastic energy of a uniform beam supported at the ends, and bent 
by its own weight. . [■^^rdBjEL'] 

13. A cantilever has a uniform breadth, but its depth tapers uniformly 
to a point, from the fixed end. Provo that, the origin being at the free end, 
the foim assumed when it is bent by its own weight is 


y= 


tgpZ- 

12A'/o 


{l-xy. 


where the suffixes refer to the fixed end. 


14. Provo that, in the preceding Ex., if the tapering had been in the 
breadth, but not in the depth, the result would have been 

i 

15. Prove by partial integration that 

J J Ely"^ dx=^ [Fy + Mifl-^hlwydx, 

whore the integrations extend over the whole length of a beam, and the square 
brackets indicate that the difference of the values of the enclosed expression " 
at the two ends is to be taken. (The beam is not to be assumed to be , 
uniform.) Interpret this identity. 


22—2 
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16. If a Ijar be tmbjecl both to extension and flexure, prove that the 
energy per unit length is 

FT 

where ( is the extension of the axis. 

17. A rod whose own weight may be neglected is clamped vcrtimlly :.t 

the lower end, and carries a load IF at the upper end, which is free. Find the 
greatest value of IF consistent with stability. [| 

18. Calculate on EuleFs theory (Art. 151) the greatest thrust which an 

iron bar 1 metre long, whose section is a square of 1 cm., can bear without 
bending (.&= 2 x lO^). ' [ICo 

19. Prove that if both ends of a strut are clamped the greatest thrust 
which it can exert without bending is 4ir-A7/P. 

20. Prove that the modulus of torsion of a circular tube whose inner .and 
outer radii are a, b is to that of a solid rod of circular section, of the same 
material and weight per foot, in the ratio 

( 62 +aS)/(t 2 -a^. 

21. A shaft whose section has a radius a is transmitting energy at the 
rate P, revolving steadily with angular velocity q. Provo that the greatest 
shearing stress developed in the shaft is 2P/jTftQa\ 

Find the least diameter of the shaft in order that the stress may not 
exceed 4 tons per sq. in,, when the shaft is working at IGOO horse-power, and 
making 25 revolutions per minute. [13'2 ins.] 

22. A curved rod of any (plane) form is subject to a uniform normal 
pressure in its plane. Prove that the force-component of the strc.s.s at any 
point P is proportional to, and perpendicular to the radius vector OP drawn 
from a certain fixed origin 0. 

23. If equal and oppo.site couples ±if are applied to the ends of a 
circular bar, the form remains circular, but the radius is altered by Ma^jEI. 

24. A circular hoop of radius a and line-density p rotates freely about a 
diameter with angular velocity a. Prove th a t thi s diamel^is diminiihrf, 
and the perpendicular diameter increaleoj by 

£2^, .y’ 

3E/ ’ 

where £ is supposed expressed in dynamical measure. 



CHAPTER XVIII 

STRESSES IN CYLINDRICAL AND SPHERICAL SHELLS 

155. Stresses in Thin Shells. 

Suppose we have a uniform thin spherical shell subject to an 
internal fluid pressure p„. On account of the symmetry of the 
conditions, the total stress across a linear element drarni on the 
surface will be tangential to the surface and at” right angles to 
the element. As in Art. 122, we infer that the -intensity of the 
stress, per unit length of the element, is a constant; we denote it 
by it. 

The principal axes of stress at any point in the substance of 
the shell will be respectively normal and tangential to the surface. 
If jPi, Pi, Pi be the principal stresses, pi being that in the direction 
of the normal, we have pi=Pi, and T is the integral of p^ or p, 
over the thickness. 

The relation between p, ^^nd T is found by considering the 
forces acting on a hemisphere. As in Art. 124', the resultant fluid 
pressure pc.ira? is balanced by the tension on the rim, viz. T,2va, 
where a denotes the radius. Hence 

T-=lpoa ( 1 ) 

Take next the case of a cylindrical shell subject to a uniform 
internal pressure (po)- The principal stresses in the tangent plan^ 
•\vill be in the directions of the circular sections and the gener^ 
lines, respectively. We denote their amounts, when • 
over the thickness, by T^, T,. The former is ■ ‘'Of' 

‘ hoop-tension.’ 

If the shell forms part of the surface of a oh 
boiler), the longitudinal thrust on the ends '1 
a is the radius, irrespective of the shape of 
considering the equilibrium of a portion cu 
plane, we have p«.7ra’ = 2',.27ra, or ' 

* ^poQ. • • 
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Again, considering a portion bounded by a plane through the 
axis, and two transverse planes at unit distance apart, we have 
Po>2«= 22 * 3 , or 

(3) 

The longitudinal tension is therefore half the transverse, tension. 


156. Thick Spherical Shell. 

If we -wish to take account of the thickness of the shell, we 
must have recourse to the elastic relations of Art. 138. 

In the case of the sphere, if f be the radial displacement of 
a point at a distance r from the centre, the radial extension is 
d^jdr, by the same reasoning as in Art. 140. Also, since the 
points which originally lay on a circle of radius r in a diametral 
plane now lie on a circle of radius r + f, the transverse extension 
is ^/r. We write therefore 




~ dr' 



( 1 ) 


and the formul® (4) of Art. 138 give 

E*^ = Pi-2a-p^, = ( 2 ) 

Hence, eliminating we have 

(i - cr) (rp,) + 2crp,= a- ^ (rp,) +Pi, (3) 

as a necessary relation between the principal stresses, on the 
present hypothesis of symmetry. 

We have next to introduce the statical condition. Consider 
a hemispherical stratum whose inner and outer radii are r and 
r+ Sr, The resultant of the normal stresses on its inner surface 
is a force pj.wri inwards, at ngnt angles to the plane of the edge. 
Against this there is a force 

p,.7rri + ^(pi.wri)Sr 

outwards, due to the stresses on the outer face. Along the edge 
we have a force p,,2'irr Sr inwards. Hence 

s (’"?■) 


w 
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If we eliminate between (3) and (4), we find after reduction, 
and division by 1 — ff, 



If we assume, for trial, r^pi = Ar”', we find that this equation is 
satisfied ifm = 2orm = — 1. Since the equation is linear, solutions 
can be superposed, and we have 

r^Pi = + — . 

Hence, ^and by (4), 

= + p.' P2 = ^-^ (6) 

The constants A, B are determined by the conditions at the 
inner and outer surfaces. If Pi = — Pe at the inner surface (r = b), 
and ^1 = 0 at the outer surface (r = a), we find 

= C^) 

, 5’(a’-r") 6’(a» + 2r’) " 

whence 

Both Pi and p^ are greatest (in absolute value) at the inner 
surface. The value of p, there is diminished by increasing the 
outer radius (a), but not indefinitely, the lower limit being ^p«. 

The dilatation A is given by the formula 

/cA = ^ (Pi + '2.p,) = po, (9) 

and is accordingly independent of r. 

If the thickness o — 6 is small compared with the mean radius, 
we find 

PaCa- &) = iopo (10) 

in agreement ■with Art. 152 (1). Also if we -write r = b + x, a=h + h, 
we have 

= ; V (11) 

approximately. 
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157. Thick Cylindrical Shell, 

In the case of the cylinder, ive assume that the deformation is 
symmetrical about an axis, and uniform along each -generating 
line. We will also suppose that a cross-section remains plane 
after the deformation, so that the extension e, in" the direction of 
the length is constant. 


If ^ he the radial displacement, the extensions in the direction 
of the radius vector, and at right angles to it, in a transverse 
plane, are 






( 1 ) 


If we eliminate p, between the equations (4) of Art. 138, we 
find 

E'ei = a-p, - oE’e^, j 

E'ej ~ — erpi + (1 — cr) p^ — crWe„ i 

where E' = - (3) 

X "jr O’ 

Substituting from (1), and eliminating we obtain 

{- -f (1 - 0-) rp^ = (1 - (t) p, - (4) 

as a necessary relation between the stresses. 

Next, consider the equilibrium of an elementary sLc’l whose 
internal and external radii are r and r + Sr. A portion of this 
shell hounded by an axial plane, and two transverse planes at 
unit distance apart, is subject on the inner curved surface to 
normal stresses whose resultant is pi.2r inwards; and the resultant 
of the coi responding stresses on the outer face is 

P»-2r-h J;(pi.2r)Sr 

outwards. On the edges we have a pull 2p>Sr. flence 
which 13 the statical equation. 


( 5 ) 
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Substituting in (4) we find 

= ® 

If we assume rpi = Ar'^, this equation is satisfied -provided m = 1 
or = ; and the general solution is therefore 

rp, = Ar + -. 

s s 

Hence Pj = -4+p. 0) 

whilst . p, = <r(j)i+p 2 ) + Ee, = 2a-A + Ee, (8) 

and is accordingly independent of r. Also 

kA = J {pi +Pi +y>j) = I (1 + cr) A + ^Eej (9) 

The values of the constants A, B wll depend on the conditions 
to be satisfied at the two cylindrical surfaces, whilst e, vdll be 
determined by the conditions at the ends. 

If there is a hydrostatic pressure p, on the inner face (r = b), 
whilst the outer face (r = a) is free from stress, we have 

a^-b-^P^ 

whence = (H) 

If there is no longitudinal stress, we have p, = 0, and 

Ee, = -2aA = - J5« (12) 

If longitudinal extension (or contraction) is prevented, es = 0, 

and 

p, = 2aA = -~j.^p,. ; (13) 

If longitudinal stress is produced by hydrostatic pressure on 
the ends of the cylinder, we have p^.w (a’ — 5’) = p^.-n-P, 

P> = -^.P^^ ( 14 ) 

. „ (l-2£r)6’ 1 p 

whence Ee,r= ^~^ -.- ^ - p„ or = ...(15) 
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by Art. 138 (8). This gives a means of determining « directly by 
extensional measurements*. 

158. Compound Cylindrical Shelln. -Initial Stress. 

The formulae (7) of Art. 157 may be applied to find the 
distribution of stress when one tube is shrunk over another, as in 
some processes of gun construction. There is then a discontinuity 
in the values of the constants A, B at the cylinidcal surface of 
contact. 


Thus if h be the inner radius of the inner tube, c that of the 
surface of contact, and a the outer radius of the outer tube, we 
assume for the inner tube 


A , ^ A B 

(1) 

and for the outer tube 


Pt = G+^, p,= G--. .. 

-.-(S) 

If there is no external or internal pressure, we 

have 



(3) 

whilst A + — = G + = — P, sa}', .. 

(4) 

since p, is necessarily continuous. Hence 


, p<f ^ py‘<? 

c’-6’’ ■■ 

(5) 

Pc' j. Pa'<? 

^ a'-d^’ a?-d‘ 

(6) 

When there is a hydrostatic pressure p, iu the inner cavity, 
we must superpose on the stresses given by these formula the 
system (11) of Art. 157. Thus the hoop-tension in the substance 
of the inner tube will now be 

b' (a’ + P) (? (r* S’) p 

Pic'-IA) ' 

(7) 


A, Mallock, Free. R. S., 1904. 
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whilst for the outer tube 

h* (a’ + r*) c’ (r’ + a?) „ 
(a’ - lt‘) r’ (a’ - &) 


( 8 ) 


The hoop-tension in the inner portion of the compound tube is 
thus diminished by the permanent stress depending on P. 


159. Stresses in a Rotating Disk. 

When a thin disk is subject only to forces and accelerations 
in its own- plane, the stress in a direction normal to the plane 
may be assumed to vanish. In the case of a circular disk rotating 
in its own plane, the directions of the remaining principal axes 
will be along and perpendicular to the radius vector r; and we 
have by Art. 138 (4) > 


Ee2~E~ = p2-(rpi, 


■( 1 ) 


where f is the radial displacement. Hence, eliminating f, 

d 

- oPi (2) 

If p be the density, and o) the angular velocity, the resultant 
of the centrifugal forces (mcsV) on a semicircular strip p.jrrSr, as 
given by the formula (2) of Art. 64, is 

2j' 

p.TTi’Sr.a )^. — = 2po}'‘r^hr. 


in, absolute units. The resultant stresses on the two circular 
edges are Pi.2r, inwards, and 

Pi-2r + ^(Pi.2r)8r, 

outwards, whilst the pull on the ends is 2pj8r*. Hence 
' d , . 

^(7-p,)-p, = -pco»r», (3) 

the stresses p,, p, being now, of course, supposed expressed in 
dynamical measure. 


* A symbol for tie thickness of the disk is omiiteJ throughout. It would 
divide out in (3). 
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160. Rotating Shaft. 

The case of a rotating cylindrical shaft is somewhat different. 
We assume that there is no warping of the cross-sections except 
near the ends, if the length is large compared with the diameter. 
Hence e, will be independent of r. Since the total longitudinal 
force across a section must vanish, we' have 


I pi.2irrdr = 0, 

' Jo 

the shaft being su^iposed solid, of radius a. 

Since Pa = a- (p, +y)a) -f Ee^, 

we have in place of Art. 159 (1) 

= (1 - O'’) Pi - (o' + cr^)2h “ o-Ee^, 

E~ = (l-a^)Pi- (a- + cr^)pi — crEe3,^ 
Eliminating and dividing by 1-i- it- we have 


■( 1 ) 

.( 2 ) 

•.(3) 


{(1 - 0 -) rpi - arp,} = (1 - <r)pi -a-p^ (4) 

The equation (3) of Art. 159. holds as before, and we find on 
elimination of p^ 


(’’ ~ '^P' ~ 

The solution which makes pi finite on the axis, and = 0 at the 
surface, is ' 

o ^ 9^ 

— 

Hence, from (3) of Art. 159, 


8(1 -ir) 

and from (2) above 

£7 (3 — 2cr) 


3 — 2(7 , , l-f2cr , , 

- 8(r-<7) P “ ' 


2(1- <7) 


poyl^ + Ee^ 


(V) 

( 8 ) 


The condition (1) then gives 

jE’ej = — J(7pcu®(i’ (9) 

whence = 2?;=). (10) 
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EXAMPLES. XXVII. 


1. If a thick spherical shell is subject to hydrostatic pressure (pj) on 
the outside only, the compi-ession (i.o. the negative dilatation) is uniform 
throughout and equal to 

a* Po 

K ' 

•where a, h are the cstemal and internal rodii, 

2. Prove that a hydrostatic pressure in the interior of a spherical 
cavity of radius 5 in a large mass of metal produces an increase of the 
internal radius, of amount 

3. Prove that the elastic energy of a thick spherical shell subject to a 
hydrostatic pressure yjj in the interior is 

rV (tP 26 ^\ , 

4. Prove that if a cylindrical tube, closed at both ends, bo subject to an 
internal pressure the internal radius is increased by 

b /a« . 6!\ 

•and the external radius by 


5, Find tbe greatest cirounjferential velocity of a steel disk of density 7'8, 

ha'ving a hole at the centre, if the hoop-tension is not to exceed 2 y ICP gin. per 
sq. cm. ((r= -3). [175 metres per sec.] 

6. Prove that the greatest tensile stress developed in'a steel disk having 
a hole at the centre is about four-fifths of that in a thin sted ring rotating 
with the same circumferential velocity. 


7. Pi'ove that in the case of a liollow rotating shaft 
3-2o- 


Pi 


.3-2o- l+2<r v- 

r " 8(^1 

Ee^— —^a-pci>^ (a^ + b^), 

where a and h are the external and internal radii of the cross fiootion. 
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EXAMPLES. XXVIII. 


(MiBcellaneous.) 

1. A number of heavy particles are attached at equal intervals to a string, 
which hangs in the form of a regular polygon symmetrical about the vertical 
through the lowest particle Wq. If the weights of the successive particles on 
either side are iPi, lOj, 1D3, prove that 

{a„ l+cosct 
Wa coso + cosSna’ 

where a is the external angle of the polygon. 

' Deduce the law of density of a chain in order that it may hang in the form ' 
of an arc of a circle. 


2. Prove from the theory of the instantaneous centre that when the 
area of a convex quadrilateral of jointed rods is a maximum the quadrilateral 
is cyclic. 

3. A rod is suspended by a string attached to the ends which passes over 
a smooth peg. The centre of gravity divides the length of the rod into two 
segments of lengths a, b. If 6 bo the angle which each portion of the string 
makes with the vertical, and ^ the inclination of the rod to the vertical, 
prove that 

‘ i .1 0-6. , » 

tan tan 9. 


If I be the length of tho^string, prove that 

i)-7D 

(a+6)^ r 


sin 


~ 4a6 1 


4. A hemisphere rests in the angle between a vertical wall and a horizontal 
plane, with its curved surface in contact with both. Its base is parallel to 
the horizontal line where these planes meet, and makes an angle 6 with the 
horizontal. If )i bo the coefiBcient of friction at each point of contact, the 
extreme value of 6 is given by 


sin 6 = 


8n(l + /i) 


5. A pair of wheels of radius a arc fixed to an axle, and are free to roll 
along the ground. A string wound round the axle (of radius 6) leaves this on 
the under side at an inclination 6 to the horizontal. Find the force and couple 
due to the reaction of the ground in order that the system may not move 
when the string is pulled with tension T. 

If the reaction consists of a force only, in which direction will the wheels 
begin to roll 1 


6. A plane system of forces is equivalent to a couple J/,- and if the forces 
are turned through a right angle about the respective points of application 
they ore equivalent to a couple A’’. Provo that if turned through a suitable 
angle & they will bo in equilibrium ; and find 6. [tan Jf/A'l] 
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7. A frame has the form of a regular pentagon A BCDE, with the diagonals 

AC, AD. Two equal and opposite forces P act outwards at B and A. ° Find 
by a diagram the stresses in the Taiions members, and deduce numerically 
the stress in CD. [-SS-^ P] 

8. Find the mean centre of the volume included by the cylinder 

s?+y--Zax, 

and the planes a=0, z=mx. P=io, z=§ma.] 

9. OA, OB are two sides of a uniform plate in the form of a parallelogram 
of lengths a, b, respectively, and include an angle a. Prove that the square 
of the radius of gyration about the diagonal through 0 is 

a-6^sin-a 

6 (a- + Safe cos a -p IP) ' 

10. A solid hemisphere is pierced axially by a cylindrical hole of length h. 
Prove that the mean square of the distances of the elements of volume from 
the base is JA* 

Also that the mean square of the distances of the elements of the curved 
surface from the base is JA*. 


11. A spherical segment of radius B rests on the top of a fixed sphere of 
radius If, and is free to roll but not to slide. The segment (of weight IF) is 
rolled through a small angle 6; prove that the increase of potential energy is 





where A is the initial height of the centre of gravity of the segment above the 
point of contact, 

12. A unif orm bar AB ot weight IF and length I hangs as in Fig. 109 
(p. 137) by two equal crossed strings from two points C, D at the same level, 
such that CD=AB. Prove that if the bar bo turned in a vertical plane 
through a small angle 'Ir from the horizontal position the increase of potential 
energv is 

W{IP-P) 

8A 


where A is the original depth of AB below CD. 

13. A uniform bar of length 2fe and weight IT is suspended in a horizontal 
position from two points at the same level, by two strings of length I which 
make angles a, in opposite senses, with the vertical. If the bar be turned in 
a vertical plane through a small angle V', the strings remaining taut, prove that 
the increase in potential energy is 

IFfe^feg-fsin^q) 

2 sin-q cos a 

lA A chain of variable density hangsin the form of a parabola whose 
axis is vertical. Prove that the tensions at any two points P, Q are to one 
another as TP to TQ, where T is the intersection of the tangents at P and Q. 
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15. A ship is at anchor in 6 fathoms in a tidoway, and the drifting force 
on the ship is 1600 lbs. The anchor chain weighs 40 lbs. per fathom, and the 
anchor will not hold unless the pull on it is horizontal. Provo that the ship 
must have at least 20 fathoms of chain out. 

16. A heterogeneous liquid fills an upright cylindrical vessel of sectional 
area A and height A, and p is the density at a height z above the base. Prove 
that if the contents wore thoroughly mixed without change of volume of any 
portion the potential energy would bo increased by 

A j psdz—AAh pds. 

■ , 17. A uniform log of rectangular section, of length I, floats partially 
immersed with two sides vortical, and carries a weight TP at one end. Prove 
that the bending moment at a distance x from that end is 

■ 18. A perfectly flexible balloon contains a gas of total mass m. At the 
ground level it is at the'same temperature as the surrounding air. Prove that 
it will exert the same lift at all heights if it remains at the same temperature 
as the air round it. 

Prove that if the gas expands adiabatically, whilst the air is in convective 
equilibrium, the lift at height * will bo less than at ground level by 

1 1 - ( 1 - (FP?! , 

where v is the ratio of the density of air to that of the gas under standard 
conditions, and E is the height of the atmosphere, and y, •/ are the ratios of 
specific heats for the air and the gas, respectively. 

19. A globule of liquid rotates about on axis with angular velocity m, 
under no forces except the tension of the free surface. If the pressure at 
points of the axis is equal to that of the surrounding otmosphere, the equation 
of the meridian curve has the form 

y^=(PsiniJr, 

where i// is the inclination of the normal to the axis of rotation. 

Provo that the curvature varies as y^. 

20. Prove that the form assumed by a horizontal beam is identical with 
that of a catenary whoso line-density is such that the weight per unit length 
of the horizontal projection is proportional to the bending moment of tho beam. 

21. A uniform heavy beam of length 2a rests on two supports at tho 
same level, at distances c from tho centre. Prove that if 

the centre and .the ends will be at the same level. 

' Prove that this equation has only one relevant root, and find it approxi- 
mately. [o7a = -564.] 

. 23 


h. B. 
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22. A uniform beam of length I rests on two supports at the ends, at the 
same level, and carries a weight W at its centre. Prove that the strain- 
energy is 


_ 1 _ 

El 





Prove that this is also equal to 


■wl^ ZAEhj' 
\02A0EI'^ P ' 


where 7 is the depression at the centre. 


23. The load per unit length on a horizontal beam supported at the 
ends is 

6W3;(1~x) 

•■where x is the distance from one end. Prove that the bending moment is ■ 
Draw the "curves of shearing stress and bending moment. 


24. Prove that in the case of a horizontal beam (not necessarily uniform) 
supported at the ends the inclination to the horizontal at a distance x from 
the end is 


flMil-x) 
0 EJl^ jx Ell 


dx. 


25. A light semicircular rod is clamped vertically at one end, and a 
weight TF is suspended from the other end. Prove that the horizontal and 
vertical displacements of this end are 


2 Wa^ 
El 


and 


Ztt WcP 


respectively. 


26. A circular hoop is deformed by two equal and opposite forces P 
apph'ed at the ends of a diameter, but is strengthened by a bar across the 
perpendicular diameter, initially unstrained, of extensibility X. Prove that the 
thrust in this bar is 


(8 -2a-)P 
jr® — 8 + 4yrX EljcP 
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Principal axes of inertia, 169 
~ of strain, 293 
stresses, 296 

Product of inertia, 161, 165 
scalar, 112, 145 
vector, 146 
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Least energy, principle of, 312 
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Beaotion, 40 

Beoiprooal figures, 82, 102 
theorem, 308 
Belative equilibrium, 246 
Eesolution of forces, 15, 40 
Besultant, 13, 10, 41, 45, 78, 148 
pressure on an area, 200, 212 
Eigidity, 300 
of frames, 94 
Bing, flexure of a, 335 
Bitter, A., 104 
Boohing stones, 135 
Bolling friction, 00 
Eotating disk, 347 
shaft, 319 
liquid, 247 

Botation, centre of, 30 

Sag of a telegraph wire, 191 
Scalar, 1 

product, 112, 145 
Sections, method of, 103 
Self-stressed frames, 130 
Shear, 294 

Shearing force in a beam, 57, 318 
Shells, thin, 341 
thick, 342, 344 
.tcemnsi 

Sliding friction, 17, 62 
Soap-films, 281, 283 
Specific^ gravity, 199 
heat, 255 
Stability, 134 

of floating bodies, 224. 225, 230, 
233, 237 
Stevinus, S., 14 
Strain, 292 

homogeneous, 292 
Stress, 296 

diagrams, '99, 100, 101 
homogeneous, 290 


Stress (continued) 
in a bar, 40, 93 
in a fluid, 200 
in a frame, 127 
Stress-strain relations 297 
String on rough curve, 183 
on smooth curve igg 
Superficial energy, 270, 287 
Surface-tension, 269 

Tank, pressure of liquid in a, 230 
Taylor, M., 96 

Tele^aph wire, sag of a, 191 
Tension, surface-, 269 
Three-bar motion, dq 
Three centres, theorem of, 36 
Three-jointed structures 106 
Three moments, theorem of, 325 
Torque, 52 
Torricelli, E., 120 
Torsion of a rod, Sgg 
Transmissibility of force, 39 
Travelling load, 88 
Triangle of forces, 14 
Tube, capillary, 274 

Unduloid, 284 

p^sstire, SOS, SOS 

■Varignon, P., 43 
■Vector, 1 
• addition, 2 
localized, 39 

Vector product, scaler, 112 
vector, 146 

Virtual velocities, Ifg, 122. 124 128 
144, 215 ... 

Work, 111, 121, 146, 213, 214, 257 

Xoung’s Altidulus, flgg 



